COHOMOLOGICAL SPECTRAL DECOMPOSITION AND
FINISHING THE PROOF

CHAO LI

1. OVERVIEW

The goal is to prove the main theorem:
Theorem 1.1. For all f € Hg,
(log Q)irtjr(f) = Hr(f)

If we have proved this for all f, then we can apply spectral decomposition. On
the left side, we use the analytic spectral decomposition to extract the term

Ae(F)LT) (g, 1/2).

On the right side we use the cohomological spectral decomposition to extract the
term

([Shtr]x, f * [Shtr]x).
If we then take f = 1 € H then we get

L") (wpr,1/2) = ([Shtg]r, [Shtr]x).

So we arrive at the desired higher Gross-Zagier formula.

The most difficult intersection is the self-intersection. Allowing the choice of hp
for large D lets us take the intersection in easier cases, and then deduce it for the
one we really want.

The strategy is to show that validity of the identity for hp for all D with d :=
deg D > 0 (in fact, d > max{2¢’ — 1,2g}) is enough to deduce it for all f € H. This
implication uses only elementary commutative algebra. What makes it possible is
finiteness properties of the action of H on the middle-dimensional cohomology of
shtukas.

2. KEY FINITENESS THEOREMS

Let Ha = ®x€|X‘ ‘H. be the Hecke algebra. It acts on the vector space V :=
H?"(Shtg, Q). The difficulty is that V is infinite-dimensional, because Sht¢ is only
locally of finite type.

Example 2.1. For r =0, V = A = C*(G(F)\G(A)/K, Q) = Agis ® Acusp- The
cuspidal part is finite-dimensional, but the Eisenstein part is infinite-dimensional.
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Therefore, we bring in the Eisenstein ideal to kill the Eisenstein part. Recall we
have the Satake transform

agis: Ho 2% He,, = Qu[Div (k)] - Qi[Picx (k).

This is compatible with the local Satake transforms

/HG Sat HGm

J ]

Sat
Hepw — MG

hy —— ty + quty '
Definition 2.2. We define
Tris = ker(Hg — Qe[Picx (k)]).
The map agjs is surjective:
He/TIris = Qu[Picx (k)]".

Thus Zgis := Spec H/Zgis — Spec H is a reduced, 1-dimensional subvariety.
Remark 2.3. A Q,-point of Spec H is a map

Ha = Q.
The condition that this is in Zgjs says that it factors through

He — He/Ips —— Qu

ey

Q[Picx (k)]

So it factors through a character x: Picy (k) — Qy, and the definition of the Eisen-
stein ideal implies that

S(h:p) = X(tx) + QxX(tajl)'
Example 2.4. For y = 1, we see that s(h,;) = 1+ ¢g,. This is analogous to Mazur’s
Eisenstein ideal, T}, — 1 + p.

Theorem 2.5. Tgis - V is finite-dimensional over Q.
Proof. We have a stratification

Shte = | JShtg!
d

where each Shtéd is an open substack of finite type. Then

V = lim HZ"(Sht5%).
d
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The difference between the cohomology of Shtéd and Shtéd can be explicitly under-
stood in terms of horocycles when d > 2g — 2. By the discussion of horocycles, for
ma: Shtg — X7,
Cone(Rwéleg — Rwé!ng) = Rﬂ'ém!Qg[—’l“],
which is moreover a local system concentrated in degree 7.
So when d > 0, we understand how the cohomology grows, and we also understand

the Hecke action. By the local constancy, it then suffices to show that on the
geometric generic fiber 7 (so the middle dimension is ) the vector space

Tgis - H; (Shta )

is finite-dimensional over Q.
For any finite-type substack of Shtg 7, we get finiteness of cohomology for free. So
it would be great to show that T, -V lies in H/ (U) for some finite type U C Shtgz.

To this end it suffices to show that if we take U = Shtéd for sufficiently large d, then
for all f € Zg;s the composition

HT(Shte) L% HT(Shte) — HT (Shte)/Im HT(U)

is 0, as this implies that Zg;s - V' is in the finite-dimensional vector space Im H] (U).
We can extend the map through the injection (for large enough d)

H](Shtg)/Im H;(U) — [ Ho(Shtg,)
d'>2g9—2

which comes from the study of horocycles

H?(Sht) — H(Shtg) —— HI(Shtg)/Im H(U)

Hd’>2g—2 HO(Shtcém)

Since the last map in the composition is an injection, it suffices to show that the
dashed arrow is 0. To this end, we extend the diagram

HY(Shtq) —— H[(Shtq) ——— HJ(Shtg)/Im HI(U)

- ,
I, HO(Sht(ém) E— HHO(Shthl;m) — [las2g—2 HO(Shthl;m)

If f € Zgis, then Sat(f)* = 0 by the definition of Zgis and the compatibility of the
Satake homomorphism with the constant term map, so

[ (H(Shtg)) € Im (HZ(U) — H;(Shtg))
is finite-dimensional. O
Here is another important theorem, which we don’t have time to prove.

Theorem 2.6. V is a finitely generated module over H, for all x € | X]|.
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3. COHOMOLOGICAL SPECTRAL DECOMPOSITION

We’re only interested in the Hecke action on V' and through the Satake transform,
so we make the following definition:

Definition 3.1. We define H = Im (Hg — End(V) x Qq[Picx (k)]).
Corollary 3.2. H is a finitely generated algebra over Q.
Proof. Since H < Endy, (V @ Qq[Picx(k)]) and V and Q[Picx (k)] are finitely

generated H,-modules, we deduce that H is a finitely generated module over H,.
Therefore, it is a finitely generated algebra over Q. O

Theorem 3.3. We have

(1) Spec Hred = Zpis U Z] where Z is finite. Here Zgs is 1-dimensional and Z
s a finite set of closed points.

(2) V = Vgis ® Vo as Hg-modules, with
supp VEis C ZEis

and
supp Vo = Z.

4. PROOF OF THE MAIN IDENTITY
Lemma 4.1. Let I C H; be a non-zero ideal. Then for any m > 1,
I+ {hpz,n>m}="H,.
Proof. We can identify H, = Qu[t,t~!]* = Qq[t +¢~!]. Under this identification,
Bpe =" + "2t

So the proof reduces to showing that

I+ {t"+t":n>m}=Qt+t'].
This is an elementary exercise in algebra. O

Note that the validity of I(f) = J(f) only depends on the image of f inside
H := Im(H < End(V) ® End(A)) which is a finitely generated Q-algebra by
Corollary [3.2]

Definition 4.2. Let H&O C Hg be the subalgebra of H generated by the elements
hp for all deg D > dp.

Lemma 4.3. For any dy > 1, there exists an ideal I C H such that
(1) Ic Im (H); — H), and
(2) H/I is finite dimensional.

Proof. Commutative algebra using the key finiteness theorems. O

Using Lemmas and we deduce the result needed for the main identity.
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Corollary 4.4. For any dg > 1, the composition
Hy, —H—H
1S surjective.

Proof. Take I as in Lemmal[£.3] Since I is generated by hp for deg D > d, it suffices
to show that the composition
Hy, —H—H—->H/I
is surjective.
Consider the corresponding local statement: for all € | X|, we have a map

Lemma (2) tells us that H/I is finite-dimensional. Therefore Im (H,,) is finite-
dimensional. By Lemma noting that the image of I in H, is non-zero because
Im (H,) is finite-dimensional, H, N H' — Im (H,).
Since this works for every z, we get the surjectivity of the global map
H —H—-H—»H/I

as desired.
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