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learning/inverse problems
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What is the law of interaction ?

Popkin. Nature(2016)

7

Voter model (wiki)
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learning/inverse problems
[ ]

What is the law of interaction ?

N
(1) = () + x> Kalxx)
J=1,#0
Ko(x.9) = Vlo(x — yD)] = o(1x — yI) ity

@ Newton’s law of gravity ¢(r) = G%

@ Lennard-Jones potential: ®(r) = & — %.

Popkin. Nature(2016)

Voter model (wiki)
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learning/inverse problems
[ ]

What is the law of interaction ?
N
. ) 1
mixi(t) = —x(t) + > Ks(x, %),
j=1.
Ko(X,y) = Va[®(1x = y)] = o(|1x — y) 2%

@ Newton’s law of gravity ¢(r) = G%

@ Lennard-Jones potential: ®(r) = & — %.

76

Popkin. Nature(2016) @ flocking birds, bacteria/cells ?

@ opinion/voter/multi-agent models, ...7 @

Infer the interaction kernel from data?

4(1) Cucker+Smale: On the mathematics of emergence. 2007. (2) Vic-
sek+Zafeiris: Collective motion. 2012. (3) Mostch+Tadmor: Heterophilious Dy-

namics Enhances Consensus. 2014 ...
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learning/inverse problems
L]

Learn interaction kernel K, (x,y) = ¢(|x — y\)‘

X=y
X—y]
dXi = 5 > Ky(X, X{)at +V2vdB, < Ry(X:) = X; — V2vB,
j=1
Finite N: @

@ Data: M trajectories of particles : {XEZ)L M

m=1
@ Statistical learning

o ODE/SDES Opinion Dynamics, Lennard-Jones, Prey-Predator; 1st/2nd order



learning/inverse problems
L]

Learn interaction kernel K,(x,y) = ¢(|x — y|)2=%

N
dXj = 1N ST KX, X])dt + vV2vdB] < Ry(X)) = X; — V2vB,
j=1
Finite N: @

@ Data: M trajectories of particles : {Xé’f?L M

m=1

@ Statistical learning

o ODE/SDES Opinion Dynamics, Lennard-Jones, Prey-Predator; 1st/2nd order
Large N (>> 1)°

@ Data: concentration density {u(Xm, i) & N=" 32, 6(X] — Xm)}m,
Otu = vAUu+V - [u(Ky = u)]
@ Inverse problem for PDE

a [Maggioni, Lu, Tang, Zhong, Miller, Li, Zhang: PNAS19, SPA20,FOC22,JMLR21] b [Lang-Lu 20,21]



learning/inverse problems
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Learning kernels in operators: R, : X — Y

N
aXi = 1N ST KX, X))dt + V2vdB] < Ry(X)) = X; — VauB,
j=1
ou=vAu+V - [u(Kyxu)] < Rylu(-,t)] =f1(1)



learning/inverse problems
[ ]

Learning kernels in operators: R, : X — Y

N
aXi = 1N ST KX, X))dt + V2vdB] < Ry(X)) = X; — VauB,
j=1
ou=vAu+V - [u(Kyxu)] < Rylu(-,t)] =f1(1)

Classical learning Learning kernel Operator learning
{( d(x) + €} {(t Ryl1t] + 1)} { (g Ry + 1) }
Local dependence Nonlocal dependence t Local dependence
J2-.e . 2 2~ .g‘ o'
G I AN o Rlu %% = A
':. e .3’¢ ":. \{ o :’4
' X X ' u

Nonparametric learning:
Loss function? Identifiability? Convergence?



Finite many particles
[ JeJele]

Finite many particles

Ry(X:) = X; — V2uB; &Data = ¢pu = argmin Eu(v)
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@ Loss function (log-likelihood, or mse for ODE)
@ Regression: with o) = 3", ¢i¢; € Hp = span{¢;}],:

n
EW)=c'Ac—2b'c = ¢ou= Co, C=A"b
i=1
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Finite many particles
[ JeJele]

Finite many particles

Ry(X:) = X; — V2uB; &Data = ¢pu = argmin Eu(v)

PYEH
10 8 )
s g ————n
Wb 1%,
4 2
2 ~2
]
0 10 2C o 10 20 30 40 5
"2 10 =0
= 8 6
e 4 I
\22 2 So S e R e
0 10 2 ©

. 0 10 20 30 40 5
Time ¢ Time t

@ Loss function (log-likelihood, or mse for ODE)
@ Regression: with o) = 3", ¢i¢; € Hp = span{¢;}],:

EW)=cTAc—2b"c = ¢ou= G¢, C=A""b
i=1
» Choice of H, & function space of learning?
» Well-posed/ identifiability?
» Convergence and rate?
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Finite many particles
0@00

Learning kernel
Given: Data{ng%}%:1
Goal:find ¢ s.t. X; = Ry(X)

Classical learning theory

Given: Data{(Xm, ym)}M_, ~ (X, Y)
Goal:find fs.t. Y = £(X)

E(p) = E|X — Ry(X) 2] ¢ — duuell?
E(F) = EIY — (X = IIf — Fruel (0) = EX = BoX)FA6 = el

Minimization: f =", ci¢j € Hn, VEM =0= fom = 3 ;Cihi-
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Finite many particles
0@00

Learning kernel
Given: Data{Xf(T)ﬂ}%:1
Goal:find ¢ s.t. X; = Ry(X)

Classical learning theory

Given: Data{(Xm, ym)}M_, ~ (X, Y)
Goal:find fs.t. Y = f(X)

£(6) = BIX — Ry(X)PA16 — bl
g(f):E|Y—f(X)|2: Hf_ftrue”iz(px) ruell(2(p)

Minimization: f =", ci¢j € Hn, VEM =0= fom = 3 ;Cihi-

@ Function space: L?(px). @ Function space: L2(p).

o Identifiability: measure p ~ | X' — XI|

E[Y|X = x] = argmin &(f). @ Identifiability: arg min £(¢)??
feL?(px) P€L?(p)
@ A= E[¢i(X)pj(X)] = I, by @ A= E[Ry(X)Ry,(X)]~I ??
setting {¢;} ONB in L?(px). A Coercivity condition

@ Error bounds for ,, @ Error bounds for ¢, ?

12/30



Finite many particles
[e]e] o]

Assume a coercivity condition on H
(¢, 0) = E[Rs(X)Rs(X)] = el dlfz(,y, Vo €H

@ ¢y = 5 for H = L2(p) for some (LLMTZ21); open

Theorem (LZTM19,LMT22)

Let {H,} compact convex in L>° with dist(¢yye, Hn) ~ n~—5. Assume
the coercivity condition U,H,,. Choose n, = (M/log M)z+. Then

~ log M\ =
EM0[||¢M,Hn* - ¢true||L2(p)] < C( %/, ) .

@ Concentration for r.v. or martingale
@ dim(#,) adaptive to s (¢ € C°) and M:

Underfitting Balanced Overfitting
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Finite many particles
[e]e]e] )

Lennard-Jones kernel estimators:
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Opinion dynamics kernel estimators:
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Mean-field equations

Inverse problem for Mean-field PDE

Goal: Identify ¢ from discrete data {u(xm, t)}*+_, of
u =vAu+V - [u(K,+u)], xeR t>0,

where Kj(x) = V(®(|x)) = &(1x]) -
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Mean-field equations
[ ele}

Loss functional

ou=vAu+V - [u(K; * u)]
Candidates:

@ Discrepancy: () = ||0iu — vAU — V.(u(Ky * U))|2
@ Free energy: £(1) = C+ | [po U[(V — ®) * u]dx|?
@ Wasserstein-2: £(v) = Wa(u¥, u)

costly: requires many PDE simulations in optimization

@ A probabilistic loss functional

16/30



Mean-field equations
(o] lo}

A probabilistic loss functional

;
E() :_;_/0 /Rd “Kw * u|2u —20U(V - Ky * U) + 20:u(V * u)] dx dt

@ = —EJ log-likelihood ] of the process

dyf = K¢true * U(Yt, t)dt + @dBta
(%
@ Derivative free

@ Suitable for high dimension

Ky * u(Xy) = E[Ky (X¢ — X;)[X4]
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Mean-field equations
ooe

Nonparametric regression
5(170) = <</(7Z)7 1/’>> -2 <</¢)7 ¢>> ;

LS-regression ¢ = 3", Ci¢j € Hp:
E)=c'Ac—2b'c = ¢ou=> C¢i, C=A"'b
i=1
@ Choice of H, & function space of learning?
@ Inverse problem well-posed/ identifiability?

@ Convergence and rate? Ax = M~1/9 0
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Mean-field equations
[ ]

Identifiability

Aj = (61,6, / / 61(r)0i(8)Gr(r, $)p7(dr)pr(ds)
= (Lg, &1, &) 12(om)

. ~7 ~/
@ Exploration measure p1 < | X — X}

@ Positive compact operator LGT
> normal matrix A ~ Lg |3 in L*(pr)

Cu.T = inf ,1) >0 (Coercivity condition
T = i W) >0 y )

o Identifiability: A~'b < L¢P
,

» RKHS H; C Lz(pr) [LangLu21]
» DARTR: Data Adaptive RKHS Tikhonov Regularization
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Mean-field equations
L]

Convergence rate
H = L%(p7)

Theorem (Numerical error bound (Lang-Luzo1)

LetH = span{¢;}"_, s.t. ||¢n — dllu S N5 . Assume the coercivity
condition on UH,,. Then, with dimension n ~ (Ax)~*/(st1) we have:

P00 — Dl S (Ax)s/+D)

@ Ax“ comes from numerical integrator (e.g.,Riemann sum)

@ Trade-off: numerical error v.s. approximation error
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Mean-field equations
[ ]

Example 1: granular media ¢(r) = 3r?
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06 —True |—New initial
» 15 - spline 04§ 002 . 10°
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Data u(x, t) Estimator Wasserstein-2 Rate

@ near optimal rate (¢p € W)
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space x

Mean-field equations
o

Example 2: Opinion dynamics ¢(r) piecewise linear

o0

time t space radius r

@ sub-optimal rate (¢ ¢ W' )

8

Wasserstein distance
~ S =)

o

x10°
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o
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Mean-field equations
[ ]

Example 3: repulsion-attraction ¢(r) = r — r=' (singular)

20 0.25 4210°
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@ low rate: theory does not apply
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Learning with nonlocal dependence
o

Learning kernels in operators: regularization

Learn the kernel ¢: Ry[u] = f

from data:
D = {(uk. i) tho1,  (Uk, f) € X x Y

@ Ry linear in ¢, but linear/nonlinear in u:
R¢[U] =V [U(K¢ * U)] = 0u —vAU

@ integral/nonlocal operators,... linear inverse problems
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Learning with nonlocal dependence
e0

Regularization

EW) = |Ry[u] — FIF = (Lav, ¥)iz(,) — 2(¢, ¥ 12()
VEW) =Lap—d' =0 —o=Lg"¢

Regularization norm || - ||.?

Ex(¥) = E(v) + Al||2
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Learning with nonlocal dependence
e0

Regularization
E(W) = [|Rylu] — 1§ = (L, )12y — 2(8", ¥) 12,
VEW)=Lev ¢ =0 —o=Lg"ef
Regularization norm || - ||.?
E\¥) = E(W) + AllY]2

ANSWER: norm of the RKHS Hg = L1G/2L2(p) [Lu+Lang+An22]’
@ search in the correct fun.space
@ Data Adaptive RKHS Tikhonov Regularization
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Learning with nonlocal dependence
o] ]

DARTR: Data Adaptive RKHS Tikhonov Regularization

Ry[u] =V - [u(Ky x u)] = f
@ Recover kernel from discrete noisy data
@ Consistent convergence as mesh refines

1k RKHS
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o 2 ~6-nsr=0.1, error ~&-nsr = 1.0, error —9—nsr =0.1, loss ~¢-nsr = 1.0, loss ner
Typical estimat{)rs, Ax =0.05 Convergence of Estimators, nsr=0.1 & 1 Convergence Rates
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Learning with nonlocal dependence
@00

Summary and future directions

Nonparametric learning of interaction kernels
@ Finite N: ode/sde
@ Mean-field equation
Learning kernel in operators via regression:
@ probabilistic loss functionals
@ Identifiability
@ Convergence
DARTR: regularization for ill-posed linear inverse problems
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Learning with nonlocal dependence
(o] le}

Future directions/open questions

@ Coercivity condition

@ General IPS settings:

Aggression equations (inviscid MFE)
High-D, non-radial kernels (Monte Carlo)
Learning from stationary distributions
Multiple MFE solutions

Systems on graph

vV VY VY VvYYyYy

@ kernels in operator

» Convergence and Minimax rate?
» DARTR in Bayesian inverse p
» Applications: deconvolution, homogenization,...
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Learning with nonlocal dependence
[e]e] ]
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