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An inverse problem
[ ]

Problem statement

An inverse problem

Mean-field PDE
ou =vAu+V - [u(K,*u)], xeR t>0,
where Ky(x) = V(®(|x])) = o(Ix]) -

Question: identify ¢ from discrete data {u(xpm, t‘,)}%:f:1 ?
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An inverse problem
L]

Motivation

Systems of interacting particles/agents

d X X
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at N; X! - X]|

@ X/: the i-th particle’s position; Bj: Brownian motion

@ Applications in many disciplines:
Statistical physics, quantum mechanics  Biology [Keller-Segal1970, Cucker-Smale2000]
Social science [Motsch-Tadmor2014] Monte Carlo sampling [Del Moral13]
Agent-based models (for COVID19)

COvVID-19
Simulation Summit

Popkin. Nature(2016)

@ Problem: discover interaction law (¢) from data?
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An inverse problem
[ ]

Learning interaction kernel

Z X=X | oo
——— +V2vdB;
a~ N,_1¢ X *

Finite N: [Maggioni, L., Tang, Zhong, Miller, Li, Zhang: PNAS19, SPA20, et al]
@ Data: many trajectories of particles
@ Nonparametric learning:

Identifiability: a coercivity condition
» Convergence rate = minimax rate 1D
» ODE/SDEs: Opinion Dynamics, Lennard-Jones, Prey-Predator; 1st/2nd order



An inverse problem
[ ]

Learning interaction kernel

x Xi ,
dt NZ¢> |Xf |+de

Finite N: [Maggioni, L., Tang, Zhong, Miller, Li, Zhang: PNAS19, SPA20, et al]
@ Data: many trajectories of particles
@ Nonparametric learning:

» Identifiability: a coercivity condition
» Convergence rate = minimax rate 1D
» ODE/SDEs: Opinion Dynamics, Lennard-Jones, Prey-Predator; 1st/2nd order

Large N (>> 1) [Lang-Lu 20,21]

@ Data: population density u
Ot =vAu+V - [u(Ky * u)]

@ Inverse problem for mean-field PDE



Nonparametric Learning

Outline

@ Motivation and problem statement
© Nonparametric learning
» A probabilistic loss functional
» Identifiability: function spaces of learning
» Rate of convergence
© Numerical examples
© DARTR: regularization for linear inverse problems
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Nonparametric Learning
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A probabilistic loss functional

Loss functional

otu =vAu+V - [u(K; * u)]
Candidates:

@ Discrepancy: £(v) = ||0iu — vAu — V.(u(Ky = u))]2
@ Free energy: £(v) = C+ | [po U[(W — ®) * u]dx|?

@ Wasserstein-2: £(v) = Wa(u¥, u)

costly: requires many PDE simulations in optimization

@ A probabilistic loss functional

7127



Nonparametric Learning
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A probabilistic loss functional

A probabilistic loss functional

;
E) ::;_/0 /Rd “Kd, * u|2u —2vu(V - Ky * U) + 20,u(W * u)} dx dt

@ = —EJ log-likelihood ] of the process

{ dYI = — K¢[me * U(Yt, t)dt + @dB[,
L(Xt) =u(-, 1),

@ Derivative free

@ Suitable for high dimension

Ky * u(Xe) = E[Ky (X — X)|X1]
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Nonparametric Learning
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A probabilistic loss functional

Least squares estimator

;
E) ::;_/0 /Rd UKw * u]zu —2vuU(V - Ky * U) + 20;u(V * u)} dx at

X

=(, ) —2(b,0),  Kp(¥) =o(Ix)

x|

@ bilinear form (¢,v) = + fo Jra (Ko = u), (Ky * u))u(x, t)dxdt
@ Hypothesis space H, = span{¢;}7;: ¢ = >_IL, Cioi
= &) =c"Ac—2b" cwith Aj = (41, ;)

n
= Estimator: ¢,=> C¢, Cc=A"'b
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Nonparametric Learning
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A probabilistic loss functional

Three fundamental issues

@ Identifiability, A~"b, well-posedness:
function space of learning

© Choice of H: {¢i};and n ?

© Convergence rate when Ax = M~1/9 — 0?
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Nonparametric Learning
[ Je]

Identifiability

Identifiability and function space of learning

;
Aj = (i, ) = ;_/0 /Rd<(K¢ * U), (Ky * u))u(x, t)dxadt

= [ | at0e)Grir.s)or(an)or(as)

Ko u(Xy) = E[K, (Xt = X)) |X
. ~7 ~/
@ Exploration measure pr + | X — X{
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Nonparametric Learning
oe

Identifiability

Identifiability and function space of learning

— () / / 6i(r)i(8)Gr(r, S)or(dr)pr(ds)
= (Lg, %i: $i) 12(pr)

e Exploration measure p1 + |X; — X}
@ Positive compact operator L@T

> normal matrix A ~ Lg | in L*(p7)

Cu.T= inf ,1) > 0 (Coercivity condition
T ez, -1 (v, %) ( y )
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Nonparametric Learning
oe

Identifiability

Identifiability and function space of learning

— () / / 6i(r)i(8)Gr(r, S)or(dr)pr(ds)
= (Lg, %i: $i) 12(pr)

e Exploration measure p1 + |X; — X}
@ Positive compact operator L@T

> normal matrix A ~ Lg | in L*(p7)

Cu.T= inf ,1) > 0 (Coercivity condition
T ez, -1 (v, %) ( y )

o Identifiability: A~'b «» L¢P
T

» RKHS H; C L2(pT) rangLuz1]
» DARTR: Data Adaptive RKHS Tikhonov Regularization
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Nonparametric Learning
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Convergence rate

Error bound

H = L3(pr)

Theorem (Numerical error bound jLang-Luzo))

LetH = span{¢;} ; and on the projection of ¢ on H C H. Assume
regularity + coercivity conditions . Then

bnmi — bl < 2¢3, 77" (COV/n+ CAn|6|lw) (Ax™ + At).

o from discrete data {u(Xm, ) }py4
@ Ax“ comes from numerical integrator (e.g.,Riemann sum)

@ Dominating order: nAx®
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Nonparametric Learning
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Convergence rate

Optimal dimension and rate of convergence

Total error: trade-off

onmoo — Gl < | Pnmoo — Onllm+ |0 — ¢llu

numerical error approximation error
Underfitting Balanced Overfitting

Theorem (Rate of convergence [Lang-Lu20))

Assume ||¢p.m.co — bl S N(AX)™ and [|¢n — |z S n—S. Then, with
dimension n ~ (Ax)~*/($t1), we have a rate:

P00 — Dl S (Ax)s/+)
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Numerical examples

Outline

@ Motivation and problem statement
© Nonparametric learning

» A probabilistic loss functional

» |dentifiability

» Rate of convergence

© Numerical examples
» Granular media: smooth kernel ¢(r) = 3r2

» Opinion dynamics: piecewise linear ¢
» Repulsion-attraction: singular ¢ = r — r=15
© DARTR: regularization for linear inverse problems
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Numerical examples
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Smooth kernel

Example 1: granular media

o(r) = 3r°

O =vAU+V - [u(Ky +u)], x€RY t>0, K¢(x):¢(\x|)‘—i|
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Numerical examples
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Smooth kernel

Example 1: granular media
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Numerical examples
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Discontinuous kernel

Example 2: Opinion dynamics

¢(r) piecewise linear

®
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@ Acceptable estimator
@ Accurate prediction: small Wasserstein-2
@ sub-optimal rate (¢ ¢ W' )
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Numerical examples
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Singular kernel

Example 3: repulsion-attraction

o(r) = r — r= (singular)
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@ Acceptable estimator
@ Accurate prediction: small Wasserstein-2
@ low rate: theory does not apply
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= Test point
—Slope = 0.23

Optimal = 1.33
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Numerical examples
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Singular kernel

Outline

@ Motivation and problem statement
© Nonparametric learning
» A probabilistic loss functional
» |dentifiability: RKHS
» Rate of convergence
© Numerical examples
© DARTR: regularization for linear inverse problems
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Regularization: DARTR
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Linear inverse problems

Learning kernels in operators

Learn the kernel ¢: Rylu] = f

from data:
D= {(Ulﬁ fk)}ﬁzp (Uk, fk) eEXxY

@ Ay linear in ¢, but linear/nonlinear in u:
Rylu] = V - [u(K, * u)] = dru — vAu
@ Other operators: integral operators, nonlocal operators,...

@ General linear inverse problems:

» deconvolution
» homogenization
» inverse Laplace transform
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Regularization: DARTR
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RKHS-regularization

DARTR: Data Adaptive RKHS Tikhonov Regularization

Quadratic loss functional:
E(W) = ||Rylu] — 1§ = (Lat, ) 12y — 2(¢, V)12,
VEW)=Lev—¢ =0 —o=1Lg"¢f
Regularization:
E\(¥) = E(W) + ]2 — cTAc—2b e+ Ac|f?

Which norm || - || to use?
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Regularization: DARTR
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RKHS-regularization

DARTR: Data Adaptive RKHS Tikhonov Regularization

Quadratic loss functional:
E(W) = ||Rylu] — 1§ = (Lat, ) 12y — 2(¢, V)12,
VEW) =Lat —¢' =0 = ¢=Lg'¢f
Regularization:
E\(¥) = E(W) + ]2 — cTAc—2b e+ Ac|f?
Which norm || - || to use?

norm of RKHS with G: Hg C L2(p) [Lu+Lang+An22]
DARTR: Data Adaptive RKHS Tikhonov Regularization
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RKHS-regularization

DARTR: Data Adaptive RKHS Tikhonov Regularization

Rylu] =V - [u(Ky x u)] = f

@ Recover kernel from discrete noisy data
@ Consistent convergence as mesh refines

A
Rt
Yy

LY S—

Typical estimat{)rs, Ax =0.05
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Regularization: DARTR
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Summary

Summary and future directions

Problem: Estimate kernel of Mean-field equation
Ou =vAUu+V - [u(K, * U)]

from discrete data {u(xm, t,)}m, 10

Solution: Robust efficient learning algorithm by least-squares
@ A probabilistic loss functional
@ Identifiability, RKHS
@ Convergent estimator

DARTR: regularization for general linear inverse problems
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Regularization: DARTR
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Summary

Future directions

@ General systems/settings:

» Aggression equations (inviscid MFE)
» Learning from steady-states
» High-D, non-radial kernels (Monte Carlo)

o DARTR:

» DARTR for NN
» Applications of DARTR: deconvolution, homogenization
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