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What is the law of interaction ?

H proton
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Popkin. Nature(2016)
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Voter mode! (wiki)
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What is the law of interaction ?
1 N
mixi(t) = =xi(t) + > Ks(x, %),
j=1.i
Ko(X,y) = Vil&(Ix — y))] = é(|x — y|) 2=

@ Newton’s law of gravity ¢(r) = G™72

H proton

@ Lennard-Jones potential: ®(r) = & — %.
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What is the law of interaction ?
1 N
mixi(t) = =xi(t) + > Ks(x, %),
j=1.i
Ko(X,y) = Vil&(Ix — y))] = é(|x — y|) 2=

@ Newton’s law of gravity ¢(r) = G™72

H proton

L e @ Lennard-Jones potential: ¢(r) = 5 — %.

b
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@ flocking birds, bacteria/cells ?

@ opinion/voter/multi-agent models, ...7 @

Popkin. Nature(2016)
Infer the interaction kernel from data?

4(1) Cucker+Smale: On the mathematics of emergence. 2007. (2) Vic-
sek+Zafeiris: Collective motion. 2012. (3) Mostch+Tadmor: Heterophilious Dy-

namics Enhances Consensus. 2014 ...

Voter mode! (wiki)
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Learn interaction kernel K, (x,y) = ¢(|x — y\)‘

X=y
X—y]
dXi = > Ky(X, X{)at +V2vdB, < Ry(X:) = X; — V2vB,
j=1
Finite N: @

@ Data: M trajectories of particles : {XEZ)L M

m=1
@ Statistical learning

o ODES/SDES Opinion Dynamics, Lennard-Jones, Prey-Predator; 1st/2nd order



learning/inverse problems
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Learn interaction kernel K,(x,y) = ¢(|x — y|)2=%

N
dXj = 1N ST KX, X])dt + vV2vdB] < Ry(X)) = X; — V2vB,
j=1
Finite N: @

@ Data: M trajectories of particles : {XEZ)L M

m=1
@ Statistical learning
@ ODESs/SDEs: opinion Dynamics, Lennard-Jones, Prey-Predator; 1st/2nd order
Large N (>> 1)°
@ Data: density of particles {u(xm, t}) = N~ 37, 6(X] — Xm)}m,i

Otu =vAu+V - [u(Ky = u)]
@ Inverse problem for PDEs

a [Maggioni, Lu, Tang, Zhong, Miller, Li, Zhang: PNAS19, SPA20,FOC22,JMLR21] b [Lang-Lu 20,21]
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Learning kernels in operators: R, : X — Y

N
aXi = 1N ST Ky(X, X))dt + V2vdB] < Ry(X)) = X; — VauB,
j=1
ou=vAu+V - [u(Kyxu)] < Rylu(-,t)] =f1(,1)
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Learning kernels in operators: R, : X — Y

N
aXi = 1N ST Ky(X, X))dt + V2vdB] < Ry(X)) = X; — VauB,
j=1
ou=vAu+V - [u(Kyxu)] < Rylu(-,t)] =f1(,1)

Classical learning Learning kernel Operator learning
{( d(x) + €} {(t Ryl1t] + 1)} { (g Ry + 1) }
Local dependence Nonlocal dependence t Local dependence
J2-.e . 2 2~ .g‘ o'
G I AN o Rlu %% = A
':. e .3’¢ ":. \{ o :’4
' X X ' u

Nonparametric learning:
Loss function? Identifiability? Convergence?



Finite many particles
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Finite many particles

Ry(X:) = X — V2uB; &Data = ¢pu = argmin Eu(v)
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@ Loss function (log-likelihood, or MSE for ODEs): quadratic
@ Regression: with ¢ = 3", Ci¢; € Hp = span{ ¢}/ ;:

n
Em(w)=c"Ac—2b"c = om= G, C=A""b
i=1
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Finite many particles
@0000

Finite many particles

Ry(X:) = X — V2uB; &Data = ¢pu = argmin Eu(v)
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@ Loss function (log-likelihood, or MSE for ODEs): quadratic
@ Regression: with ¢ = 3", Ci¢; € Hp = span{ ¢}/ ;:

n
Em(p)=c"Ac—2b'c = Gom=) G¢i, C=A"'b
i=1
» Choice of H, & function space of learning?
» Well-posed/ identifiability?
» Convergence and rate?
10/36



Finite many particles
(o] lelele]

Classical learning theory Learning kernel
i . (m) \m
Given: Data{(Xm, ym) s ~ (X, Y) Given: Data{X(o 7}y
Goal:find f s.t. Y = ¢(X) Goal:find ¢ s.t. X; = Ry(X})

E(¢) = EIY = ¢(X)I? = [|¢ — drrellfeg,yy E(9) = EIX = Ry(X)P#]6 — druellZe,
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Finite many particles
(o] lelele]

Classical learning theory Learning kernel
i . (m) \m
Given: Data{(Xm, ym) s ~ (X, Y) Given: Data{X(o 7}y
Goal:find f s.t. Y = ¢(X) Goal:find ¢ s.t. X; = Ry(X})

E(¢) = EIY = ¢(X)I? = [|¢ — drrellfeg,yy E(9) = EIX = Ry(X)P#]6 — druellZe,

@ Function space: L?(px). @ Function space: L?(p).
~ X=X
@ Identifiability: measure p ~ [X' — X/|

E[Y|X = x] = argmin £(¢). @ Identifiability: argmin £(¢)??
pEL?(px) P€L?(p)
o A~ E[¢(X)p;(X)] = I by ® A= E[Ry,(X)Ry, (X)]#ln 2?2
setting {¢;} ONB in L?(px). Coercivity condition
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Finite many particles
(o] lelele]

Classical learning theory Learning kernel
i . (m) \m
Given: Data{(Xm, ym) s ~ (X, Y) Given: Data{X(o 7}y
Goal:find f s.t. Y = ¢(X) Goal:find ¢ s.t. X; = Ry(X})

E(¢) = EIY = ¢(X)I? = [|¢ — drrellfeg,yy E(9) = EIX = Ry(X)P#]6 — druellZe,

@ Function space: L?(px). @ Function space: L?(p).
~ X=X
@ Identifiability: measure p ~ [X' — X/|

E[Y|X = x] = argmin £(¢). @ Identifiability: argmin £(¢)??
pEL?(px) P€L?(p)
o A~ E[¢(X)p;(X)] = I by ® A= E[Ry,(X)Ry, (X)]#ln 2?2
setting {¢;} ONB in L?(px). Coercivity condition

Error bounds for 5an asymptotic/non-asymptotic (CLT/concentration)

E(Dny) — E(Dn) = Crllbny — ¢l
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Finite many particles
[e]e] Tele]

Theorem (LZTM19,LMT22)

Let {H,} compact convex in L> with dist(¢ue, Hn) ~ n~°. Assume
the coercivity condition on U, H,. Set n, = (M/log M) =1, Then

~ log M\ Z+
Euolllom s, — dtruellizp)] < C( S,?/, ) :

@ dim(#,) adaptive to s (due € C° ) and M:

Underfitting Balanced Overfitting

@ Concentration inequalities for r.v. or martingale
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Lennard-Jones

kernel estimators
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Finite many particles
[eele]e] ]

Coercivity condition on H

(0.0) = 1 [ BRKOROIA > onlolfgy 0 < H

@ Partial results: ¢y, = ' for 7 = L?(p)

» Gaussian or ®(r) = r2# stationary [Lmrzz1spa,LL20]
» Harmonic analysis: strictly positive definite integral kernel

(X-Y,X-2)

A A 2

E[p(|X = Y])o(IX = Z])

@ Open: non-stationary? A compact H C C(supp(p))?
@ No coercivity on L?(p) when N — oo since ¢, — 0
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Mean-field equations

Inverse problem for Mean-field PDE

Goal: Identify ¢ from discrete data {u(xm, z‘,)}ﬂ’fz1 of
U =vAu+V - [u(K,+u)], xeR t>0,

where Kj(x) = V(®(|x)) = o(|x]) -

17/36



Mean-field equations
000

Loss functional

ou=vAu+V - [u(K; * u)]
Candidates:

@ Discrepancy: () = ||0iu — vAU — V.(u(Ky * U))|2
@ Free energy: £(1) = C+ | [po U[(V — @) * u]dx|?
@ Wasserstein-2: £(v) = Wa(u¥, u)

costly: requires many PDE simulations in optimization

@ A probabilistic loss functional

18/36



Mean-field equations
(o] le}

A probabilistic loss functional

;
E() ::;_/0 /Rd “Kw * u]zu —2vu(V - Ky * U) + 20,u(V * u)] dx dt

@ = —EJ log-likelihood ]: McKean-Vlasov process

{ dX; = — Ky, * U(Xy, t)dt + V2udB;,
L(Xr) =u(-, 1),

@ Derivative free

@ Suitable for high dimension: Z; = X; — 7;

:
€)= 7 | (EBIKUZ)XP ~20ELV - Ky(2)]+ 0Ev(Z) ot

19/36



Mean-field equations
[efe] ]

Nonparametric regression
1 T
E) ::7/ / |Ky = u]zu —2vuU(V - Ky * U) + 20;u(V * u)} dx at
0 RY
= <<1/)71/)>> <’L/) (b >L2(p7
LS-regression v = "1, ci¢j € Hp:
=N n
Em(y)=cTAc—2b'c = épu= Z G, ¢=A"b
i=1
@ Choice of H, & function space of learning?
» Exploration measure pr < [X; — X

@ Inverse problem well-posed/ identifiability?

@ Convergence and rate? Ax = M~1/9 50

20/36



Mean-field equations
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Identifiability

A=t = [ [ oes(&IGr(r.)or(enpr(as)
= (Lg, b0 $i) 2(or)
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Mean-field equations
L]

Identifiability

Aj = (i, ) = /]R+ /1R+ $i(r)ei(s)Gr(r, s)pr(dr)pr(ds)
= (Lg, %i: $i) 12(pr)
@ Positive compact operator L@T
> normal matrix A ~ Lg | in L*(pr)

Cu.T= inf ,1) >0 (Coercivity condition
T e, = (v, ) ( y )

o Identifiability: A~'b «» L¢P
,

» Function space of identifiability (FSOI): span{;} ;>0
> Closure of RKHS Hg = L/*(L?(pr)) wangten
T
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Mean-field equations
[ ]

Convergence rate
H = L%(p7)

Theorem (Numerical error bound (Lang-Luzo1)

Let Hp = span{¢;}7_; S.t. ||pp, — &llm < n~° . Assume the coercivity
condition on UH,,. Then, with dimension n ~ (Ax)~*/(st1) we have:

16nm — dllsx < (Ax)*/ D

@ Ax“ comes from numerical integrator (e.g.,Riemann sum)
» a =1/2in Monte Carlo in statistic learning

@ Trade-off: numerical error v.s. approximation error

23/36



Mean-field equations
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Example 1: granular media ¢(r) = 3r?

0.025
4 2 05 —Original initial
06 ~True |—New initial
» 15 - spline 04 8002 . 10°
RKHS g g
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H . - = g
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& 02 £ 001 XS
2 0.2 @ 4 © Test point
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-4 0 [ 0 0 -1 0
[ 0.5 1 0.5 1 15 2 0 0.5 1 10 10
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Data u(x, t) Estimator Wasserstein-2 Rate

@ near optimal rate (¢ € W)

24/36



space x

Mean-field equations
[ ]

Example 2: Opinion dynamics ¢(r) piecewise linear

10

o0

2 4 6
time t space radius r

@ sub-optimal rate (¢ ¢ W' )

8

Wasserstein distance
~ = =)

o

x10°

—Original initial
—New initial

o

04 06 08
Time t
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Mean-field equations
[ Je]

Example 3: repulsion-attraction ¢(r) = r — r=' (singular)

20 0.25 4210 3
0.35 . —Original initial] 14
o \ 5 ~Original | =
0.3 0 0. § s New initial 0 5
x 025 015 @ o °
8 02 E-20 g °
g coF < g2 T8l .
@ 0.15 —True 01 [4 =
E ; - Spline 2 174
01 40 RKHS 005 81
0.05 1) 6
-60 0 0
12 3 4 5 0 02 04 06 08 1 10" 10°
time t space radius r Time t Ax

@ low rate: theory does not apply
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Mean-field equations
oe

Ongoing projects and open problems:
@ Coercivity condition
@ General systems:
» Aggression equations (inviscid MFE)
» non-radial kernels
» Systems on graph
@ Other types of data:

» Partial data: observability and randomization
» Multiple MFE solutions

27/36
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Learning kernels in operators: regularization

Learn the kernel ¢: Ry[u] = f

Mom 92 b (U fOML, () € X x ¥

@ Ry linear/nonlinear in u, but linear in ¢

@ Examples:
» interaction kernel: Ry[u] = V - [u(Ky * u)] = iu — vAu
» Toeplitz/Hankel matrix
» integral/nonlocal operators,...

28/36



Learning kernels
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lll-posed inverse problem

EW) = |Rylul = fIZ = (La®, %) 12(,) — 2(6°, ¥)12() + C
VEW) =Lap — P =0 — ¢ =1Lg"¢P

D D D D
¢ = LG¢>true + d)noise + d)model error + ¢numerical error
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Learning kernels
[ Jele}

lll-posed inverse problem

EW) = |Rylul = fIZ = (La®, %) 12(,) — 2(6°, ¥)12() + C
VEW) =Lap — P =0 — ¢ =1Lg"¢P

D D D D
¢ = LG¢>true + d)noise + d)model error + ¢numerical error

Regularization

W) = E@W) + A\[el% — ¢ = (L +2Q)'¢?

@ ) by the L-curve method [Hansenoo)
@ Regularization norm || - || ?
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Learning kernels
[ Jele}

lll-posed inverse problem
E() = IRy[u] — fIF = (Lat, ) 12() — 2(6°, ¥)12(,) + C
VEW) =Ly —¢P =0 —o=L5"¢"
(r/)D = LG¢>true + d)/?oise + d)remdel error T ¢r?umerical error
Regularization
Ex(W) = E@W) + A3 = ¢ = (Lg + AQ) "¢

@ ) by the L-curve method [Hansenoo)
@ Regularization norm || - || ?

ANSWER: norm of RKHS Hg = L1G/2L2(p) Q= Lg [Lu+Lang+An22]
@ DARTR: Data Adaptive RKHS Tikhonov Regularization
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Learning kernels
(o] lo}

DARTR: Data Adaptive RKHS Tikhonov Regularization

Ry[u] =V - [u(Ky x u)] = f
@ Recover kernel from discrete noisy data
@ Consistent convergence as mesh refines

RKHS
8
gs
8,
o 10
£
7
Bg 10"
35
£
9
-
g 102
3
8
Ax=0.0125x{1,2,4,8,16} A x=0.0125x{1,2,4,8,16} A x=0.0125x{1,2,4,8,16} -0. 50 3 2
—©-nsr =0.1, error ~&-nsr = 1.0, error —<9—nsr = 0.1, loss ~¢-nsr = 1.0, loss st
Typical estimat{)rs, Ax =0.05 Convergence of Estimators, nsr=0.1 & 1 Convergence Rates
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Learning kernels
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Open questions and ongoing projects:
@ Regularized estimator: convergence and rate?
@ Regularization for NN in function space
@ Data-adaptive priors for Bayesian inverse problems

@ Applications: deconvolution, homogenization,...
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Learning kernels
[ le]e}

Summary and future directions

Nonparametric regression for interaction kernels
@ Finite N (ODEs/SDEs): statistical learning
@ N = oo (Mean-field PDEs): inverse problem

Learning kernels in operators:
@ Probabilistic loss functionals

@ Identifiability
@ Coercivity condition

> yes: convergence
» no: DARTR

34/36



Learning with nonlocal depend
@ Coercivity condition
@ Regularization
@ Convergence (minimax rate)

Classical learning
{(x () + €}

Local dependence

ence: a new direction?

Learning kernel
{(u Ryl] +mp)}
‘Nonlocal dependence

2-.2
.,% e~
26 I v
.
Jo Tie o
DR
-

.
o P
-

1 x
Inversion ¢ =I"'¢P
Regularization ¢ = (+40)"'¢”

?b\ — L51¢D
¢ =Ug+iLg) "

Learning kernels
(o] le}

35/36



Learning kernels
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