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Data Assimilation
A dynamical system      +      Noisy partial observations

• Estimate the states                  from  

• Predict the future evolution 

xn+1 = F (xn, yn),

yn+1 = G(xn, yn).
zn = H(xn) + Vn
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Data Assimilation

Bayesian approach: approximate the posteriors 
• Sequential Monte Carlo: particle filters
• Ensemble Kalman filters 

✦ Run a forward model from an ensemble of IC’s 
  —> approximate Gaussian prior (mean + Cov)

✦ Update the ensemble similar to Kalman Filter
  

A dynamical system      +      Noisy partial observations

• Estimate the states                  from  

• Predict the future evolution 

xn+1 = F (xn, yn),

yn+1 = G(xn, yn).
zn = H(xn) + Vn
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<latexit sha1_base64="dFg/j1s3ED7IF0MqbXqIsCc7uTo=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KokIfpyKXjxWMLbQhrLZbtqlm03YnQg19Ed48aDi1f/jzX/jts1BWx8MPN6bYWZemEph0HW/naXlldW19dJGeXNre2e3srf/YJJMM+6zRCa6FVLDpVDcR4GSt1LNaRxK3gyHNxO/+ci1EYm6x1HKg5j2lYgEo2il5lM3967UuFupujV3CrJIvIJUoUCjW/nq9BKWxVwhk9SYtuemGORUo2CSj8udzPCUsiHt87alisbcBPn03DE5tkqPRIm2pZBM1d8TOY2NGcWh7YwpDsy8NxH/89oZRhdBLlSaIVdstijKJMGETH4nPaE5QzmyhDIt7K2EDaimDG1CZRuCN//yIvFPa5c17+6sWr8u0ijBIRzBCXhwDnW4hQb4wGAIz/AKb07qvDjvzsesdckpZg7gD5zPH4v5jz4=</latexit><latexit sha1_base64="dFg/j1s3ED7IF0MqbXqIsCc7uTo=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KokIfpyKXjxWMLbQhrLZbtqlm03YnQg19Ed48aDi1f/jzX/jts1BWx8MPN6bYWZemEph0HW/naXlldW19dJGeXNre2e3srf/YJJMM+6zRCa6FVLDpVDcR4GSt1LNaRxK3gyHNxO/+ci1EYm6x1HKg5j2lYgEo2il5lM3967UuFupujV3CrJIvIJUoUCjW/nq9BKWxVwhk9SYtuemGORUo2CSj8udzPCUsiHt87alisbcBPn03DE5tkqPRIm2pZBM1d8TOY2NGcWh7YwpDsy8NxH/89oZRhdBLlSaIVdstijKJMGETH4nPaE5QzmyhDIt7K2EDaimDG1CZRuCN//yIvFPa5c17+6sWr8u0ijBIRzBCXhwDnW4hQb4wGAIz/AKb07qvDjvzsesdckpZg7gD5zPH4v5jz4=</latexit><latexit sha1_base64="dFg/j1s3ED7IF0MqbXqIsCc7uTo=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KokIfpyKXjxWMLbQhrLZbtqlm03YnQg19Ed48aDi1f/jzX/jts1BWx8MPN6bYWZemEph0HW/naXlldW19dJGeXNre2e3srf/YJJMM+6zRCa6FVLDpVDcR4GSt1LNaRxK3gyHNxO/+ci1EYm6x1HKg5j2lYgEo2il5lM3967UuFupujV3CrJIvIJUoUCjW/nq9BKWxVwhk9SYtuemGORUo2CSj8udzPCUsiHt87alisbcBPn03DE5tkqPRIm2pZBM1d8TOY2NGcWh7YwpDsy8NxH/89oZRhdBLlSaIVdstijKJMGETH4nPaE5QzmyhDIt7K2EDaimDG1CZRuCN//yIvFPa5c17+6sWr8u0ijBIRzBCXhwDnW4hQb4wGAIz/AKb07qvDjvzsesdckpZg7gD5zPH4v5jz4=</latexit><latexit sha1_base64="dFg/j1s3ED7IF0MqbXqIsCc7uTo=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KokIfpyKXjxWMLbQhrLZbtqlm03YnQg19Ed48aDi1f/jzX/jts1BWx8MPN6bYWZemEph0HW/naXlldW19dJGeXNre2e3srf/YJJMM+6zRCa6FVLDpVDcR4GSt1LNaRxK3gyHNxO/+ci1EYm6x1HKg5j2lYgEo2il5lM3967UuFupujV3CrJIvIJUoUCjW/nq9BKWxVwhk9SYtuemGORUo2CSj8udzPCUsiHt87alisbcBPn03DE5tkqPRIm2pZBM1d8TOY2NGcWh7YwpDsy8NxH/89oZRhdBLlSaIVdstijKJMGETH4nPaE5QzmyhDIt7K2EDaimDG1CZRuCN//yIvFPa5c17+6sWr8u0ijBIRzBCXhwDnW4hQb4wGAIz/AKb07qvDjvzsesdckpZg7gD5zPH4v5jz4=</latexit>
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Data Assimilation

Bayesian approach: approximate the posteriors 
• Sequential Monte Carlo: particle filters
• Ensemble Kalman filters 

✦ Run a forward model from an ensemble of IC’s 
  —> approximate Gaussian prior (mean + Cov)

✦ Update the ensemble similar to Kalman Filter
  

A dynamical system      +      Noisy partial observations

• Estimate the states                  from  

• Predict the future evolution 

xn+1 = F (xn, yn),

yn+1 = G(xn, yn).
zn = H(xn) + Vn

<latexit sha1_base64="+4ebnTYF4eEPy5e1GdhlDQ4OcmU=">AAAB+nicbVBNS8NAEJ34WetXrUcvi0WoCCURQT0IRS89VjBtoQ1hs920SzebsLuR1tK/4sWDild/iTf/jds2B219MPB4b4aZeUHCmdK2/W2trK6tb2zmtvLbO7t7+4WDYkPFqSTUJTGPZSvAinImqKuZ5rSVSIqjgNNmMLib+s1HKhWLxYMeJdSLcE+wkBGsjeQXik++QDeoVh764hSdoYZvxJJdsWdAy8TJSAky1P3CV6cbkzSiQhOOlWo7dqK9MZaaEU4n+U6qaILJAPdo21CBI6q88ez2CToxSheFsTQlNJqpvyfGOFJqFAWmM8K6rxa9qfif1051eOWNmUhSTQWZLwpTjnSMpkGgLpOUaD4yBBPJzK2I9LHERJu48iYEZ/HlZeKeV64rzv1FqXqbpZGDIziGMjhwCVWoQR1cIDCEZ3iFN2tivVjv1se8dcXKZg7hD6zPH5DPkmM=</latexit><latexit sha1_base64="+4ebnTYF4eEPy5e1GdhlDQ4OcmU=">AAAB+nicbVBNS8NAEJ34WetXrUcvi0WoCCURQT0IRS89VjBtoQ1hs920SzebsLuR1tK/4sWDild/iTf/jds2B219MPB4b4aZeUHCmdK2/W2trK6tb2zmtvLbO7t7+4WDYkPFqSTUJTGPZSvAinImqKuZ5rSVSIqjgNNmMLib+s1HKhWLxYMeJdSLcE+wkBGsjeQXik++QDeoVh764hSdoYZvxJJdsWdAy8TJSAky1P3CV6cbkzSiQhOOlWo7dqK9MZaaEU4n+U6qaILJAPdo21CBI6q88ez2CToxSheFsTQlNJqpvyfGOFJqFAWmM8K6rxa9qfif1051eOWNmUhSTQWZLwpTjnSMpkGgLpOUaD4yBBPJzK2I9LHERJu48iYEZ/HlZeKeV64rzv1FqXqbpZGDIziGMjhwCVWoQR1cIDCEZ3iFN2tivVjv1se8dcXKZg7hD6zPH5DPkmM=</latexit><latexit sha1_base64="+4ebnTYF4eEPy5e1GdhlDQ4OcmU=">AAAB+nicbVBNS8NAEJ34WetXrUcvi0WoCCURQT0IRS89VjBtoQ1hs920SzebsLuR1tK/4sWDild/iTf/jds2B219MPB4b4aZeUHCmdK2/W2trK6tb2zmtvLbO7t7+4WDYkPFqSTUJTGPZSvAinImqKuZ5rSVSIqjgNNmMLib+s1HKhWLxYMeJdSLcE+wkBGsjeQXik++QDeoVh764hSdoYZvxJJdsWdAy8TJSAky1P3CV6cbkzSiQhOOlWo7dqK9MZaaEU4n+U6qaILJAPdo21CBI6q88ez2CToxSheFsTQlNJqpvyfGOFJqFAWmM8K6rxa9qfif1051eOWNmUhSTQWZLwpTjnSMpkGgLpOUaD4yBBPJzK2I9LHERJu48iYEZ/HlZeKeV64rzv1FqXqbpZGDIziGMjhwCVWoQR1cIDCEZ3iFN2tivVjv1se8dcXKZg7hD6zPH5DPkmM=</latexit><latexit sha1_base64="+4ebnTYF4eEPy5e1GdhlDQ4OcmU=">AAAB+nicbVBNS8NAEJ34WetXrUcvi0WoCCURQT0IRS89VjBtoQ1hs920SzebsLuR1tK/4sWDild/iTf/jds2B219MPB4b4aZeUHCmdK2/W2trK6tb2zmtvLbO7t7+4WDYkPFqSTUJTGPZSvAinImqKuZ5rSVSIqjgNNmMLib+s1HKhWLxYMeJdSLcE+wkBGsjeQXik++QDeoVh764hSdoYZvxJJdsWdAy8TJSAky1P3CV6cbkzSiQhOOlWo7dqK9MZaaEU4n+U6qaILJAPdo21CBI6q88ez2CToxSheFsTQlNJqpvyfGOFJqFAWmM8K6rxa9qfif1051eOWNmUhSTQWZLwpTjnSMpkGgLpOUaD4yBBPJzK2I9LHERJu48iYEZ/HlZeKeV64rzv1FqXqbpZGDIziGMjhwCVWoQR1cIDCEZ3iFN2tivVjv1se8dcXKZg7hD6zPH5DPkmM=</latexit>

x1:n, y1:n
<latexit sha1_base64="rYL0HamV9PNJ76XYlFNWXcld0G8=">AAAB93icbVDLSsNAFL2pr1ofjbp0M1gEF1ISEXysim5cVjC20IYwmU7aoZNJmJmINfRL3LhQceuvuPNvnLZZaOuByz2ccy9z54QpZ0o7zrdVWlpeWV0rr1c2Nre2q/bO7r1KMkmoRxKeyHaIFeVMUE8zzWk7lRTHIaetcHg98VsPVCqWiDs9Sqkf475gESNYGymwq49B7l6K8fFo1gO75tSdKdAicQtSgwLNwP7q9hKSxVRowrFSHddJtZ9jqRnhdFzpZoqmmAxxn3YMFTimys+nh4/RoVF6KEqkKaHRVP29keNYqVEcmskY64Ga9ybif14n09G5nzORZpoKMnsoyjjSCZqkgHpMUqL5yBBMJDO3IjLAEhNtsqqYENz5Ly8S76R+UXdvT2uNqyKNMuzDARyBC2fQgBtoggcEMniGV3iznqwX6936mI2WrGJnD/7A+vwBjwySkg==</latexit><latexit sha1_base64="rYL0HamV9PNJ76XYlFNWXcld0G8=">AAAB93icbVDLSsNAFL2pr1ofjbp0M1gEF1ISEXysim5cVjC20IYwmU7aoZNJmJmINfRL3LhQceuvuPNvnLZZaOuByz2ccy9z54QpZ0o7zrdVWlpeWV0rr1c2Nre2q/bO7r1KMkmoRxKeyHaIFeVMUE8zzWk7lRTHIaetcHg98VsPVCqWiDs9Sqkf475gESNYGymwq49B7l6K8fFo1gO75tSdKdAicQtSgwLNwP7q9hKSxVRowrFSHddJtZ9jqRnhdFzpZoqmmAxxn3YMFTimys+nh4/RoVF6KEqkKaHRVP29keNYqVEcmskY64Ga9ybif14n09G5nzORZpoKMnsoyjjSCZqkgHpMUqL5yBBMJDO3IjLAEhNtsqqYENz5Ly8S76R+UXdvT2uNqyKNMuzDARyBC2fQgBtoggcEMniGV3iznqwX6936mI2WrGJnD/7A+vwBjwySkg==</latexit><latexit sha1_base64="rYL0HamV9PNJ76XYlFNWXcld0G8=">AAAB93icbVDLSsNAFL2pr1ofjbp0M1gEF1ISEXysim5cVjC20IYwmU7aoZNJmJmINfRL3LhQceuvuPNvnLZZaOuByz2ccy9z54QpZ0o7zrdVWlpeWV0rr1c2Nre2q/bO7r1KMkmoRxKeyHaIFeVMUE8zzWk7lRTHIaetcHg98VsPVCqWiDs9Sqkf475gESNYGymwq49B7l6K8fFo1gO75tSdKdAicQtSgwLNwP7q9hKSxVRowrFSHddJtZ9jqRnhdFzpZoqmmAxxn3YMFTimys+nh4/RoVF6KEqkKaHRVP29keNYqVEcmskY64Ga9ybif14n09G5nzORZpoKMnsoyjjSCZqkgHpMUqL5yBBMJDO3IjLAEhNtsqqYENz5Ly8S76R+UXdvT2uNqyKNMuzDARyBC2fQgBtoggcEMniGV3iznqwX6936mI2WrGJnD/7A+vwBjwySkg==</latexit><latexit sha1_base64="rYL0HamV9PNJ76XYlFNWXcld0G8=">AAAB93icbVDLSsNAFL2pr1ofjbp0M1gEF1ISEXysim5cVjC20IYwmU7aoZNJmJmINfRL3LhQceuvuPNvnLZZaOuByz2ccy9z54QpZ0o7zrdVWlpeWV0rr1c2Nre2q/bO7r1KMkmoRxKeyHaIFeVMUE8zzWk7lRTHIaetcHg98VsPVCqWiDs9Sqkf475gESNYGymwq49B7l6K8fFo1gO75tSdKdAicQtSgwLNwP7q9hKSxVRowrFSHddJtZ9jqRnhdFzpZoqmmAxxn3YMFTimys+nh4/RoVF6KEqkKaHRVP29keNYqVEcmskY64Ga9ybif14n09G5nzORZpoKMnsoyjjSCZqkgHpMUqL5yBBMJDO3IjLAEhNtsqqYENz5Ly8S76R+UXdvT2uNqyKNMuzDARyBC2fQgBtoggcEMniGV3iznqwX6936mI2WrGJnD/7A+vwBjwySkg==</latexit>

z1:n
<latexit sha1_base64="dFg/j1s3ED7IF0MqbXqIsCc7uTo=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KokIfpyKXjxWMLbQhrLZbtqlm03YnQg19Ed48aDi1f/jzX/jts1BWx8MPN6bYWZemEph0HW/naXlldW19dJGeXNre2e3srf/YJJMM+6zRCa6FVLDpVDcR4GSt1LNaRxK3gyHNxO/+ci1EYm6x1HKg5j2lYgEo2il5lM3967UuFupujV3CrJIvIJUoUCjW/nq9BKWxVwhk9SYtuemGORUo2CSj8udzPCUsiHt87alisbcBPn03DE5tkqPRIm2pZBM1d8TOY2NGcWh7YwpDsy8NxH/89oZRhdBLlSaIVdstijKJMGETH4nPaE5QzmyhDIt7K2EDaimDG1CZRuCN//yIvFPa5c17+6sWr8u0ijBIRzBCXhwDnW4hQb4wGAIz/AKb07qvDjvzsesdckpZg7gD5zPH4v5jz4=</latexit><latexit sha1_base64="dFg/j1s3ED7IF0MqbXqIsCc7uTo=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KokIfpyKXjxWMLbQhrLZbtqlm03YnQg19Ed48aDi1f/jzX/jts1BWx8MPN6bYWZemEph0HW/naXlldW19dJGeXNre2e3srf/YJJMM+6zRCa6FVLDpVDcR4GSt1LNaRxK3gyHNxO/+ci1EYm6x1HKg5j2lYgEo2il5lM3967UuFupujV3CrJIvIJUoUCjW/nq9BKWxVwhk9SYtuemGORUo2CSj8udzPCUsiHt87alisbcBPn03DE5tkqPRIm2pZBM1d8TOY2NGcWh7YwpDsy8NxH/89oZRhdBLlSaIVdstijKJMGETH4nPaE5QzmyhDIt7K2EDaimDG1CZRuCN//yIvFPa5c17+6sWr8u0ijBIRzBCXhwDnW4hQb4wGAIz/AKb07qvDjvzsesdckpZg7gD5zPH4v5jz4=</latexit><latexit sha1_base64="dFg/j1s3ED7IF0MqbXqIsCc7uTo=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KokIfpyKXjxWMLbQhrLZbtqlm03YnQg19Ed48aDi1f/jzX/jts1BWx8MPN6bYWZemEph0HW/naXlldW19dJGeXNre2e3srf/YJJMM+6zRCa6FVLDpVDcR4GSt1LNaRxK3gyHNxO/+ci1EYm6x1HKg5j2lYgEo2il5lM3967UuFupujV3CrJIvIJUoUCjW/nq9BKWxVwhk9SYtuemGORUo2CSj8udzPCUsiHt87alisbcBPn03DE5tkqPRIm2pZBM1d8TOY2NGcWh7YwpDsy8NxH/89oZRhdBLlSaIVdstijKJMGETH4nPaE5QzmyhDIt7K2EDaimDG1CZRuCN//yIvFPa5c17+6sWr8u0ijBIRzBCXhwDnW4hQb4wGAIz/AKb07qvDjvzsesdckpZg7gD5zPH4v5jz4=</latexit><latexit sha1_base64="dFg/j1s3ED7IF0MqbXqIsCc7uTo=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KokIfpyKXjxWMLbQhrLZbtqlm03YnQg19Ed48aDi1f/jzX/jts1BWx8MPN6bYWZemEph0HW/naXlldW19dJGeXNre2e3srf/YJJMM+6zRCa6FVLDpVDcR4GSt1LNaRxK3gyHNxO/+ci1EYm6x1HKg5j2lYgEo2il5lM3967UuFupujV3CrJIvIJUoUCjW/nq9BKWxVwhk9SYtuemGORUo2CSj8udzPCUsiHt87alisbcBPn03DE5tkqPRIm2pZBM1d8TOY2NGcWh7YwpDsy8NxH/89oZRhdBLlSaIVdstijKJMGETH4nPaE5QzmyhDIt7K2EDaimDG1CZRuCN//yIvFPa5c17+6sWr8u0ijBIRzBCXhwDnW4hQb4wGAIz/AKb07qvDjvzsesdckpZg7gD5zPH4v5jz4=</latexit>

Computational cost: many simulations of the full system

• Costly (or even unknown): e.g. weather forecasting



 5

DA with reduced models

(by grid / truncation / PCA etc. y viewed as “sub-grid scales”. )

xn+1 ⇡ f0(xn)
xn+1 = F (xn, yn),

yn+1 = G(xn, yn).

Reduced order models (ROM):  (suppose that x is of main interest)

U(xn, yn) = F (xn, yn)� f0(xn)Model error not negligible: 
  • Chaotic geoscience models

• Missing statistical-dynamical properties

Accounting for the model error:

xn+1 = F (xn, yn),

yn+1 = G(xn, yn).
xn+1 = f0(xn) + U(xn, yn)
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Stochastic reduced model accounting for the model error
xn+1 = F (xn, yn),

yn+1 = G(xn, yn).
xn+1 = f0(xn) + U(xn, yn)

Stochastic parametrization: 

• Approximate the model error U

• Memory/non-local effects (due to model reduction)
   ——> Represent U as a function of paths of x and noise
   ——> A non-Markovian reduced model 
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Stochastic reduced model accounting for the model error
xn+1 = F (xn, yn),

yn+1 = G(xn, yn).
xn+1 = f0(xn) + U(xn, yn)

Stochastic parametrization: 

  NARMA  (Nonlinear AutoRegression Moving Average)

• ξn is i.i.d. Gaussian N(0,σ2)

• Derive the terms
 from physical laws, numerical schemes

• Estimate parameters
 by conditional maximum likelihood methods

xn = f0(xn�1) + �(xn�p:n�1, ⇠n�q:n�1) + ⇠n,

�n : = �(xn�p:n�1, ⇠n�q:n�1)

=
pX

j=1

ajxn�j +
rX

i=0

pX

j=1

bi,jfi(xn�j) +
qX

j=1

cj⇠n�j ,

{aj , bi,j , cj ,�2
⇠}

{fi, i = 1, . . . , r}
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Other efforts to accounting for the model error in DA
xn+1 = F (xn, yn),

yn+1 = G(xn, yn).
xn+1 = f0(xn) + U(xn, yn)

Covariance inflation and localization (IL)

 Quantify the effect of U to the prior in EnKF Idea:

• use the rough reduced model 

• correct the ensemble covariance     (of the prior)
Additive / Multiplicative inflation: 

Localization:  

• Tune the inflation / localization parameters 

xn+1 ⇡ f0(xn)

Cf
n

bCf
n = Cf

n + �I bCf
n = (1 + �)Cf

n

bCf
n = Cf

n � Cloc
r
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Accounting for the model error in DA
xn+1 = F (xn, yn),

yn+1 = G(xn, yn).
xn+1 = f0(xn) + U(xn, yn)

1. Stochastic parametrization: (Improve the forecast model)

• Use NARMA as forecast mode in EnKF

• The NARMA model from training data

2. Covariance Inflation/Localization (IL): (improve the prior cov.) 

• Use the reduced model with IL in EnKF

• Tune the IL parameters using training data

Generate training data using the full model 
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Numerical experiments: 
The Lorenz 96 system

• Suppose x is of main interest
• Noisy observations of x
• To predict future evolution of x

d

dt
xk = xk�1 (xk+1 � xk�2)� xk + 10� 1

J

X

j

yk,j ,

d

dt
yk,j =

1

"
[yk,j+1(yk,j�1 � yk,j+2)� yk,j + xk],

x 2 R18, y 2 R360

d

dt
xk = xk�1 (xk+1 � xk�2)� xk + 10

A model without the “sub-grid” y: 

 Wilks 05
xk,n = xk,n�1 + fh

k (x·,n�1)⇒ L96x 
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Numerical experiments: 

NARMA xk,n =
2X

j=1

(ajxk,n�j + bjf
h
k (x·,n�j)) + c0 + c1x

2
k,n�1 + c2x

3
k,n�1 + ⇠k,n,

xk,n = xk,n�1 + fh
k (x·,n�1)L96x 

State estimation Forecast

A typical EnKF
 assimilation:   

Ensemble size
L96x/NARMA: 1000
Full model:      10 



 12

Numerical experiments: 

Many simulations:

0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4
0.005
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std of observation noise

re
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tiv
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r

 

 

L96x + IL
NARMA
Full model + IL

Mean relative error of state estimation

State estimation Forecast

>>> NARMA yields better state estimation
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Numerical experiments:

Many simulations:

Root mean square error of prediction

State estimation Forecast

Forecast time 
L96x+IL:     ≈ 1.0
NARMA:     ≈ 2.0
Full model: ≈ 2.6 0 1 2 3 4

0
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8

10

12

14

16

time

R
M

SE

 

 

L96x + IL
NARMA
Full model + IL

>>> NARMA yields better forecast ensembles  
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Summary: 
DA with reduced model: accounting for model errors

xn+1 = F (xn, yn),

yn+1 = G(xn, yn).
xn+1 = f0(xn) + U(xn, yn)

DA with stochastic model reduction:
      Quantify the model error due to subgrid scales
—> improve the forecast model
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Summary: 
DA with reduced model: accounting for model errors

xn+1 = F (xn, yn),

yn+1 = G(xn, yn).
xn+1 = f0(xn) + U(xn, yn)

DA with stochastic model reduction:
      Quantify the model error due to subgrid scales
—> improve the forecast model

Open 1: Estimate/represent of U 

• parametric /nonparametric regression and beyond 
A. when simulated data are available
B. when only noisy observations of x

Open 2: DA with non-Markovian models

• particle filter/EnKF for non-Markovian SSM
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Thank you!


