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Learning interaction kernels in stochastic systems of interacting particles from
multiple trajectories

Fei Lu - Mauro Maggioni - Sui Tang

Abstract We consider stochastic systems of interacting particles or agents, with dynamics determined by an
interaction kernel which only depends on pairwise distances. We study the problem of inferring this interaction
kernel from observations of the positions of the particles, in either continuous or discrete time, along multiple
independent trajectories. We introduce a nonparametric inference approach to this inverse problem, based on a
regularized maximum likelihood estimator constrained to suitable hypothesis spaces adaptive to data. We show that
a coercivity condition enables us to control the condition number of this problem and prove the consistency of our
estimator, and that in fact it converges at a near-optimal learning rate, equal to the min-max rate of 1-dimensional
non-parametric regression. In particular, this rate is independent of the dimension of the state space, which is
typically very high. We also analyze the discretization errors in the case of discrete-time observations, showing
that it is of order 1/2 in terms of the time spacings between observations. This term, when large, dominates
the sampling error and the approximation error, preventing convergence of the estimator. Finally, we exhibit an
efficient parallel algorithm to construct the estimator from data, and we demonstrate the effectiveness of our
algorithm with numerical tests on prototype systems including stochastic opinion dynamics and a Lennard-Jones
model.
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1 Introduction

We consider a system of particles or agents interacting in a random environment, with their motion described by
a first-order Stochastic Differential Equation in the form

N
1 .
de;, = i Z:l o(|lzje — xitl)(@j i — xig)dt + 0dB;y, fori=1,...,N, (1.1)

where ; ; € R? represents the position of particle i at time ¢, ¢ : R* — R is an interaction kernel dependent on
the pairwise distance between particles, and B is a standard Brownian motion in RV, with & > 0 representing
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the scale of the random noise. This is a gradient system, with the energy potential Vs : RV¢ — R

1
Vio(Xy) = 55 D Plwis — i) with @(r) = é(r)r, (1.2)

where X; = (@i +)i=1,. N € R is the state of the system. Letting
fo:=—-VVs, (1.3)
we can write Eq.(1.1) in vector format as
dX; = fy(Xy)dt + 0dBy . (1.4)

The particles interact with each other based on their pairwise distance, with dissipation of the total energy, with
the system tending to a stable point of the energy potential, while the random noise injects energy to the system.

Such systems of interacting particles arise in a wide variety of disciplines, including interacting physical
particles [51,23] or granular media [3,2,4,9,13,14] in Physics, opinion aggregation on interacting networks in
Social Science [25,48,45], and Monte Carlo sampling [40,37], to name just a few. Motivated by these applications,
the inference of such systems from data gains increasing attention. For deterministic multi-particles systems,
various types of learning techniques have been developed (see e.g. [10,42,41,43,1,15] and the reference therein).
When it comes to stochastic multi-particle systems, only a few efforts have been made, e.g. learning reduced
Langevin equations on manifolds in [20] (without however assuming nor exploiting the structure of pairwise
interactions), learning parametric potential functions in [11,16] from single trajectory data, and estimating the
diffusion parameter in [27], and estimating effective Langevin equations on manifolds in [20].

Our goal is to estimate the interaction kernel ¢ given discrete-time observation data from trajectories { X (m) W

to:tr
where the initial conditions {Xt(:l )}%:1 are independent samples drawn from a distribution gy on R4, and
to : tr indicates times 0 = tg < t; < --- < t; < --- < tr, = T, with with t; = [ At.

Since in general, little information about the analytical form of the kernel is available, we infer it in a non-
parametric fashion (e.g. [21,7,24]). We note that the problem we consider is to learn a latent function in the drift
term given observations from multiple trajectories, which is different from the ample literature on the inference
of stochastic differential equations (see e.g. [35,30]), focusing either on parameter estimation or inference for
ergodic system. In particular, our learning approach is close in spirit to the nonparametric regression of the drift
studied in [46] for ergodic system and in [18] from i.i.d paths. However, for systems of interacting particles one
faces the curse of dimensionality when learning the high-dimensional drift directly as a general function on the
high-dimensional state space R%Y . Instead, we will exploit the structure of the system and learn the latent interac-
tion kernel in the drift, which only depends on pairwise distances, and show that the curse of dimensionality may
be avoided, when such inverse problem is well-conditioned.

We introduce a maximum likelihood estimator (MLE), along with an efficient algorithm that can be imple-
mented in parallel over trajectories, with an hypothesis space adaptive to data to reach optimal accuracy. Under a
coercivity condition, we prove that the MLE is consistent, and converges at the min-max rate for one-dimensional
nonparametric regression. We also analyze the discretization errors due to discrete-time observations: we show it
leads to an error in the estimator that is of order A¢!/2 (with At = T/L = t;+1 — t;), and as a result, it prevents
us from obtaining the min-max learning rate in sample size. We demonstrate the effectiveness of our algorithm
by numerical tests on prototype systems including opinion dynamics and a stochastic Lennard-Jones model (see
Section 5). Numerical results verify our learning theory in the sense that that the min-max rate of convergence is
achieved, and the bias due to the numerical error is close to the order A¢'/2.

1.1 Overview of the main results

We consider an approximate maximum likelihood estimator (MLE), which is the maximizer of the approximate
likelihood of the observed trajectories, over a suitable hypothesis space H:

ér,7,mn = argmin 7 (9),
pEH

where €1, 10 () is an approximation of the negative log-likelihood of the discrete data { X t(:ft)L M_ . Using the

fact that the drift term f, is linear in ¢ and hence &1, 7 ar(¢) is a quadratic functional, we propose an algorithm



(see Algorithm 1) that efficiently computes this MLE by least squares. With a data-adaptive choice of the basis
functions {1, };_, for the hypothesis space #, we obtain the MLE

n

<$L,T,M,H = ZaL,T,M,H(p)¢p (1.5)

p=1

by computing the coefficients @z 7 ar,% € R™ from normal equations. The algorithm may be implemented by
building in parallel the equations for each trajectory.

We develop a systematic learning theory on the performance of this MLE. We propose first a coercivity condi-
tion that ensures the robust identifiability of the kernel ¢, in the sense that the derivative of the pairwise potential
defined in (1.2), &'(r) = ¢(r)r, can be uniquely identified in the function space L?(R™, pr), where pr is the
measure of all pairwise distances between particles. Then, we consider the convergence of the estimator, from
both continuous-time and discrete-time observations, under the norm

1/2
ol = 60 Dzsom = ( [ let0rPortan) 16
The case of continuous-time observations (Section 3). We consider the MLE

ér,mm = argmin Er ar(p),
pEH

where Ep a1 () is the exact negative log-likelihood of the continuous-time trajectories { X [(gn %]}%:1. We show
that the MLE is consistent, that is, converges in probability to the true kernel under the norm ||-|||. Furthermore, we
show that the MLE converges at a rate which is independent of the dimension of the state space of the system, and
corresponds to the minimax rate for one-dimensional non-parametric regression ([21,17,7,24]), when choosing
the hypothesis space adaptively according to data, the Holder continuity s of the true kernel, and with dimension
increasing with the amount of observed data. With dim(H) = (lojg”]\ )2e+1 and assuming that the coercivity
condition holds on H with a constant c¢3; > 0, we have, with high probability and in expectation,

2s
- 2 _ 1 (logM\>
[
=

M

The case of discrete-time observations (Section 4). In this case derivatives and statistics of the trajectories in-
between observations need to be approximated, while keeping the estimator efficiently computable: this leads to
further approximations of the likelihood, and consequently of the MLE. This discretization error of the approxi-
mations we use is of order 1/2 in the observation time gap At = T'/L, using an approximation of the likelihood
based on the Euler-Maruyama integration scheme. We show that for some C' > 0, for any ¢ > 0, with high

probability
[ummc ol < Pormac ol o (e ).

where (ETmﬂ is the projection of the true kernel to A and n is the dimension of hypothesis space H. The
discretization error will flatten the learning curve when the sample size is large, overshadowing the sampling error
and the approximation error cause by working within the hypothesis space. for some positive constants co and cs,
where q@Tmﬂ is the projection of the true kernel to . The numerical error may overshadow the sampling error
and the approximation error of the hypothesis space.

In both cases, we decompose the error in the MLE into sampling error from the trajectory data, and approx-
imation error from the hypothesis space, as illustrated in the diagram in Figure 1. In the case of continuous-time
observations, the sampling error is the error between ¢T M, and the MLE from infinitely many tra]ectones (de-
noted by d)T 00,7¢): this will be controlled with concentration equalities. The approximation error gZ)T oo — Qs
adaptively controlled by a proper choice of hypothesis space. The analysis is carried out in the infinite-dimensional
space L?(pr). In the case of discrete-time observations, we provide a finite-dimensional analysis to study directly
the MLE in our proposed algorithm, that is, analyzing the error of @y, 7 a7 in (1.5) with proper conditions on
the basis functions. The samphng error ¢ LT,MH ¢ L,T,00,% 15 analyzed through ay, T MM — ar, T,00,% and the
discretization error between ¢ L,T,00,% and (bT oo, 18 analyzed through @y, 7 a1 % — @7,00,%. The discretization
error comes from the discrete-time approximation of the likelihood, and it vanishes when the observation time gap
At reduces to zero, recovering the convergence of the MLE as in the case of the continuous-time observations.

3
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Fig. 1: Diagram of the (regularized) MLE error analysis and convergence. For continuous-time observations, we
refer to Proposition 3.4 for analysis of SE: ¢1 yr,4 — ¢7,00,% and Theorem 3.2 for bounding the total estimation

error (;AST7 M1 — ¢. For discrete-time observations, we refer to Proposition 4.2 for SE-L: g?) L,T,M3H — (;AS L,T,00,H>
Proposition 4.1 for DE: ¢, 700,21 — $7,00,%, and Theorem 4.2 for ¢, 7 1,2 — ¢-

Variable ‘ Definition
Tt € R? position or opinion of particle ¢ at time ¢, see (1.1)
Xt = (x1,4,...,EN,t) € RN state vector: position of the NV particles, see (1.4)

Il Euclidean norm in R¢ or operator norm of a matrix
rigr (8), i (t) € RY Ty — XTigand Ty — Ty,
rigr (t),rigr (t) € RT rip (8) = o (V)| and vy (8) = [[ry (1)),

1) interaction kernel, see (1.1)

fy drift function of the system, see (1.4)

Vo = ﬁ > s PUlas s — v 4|]) | energy potential with &' (r) = ¢(r)r, see (1.2)
Relative position system the system of (r1;(t) = @i+ — th)f\;Q

Table 1: Notation for the system of interacting particles driven by equation (1.1).
1.2 Notation and outline

Throughout this paper, we use bold letters to denote vectors or vector-valued functions. We use the notation in
Table 1 for variables in the system of interacting particles.

We call the system of relative positions to a reference particle, say, (r1; = x;; — acljt)f\iz, by “relative
position system”. The relative position system can be ergodic under suitable conditions on the potential [38], and
these relative positions are the variables we need to learn the interaction kernel. We point out that the interacting
particle system (1.1) itself is not ergodic, because the center ; = % Zf;l x; ; satisfies d@, = a% Zfil dBi .

We restrict our attention to interaction kernels ¢ in the admissible set

Kr,s = {p € C'(R4) : Supp(p) € [0, R, [l¢llc + [I¢lloc < S} (1.7)

Let {2 be an arbitrary compact (or precompact) set of a Euclidean space (which may be R, R? or R4V), with the
Lebesgue measure unless otherwise specified. We consider the following function spaces

— L*(£2): the space of bounded functions on {2 with norm ||g||cc = esssup,c; |9(z)|;

- C(£2) : the closed subspace of L>°({2) consisting of continuous functions;

— C.(2) : the set of functions in C({2) with compact support;

- CF2(2) with k € N,0 < a < 1: the space of functions whose k-th derivative is Holder continuous of order
a. In the special case of k = 0 and @ = 1, g € C%%(£2) is called Lipchitz continuous on (2; the Lipschitz

constant of g € Lip({2) is defined as Lip[g] := sup, ,, %.

We summarize the notation for the inference of the interaction kernel in Table 2. The function space in which
we perform the estimation is the space of functions ¢ such that (). € L2(R*, pr), where pr is the measure
of pairwise distances between all particles on the time interval [0, 7] (see (2.9)). We will focus on learning on



Notation ‘ Definition

M number of observed trajectories

to i tp = {ti}, observation times in [0,7],0 =to < --- <ty =T, t; =lAt =1IT/L
1o probability distribution in R4 for initial configurations X

H and {¢p }2:1 the hypothesis space of learning, and a basis for it

Er,m(-)and Er, 7 ar(-) | empirical error functionals from continuous/discrete data, see (3.1) and (2.4)

o7 M3 and ¢r, 7 a4 | minimizers, over H, of E1 () and £, 7 a1 (), see (3.2) and (2.5)
ar, MM coefficient vectors of ¢, 1 7,7 W.r.t. basis {wp}gzl, see (2.8)
M- L2 (pr)-based norm: [|9]| = [|¢(-) - |2 (o) €€ (1.6)

Table 2: Notation used for the estimator of the interaction kernel ¢.

the compact (finite- or infinite-dimensional) subset of L>°([0, R]) (where [0, R] is the support of the functions
in the admissible set Kp s) in the theoretical analysis, however in the numerical implementation we will use
finite-dimensional linear subspaces L?([0, R], pr) spanned by piecewise polynomials functions. While these lin-
ear subspaces are not compact, it is shown that the minimizers over the whole linear space are bounded and thus
the compactness requirements are not essential (e.g., see Theorem 11.3 in [24]). We shall therefore assume the
compactness of the hypothesis space in the theoretical analysis.

The remainder of the paper is organized as follows. We first provide an overview of our learning theory. In Sec-
tion 2, we present a practical learning algorithm with theory-guided optimal settings on the choice of hypothesis
spaces and with a practical assessment of the learning results. We then demonstrate the effectiveness of the algo-
rithm on prototype systems including a stochastic model for opinion dynamics, and a stochastic Lennard-Jones
model in Section 5. We establish a systematic learning theory analyzing the performance of the MLE, considering
continuous-time observations in Section 3 and discrete-time observations in Section 4. We present in the appendix
detailed proofs.

2 Nonparametric inference of the interaction kernel

We present in this section the nonparametric technique we study for the inference of the interaction kernel, and
corresponding algorithms. We discuss assessment of the performance of the estimator and its performance in
trajectory prediction. The proposed estimator is based on maximum likelihood estimation on data-adaptive hy-
pothesis spaces so as to achieve optimal rate of convergence, guided by our learning theory in Section 3 -4.

2.1 The maximum likelihood estimator

(m) \Mm

As a variational approach, we set the error functional to be the negative log-likelihood of the data { X, '}, },—1.

and compute the maximum likelihood estimator (MLE).

The error functional. Recall that by the Girsanov theorem, for a continuous trajectory X|o 71, its negative log-
likelihood ratio between the measure induced by system (1.1), with an admissible kernel ¢, and the Wiener mea-
sure is

1 T
Exiom(0) = gz [ (X0t = 2(14(X0).dX1) @)

As we do not know the interaction kernel ¢ that generated the trajectory X|g 77, we can let  be any possible
admissible interaction kernel, and upon replacing ¢ by ¢ in (2.1), observe that Ex, ,, () is the log-likelihood
of seeing the trajectory X o ) if the system (1.1) were driven by the interaction kernel . In this case Ex, ., (p)
may be interpreted as a error functional, which we wish to minimize over ¢, in order to obtain an estimator for ¢.

Given only discrete-time observations Xy,.;, , where ({; = [At,l = 0,..., L) with At = T'/L (the case of
non-equispaced-in-time observation is a straightforward generalization), the error functional Ex, ,, (¢) may be
approximated as

L-1

LS (£ (X [PAt = 2(f,(X), Xo — Xo, L)) (2.2)
=0

gthth (p) = 22T N



The corresponding approximate likelihood is equivalent to the likelihood based on the Euler-Maruyama (EM)
scheme (whose transition probability density is Gaussian):

th+1 = th + fw(th)At + oV AtW;, , W~ N(O, INded) (2.3)

Note that while higher-order approximations of the stochastic integral (or, equivalently, approximations based on
higher order numerical schemes) may be more accurate than the EM scheme, they lead to nonlinear optimization
problems in the computation of the MLE defined below, and we shall therefore avoid them. The EM-based ap-
proximation preserves the quadratic form of the error functional, and leads to an optimization problem that can
may be solved by least squares. As we show in Theorem 4.2, this discrete-time approximation leads to an error
term of order At1/2 in the MLE, which will be small in the regime on which we focus in this work.

Since the observed discrete-time trajectories {Xt(;flt)L M_. are independent, as the Xt(;n)’s are drawn i.i.d.
from g, the joint likelihood of the trajectories is the product of the likelihoods of each trajectory. Therefore, the
corresponding empirical error functional is defined to be

1 M
ELrm(P) =12 ) Exom (#): (24)

m=1 it
A regularized Maximum Likelihood Estimator. The regularized MLE we consider is a minimizer of the above
empirical error functional over a suitable hypothesis space H:

ér1,mm = argmin 7 m (), (2.5)
pEH

This regularized MLE is well-defined when the minimizer exists and is unique over . We call this MLE “regular-
ized” to emphasize the constraint ¢ € H, and the fact that H will change with M, as in non-parametric statistics;
this naming is somewhat not standard though. We shall discuss the uniqueness of the minimizer in Section 3.1,
where we show it is guaranteed by a coercivity condition. When the hypothesis space H is a finite dimensional
linear space, say, H = span{;}7_; with basis functions v; : R* — R, the regularized MLE is the solution
of a least squares problem. To see this, letting ¢ = >, a(i)y; and a := (a(1),...,a(n)) € R", we have
Fo(X) =>"" 1 a(i) fy,(X), due to the linear dependence of f, on . Then, we can write the error functional in
Eq.(2.2) for each trajectory as

Esetm) (a):= () (p) = at A g + aTb(m)7

ty:ty, ty:ty
where the matrix A(™) € R™*™ and the vector b("™) € R™ are given by
1 (m) (m)
m i _ m m
Al )(%l )= 2%92LN ;Uwi(th )vfwi/(Xt, )

L—1
1 m m m
T ILAIN Z<fwi(Xt(l ))7Xt(l+z - X{M).
=0

(2.6)
b (i) =

Hence, corresponding to V&L, 1 pr = 0 for the error functional in (2.4), we solve the normal equations for a to
obtain the solution ar, 7 as,%:

M M

1 1
Apypa =b here Anrp = — > A byp = — ) p™ 2.7
M,LOL T, MH M,L, Where Ap 7 mzzjl , bvn i mzzzl 2.7)
and corresponding desired MLE for the interaction kernel:
SLraH = ZaL,T,M,H(i)¢i- (2.8)

i=1

The normal equations (2.7) are solved by least squares, so the solution always exists. We will show in Section 4
that assuming a coercivity condition, the matrix A,s 7, € R™*™ is invertible with high probability when M and L
are large, so the least squares estimator is the unique solution to the normal equations, and the regularized MLE is
the unique minimizer of the empirical error functional over H.

6



2.2 Dynamics-adapted measures and function spaces

We will assess the estimation error in a suitable function space: L2(R™, p7). Here pr is the distribution of pairwise
distances between all particles:

1 T N
dr) := —— E[6,. ¢ (dr)] dt], -
pr(dr) (1;7)T /t:O L,i/—;i@ [0r,., (1) (dr)] 29)

where ¢ is the Dirac d-distribution, so that E[d,. ,(dr)] is the distribution of the random variable 7y (t) =
[l; ¢ — i ||, with z; ; being the position of particle 7 at time ¢. Here the expectation is taken over the distribution
Lo of initial conditions and realizations of the system. The probability measure pr depends on both py and the
measure determining the random noise on the path space, while it is independent of the observed data. The measure
pr encodes the information about the dynamics marginalized to pairwise distances; regions with large pr-measure
correspond to pairwise distances between particles that are often encountered during the dynamics.

With observations of M trajectories at L discrete-times each, we introduce a corresponding measure

1 L—1,M [ N

prMdr) = — Y > 5T<T;L>(tl)(dr)], (2.10)

(g) LM 1=0,m=1 Li,i'=1,i<i’

where rl(;,” ) (t) =| |m§7f) - a:E/mQ || is from the m-th observed trajectory. We think of this as an approximation to pr,
in two significantly different éspects. In L, because as L — 400 our observations tends to be continuous in time,
and in M, as pé’M can be thought of, after letting M — 400, as an empirical approximation to pr performed
from data on the M independent trajectories.

Accuracy of the estimator. We measure the accuracy of our estimator ¢, 7 7,7, by the quantity

||(<$L,T,M,H = ®)() 2@+ pr)-

The function ¢(-)-, instead of ¢, which at r € R takes value ¢(r)r, appears naturally in our learning theory in
Section 3, fundamentally because it is the derivative of the pairwise distance potential @ in (1.2). We define

1/2
ol = 16 ez = ( [ letoIPortan)) e

Then the Mean Squared Error (MSE) of the estimator is

EW&mMﬁfﬂf. 2.12)

2.3 Hypothesis spaces and nonparametric estimators

As standard in nonparametric estimation, we let the hypothesis space H grow in dimension with the number of
observations, avoiding under- or over-parametrization, and leading to consistent estimators, that in fact reach an
optimal min-max rate of convergence (see e.g. [21,24,22]).

Similar to [42,41], we set the basis functions {1; }1_; to be piecewise polynomials on a partition of the support
of the density function of the empirical probability measure p;’M . Guided by the optimal rate convergence results
in Section 3, we will set the dimension of the hypothesis space H to be

n = C(M/log M)Y/@s+1), (2.13)

where the number s is the Holder index of continuity of the basis functions, and it is to be chosen according the
regularity of the true kernel. When T’ is large and when the relative position system is ergodic, we set

n = O(Ness/10g Negs) /51

where Negs := M %, with 7 denoting the auto-correlation time of the system, is the effective sample size of the
data. Here the auto-correlation time 7 is the equivalent of the mixing time for a reversible ergodic Markov chain
[36]. We estimate the auto-correlation time by the sum of the temporal auto-correlation function of a pairwise



Algorithm 1 Learning interaction kernels from many trajectories

m M .
to:tp Jm=1"

: Output: An estimator $ LT, M Hn,, for the interaction kernel.

: Input: Data consisting of M independent trajectories { X Holder regularity s of the true kernel.

: Compute the pairwise distances and the empirical measure pgi’M in (2.10).

: Construct the basis {dzp}: M with adaptive partition based on ijJM, and with n s given by (2.13).
: Assemble the normal equations (2.7) (in parallel).
: Solve the normal equation and return ¢z, 7 7,3, 38 in (2.8).

AN N W N =

distance 7; ; (we refer to [52] for detailed discussion on the estimation of auto-correlation time, which is a whole
subject by itself).

We will prove bounds, that hold with high probability, on the Mean Squared error (MSE) of the MLE ¢, 7, M Hoy,
in (2.8) for fixed and large M, for a fixed time 7" and for suitable hypothesis spaces H,,,, with dimension nj as in
(2.13). When continuous-time trajectories are observed, the MSE is of the order (IO%—IM) 74T with high probability,
according to Theorem 3.2, and so is its expectation. In particular, this avoids the curse of dimensionality of the
state space (dV). When the observations are discrete-time trajectories with observation gap At, the error is of the

2

order (*2M)>357 + At1/2 with a high probability according to Theorem 4.2.

2.4 Algorithmic and computational considerations

The algorithm is summarized in Algorithm 1. Note that the normal matrices { A’™} and vectors {b("™)} are defined
trajectory-wise and therefore may be computed in parallel. When the size of the system is large (i.e. dNV is large),
this allows one to accelerate the computation of the estimator, by assembling these normal matrices and vectors for
each trajectory in parallel, and updating the normal matrix Ay, r, and vector bys, 1. The total computational cost of
constructing our estimator, given P CPU’s, is O(LNTZGZMTL2 +n?). This becomes O(LNTZdMHﬁ + CMﬁ)
when n is chosen optimally according to Theorem 3.2 and ¢ is at least in C'»! (corresponding to the index of
regularity s > 2 in the theorem).

2.5 Accuracy of trajectory prediction

One application of estimating the interaction kernel from data is to preform predictions of the dynamics. Given an
estimator, the following Proposition bounds its accuracy in predicting the trajectories of the system driven by the
true interaction kernel:

Proposition 2.1 Let (E € Kr,s be an estimator of the true kernel ¢ , where K s is the admissible set defined in

(1.7). Denote by X and X the solutions of the systems with kernels ¢ and ¢ respectively, starting from the same
initial condition and with the same random noise. Then we have

o-of|

1 —~
sup E [IlXt - th|2] < 272 ST (IS
te[0,T) N

where the measure pr is defined by (2.9).

We postpone the proof to Section A.3.

3 Learning theory: continuous-time observations
We analyze first the regularized MLE in the case of continuous-time observations {X [((;n %]}%:1. We show that

under a coercivity condition, the regularized MLE is consistent, and that with proper choice of the hypothesis
spaces, we can achieve an optimal learning rate (%) z:+1 . Recall from Eq.(2.1) that

Ex0m(©) = oz | (FAKIP = 208,(X0). aX)ar)



is the negative log-likelihood of a trajectory X|o 77, with respect to the measure induced by the system with

interaction kernel . Then, the negative log-likelihood of independent trajectories { X [(Om T)] WM s

M
Erm () : Z x(, (9) 3.1)

and the regularized MLE over a hypothesis space H is

éra € argmin Erp(¢) (3.2)
pEH

The existence of the minimizer follows from the fact that the error functional E7 as(¢) is quadratic in ¢, which in
turn is a consequence of the linearity of f,, in ¢. The uniqueness of the minimizer, however, requires a coercivity
condition and is related to the learnability of the kernel, which we discuss in the next section.

3.1 Identifiability and learnability: a coercivity condition

The uniqueness of the minimizer of the error functional E7 /() over the hypothesis space ensures that the kernel
is identifiable. This is not granted, even when the number of observed trajectories is infinite: denote

Er00(p) = Exp 0y (0) = lm Erar(p) as., (33)

where [ here, and in all that follows unless otherwise indicated, is the expectation over initial conditions, inde-
pendently sampled from g, and over the Wiener measure underlying the random noise, and observe that

1

T
el LIS o) G CY)

E1.00(0) — Erool(®) = E| Exty 1 (0) ET,oo«zs)]

Only when E fOT |f,—s(X¢)||?dt > 0 for any ¢ — ¢ # 0 can one ensure the uniqueness of minimizer. This
motivates us to propose the following coercivity condition, introduced in [10] in the case of non-stochastic systems:

Definition 3.1 (Coercivity condition) We say that the stochastic system defined in (1.1) satisfies a coercivity
condition on a set A of functions on R, with a constant 0 < ¢y, if

1 T N 1 N
202NT/0 ZE{HNZ‘P(”W riir H dt (3.5
i=1

/=1

2
eulllelll”<

for all p € H such that ¢(-)- € L?(pr). Here ||||| denotes the norm defined in (2.11). We will denote by c3, the
largest constant for which the inequality holds, and call it the coercivity constant.

The coercivity condition ensures identifiability of the kernel. We emphasize that the kernel is latent, in the
(N-1)

sense that its values at {r;; = ||@;; — x;||} are undeterminable from data. In fact, to recover (¢(r;;/)) € R
from the observed trajectories, even if we ignore the stochastic noise in the system and assume to have access
to f,(z) € R, which consists of a linear combination of (¢(r;;/)) with coefficients r;; = x; — x;, we face
a linear system that is underdetermined as soon as dN (=number of known quantities) < w (=number
of unknowns), i.e. for d < (N — 1)/2. Thus, in general the exact values of ¢ at locations {r;;s};  can not
be determined. Furthermore, we have stochastic noise in the system. This suggests that the inverse problem of
estimating the interaction kernel in a space of continuous functions is ill-posed. We will see that the coercivity
condition ensures well-posedness in L?(pr), both in the sense of uniqueness and in the sense of stability. The
coercivity condition plays a key role in the learning of the kernel. Beyond ensuring learnability of kernels by
ensuring the uniqueness of minimizer over any compact convex sets, it also enables us to control the error of the
estimator by the discrepancy between the expectation of error functionals, as is shown in Proposition 3.1. We will
use this property to establish the convergence of the estimators in later sections.
To simplify notation, we define a bilinear functional product over H by

1

T
<<g01, @2>> = WE/O <f¢1 (AXt)7 ftpz (Xt)>dt, VQOl, Y2 S H (36)



Proposition 3.1 Let H be a compact convex subset of L>(R* | pr) and assume the coercivity condition (3.5) holds
true on H with constant cy. Then, the error functional E o defined in (3.3) has a unique minimizer over H in

L*(pr):

(ET’OO’H = argmin & oo () - (3.7
wEH
Moreover, for all ¢ € H,
~ - 2
E1,00() = Er.00(B1,001) 2 o]0 = Do (338)

Proof From Equation (3.4), we have &7 o (¢) — E7.00(¢) = (¢ — ¢, o — ¢). Then,

ET,oo(QO) - 5T,oo(¢T,oo,H) = <<90 — 0,0 — ¢>> - <<¢T,oo,7-t — &, d)T,oo,H - ¢>>
=( — T .00, P + T 001 — 20)
=(¢ = OT,00,1: P — PT,00,1) + 2(0 — DT 00,1, PT,00, 14 — D)
~ 2 ~ ~
ZCHH‘W - ¢>T,oo,7-tm +2{p = T 00, DT 00,1 — D),
where the inequality follows from the coercivity condition. Then, Eq.(3.8) follows from the convexity of H,

which implies that ((go ngT 0o Hs qST oM~ @) > 0. In fact, since to + (1 — t)q’)L oo, € H,Vt €[0,1], we have
Er oot + (1 — t)¢T o) — ET,OO(¢T,OO}H) > () since ng,OO,H is a minimizer, and so, equivalently,

t{p — ¢A5T,oc,7-t» tp+ (2 — t)¢A5T,oo,H —2¢) >0
(o — Q/ZS\T,oo,Ha to+ (2 — t)QZT,oo,H —2¢) > 0.

Sending ¢t — 0™, we obtain (¢ — aTm,H, 2(}510077.[ —2¢) > 0.

Well-conditioning from coercivity. When the hypothesis space H is a finite-dimensional linear space, the coerciv-
ity constant provides a lower bound for the smallest eigenvalue of the limit of the normal equations matrix Az, z,
in Eq.(2.7) as M, L — +o0. Therefore, when the sample size M is large and when the observation frequency L is
high, the matrix A,z is invertible with a high probability (see Corollary 4.2 for details), and thus the coercivity
condition ensures the uniqueness of the regularized MLE in Eq.(2.8):

Proposition 3.2 Suppose that the coercivity condition holds on H = span{iy,-- - ,1,}, where the basis func-

tions satisfy (Vp(-), Up (-)) L2(pp) = Oppr- Let Ao = ((Up, wp/>>)pp, € R™ ™ with the bilinear functional (-, -)
defined in (3.6). Then the smallest singular value of Aso is Amin(Aso) = cx -

Proof For an arbitrary a € R", denoting ¢ = 22:1 app, we have

a Asea = (1, 0) > || ll* = cxllall® (3.9)

where the first equality follows from that the functional (-,-) is bilinear, and the inequality follows from the
coercivity condition. Note that by the definition of the coercivity constant in (3.5), we have

B (v v) _
en Iel®  werlwl=1

which is attained at some 1), € H since H is finite dimensional. Hence, the inequality in (3.9) becomes inequality
for 1, and the smallest eigenvalue of of A is cy.

Proposition 3.2 suggests that for the hypothesis space H, it is important to choose a basis that is orthonormal
in L?(pr), so as to make the matrix in the normal equations as well-conditioned as possible given the dynamics.
In practice, the unknown pr is approximated by the empirical density pé’M. Therefore, when using local basis
functions, it is natural to use a partition of the support of p¥ .

10



The coercivity condition and positive integral operators. The coercivity condition introduces constraints on the
hypothesis spaces and on the distribution of the solutions of the system, and it is therefore natural that it depends
on the distribution p of the initial condition X, the true interaction kernel ¢, and the random noise. We review
below briefly the recent developments in [39,38], where the coercivity condition is proved to hold on any compact
sets of L2(pr) for special classes of systems, such as linear systems and nonlinear systems with a stationary
distribution. As discussed in [10,42,41] for the deterministic cases, we believe that the coercivity condition is
“generally” satisfied for “relevant” hypothesis spaces, with a constant independent of the number of particles NV,
thanks to the exchangeability of both the distribution of the initial conditions and that of the particles at any time
t.

The coercivity condition is ensured by the positiveness of integral operators that arise in the expectation in
Eq.(3.5). More precisely, recall that the drift of the SDE is cyclic in the indexes. Thus, the distribution of X, is
exchangeable and for 7 # i/, one has

E[W(r;‘fi/>¢(rfi/')<ﬁiuTf¢~>] = E[@(Hrfz||)<P(H7“§3||)<7“§2»7“53”-
Then, one can rewrite Eq.(3.5) as

3 _ B T
(o= L0 - gy < LTI Z2) | Eetirtaeirtalirts v

-/ N / " o)) Br(r, s)drds,

where the integral kernel K7 : R™ x R — R is defined as

T
Rlro)i= oy [ [ g [ mtresmyanasan (3.10)

with p; (u, v) denoting the joint density function of the random vector (7, rﬁ)ﬁand S9=1 denoting the unit sphere
in R?. It is shown in [39,38] that the associated integral operator defined by K r is strictly positive definite, and
therefore the coercivity condition holds, for a large class of systems with interaction kernels in form of ¢(r) =

((L + TG)'yferfQ with ¢ > 0 and {(977) c (07 ]_} X (1,2] 10y > 1}

3.2 Consistency and rate of convergence of the estimator

In this section, we consider using a family of finite dimensional linear spaces {£,, : n € Nt} ¢ C11[0, R] as
hypothesis spaces and establish the consistency and rate of convergence of our estimators, which are our main
theorems for continuous-time observations. We assume the spaces {£,, : n € Nt} C CUL1[0, R] satisfying
Markov-Bernstein type inequality: there exist ¢;,y > 0 s.t. forall p € £,

[ [loo < c1dim(Ly)7][0]] oo - (3.11)

This condition has a long history and rich literature in classical approximation theory, where it is studied when
function spaces satisfy (3.11) (e.g. see the survey paper [54]), which is an important step in establishing inverse
approximation theorems. This kind of inequality holds true on many function spaces that are commonly used as
approximation spaces in practice, including:

- L, : trigonometric polynomials of degree n on [0, 27] (similarly on [0, R]), for which ||¢/[|oc < 3 (dim(L,) — 1)||¢||cc-
This result dates back to Bernstein [6].

— L,,: the polynomial space consisting of all polynomials with degree less than n — 1 on [0, R] (see Theorem
3.3 in [50]), for which [|¢'|lec < Z(dim(Ly) + 1)2|[¢]lcc- As a result, (3.11) also holds true for polynomial
splines; other extensions include rational functions. We refer to the reader to [31] for details.

If we choose a compact convex hypothesis set 7{ys contained in some L, with a suitable correspondence
between n and M, such that the distance between H 5, and the true kernel ¢ vanishes as M increases, the following
consistency result holds:

11



Theorem 3.1 (Strong consistency of estimators) Suppose ¢ € Kg s, the admissible set defined in (1.7). Let
{L, :n € Nt} c CHY0, R] satisfying (3.11) and
n—roo

inf [j¢ = ¢lloc —— 0.
PELy

LetSo > Sand Hyr = B3g (Lny ) = {9 € Luy, & |[@lloo < 280} withdim(Ly,,,) = nas and limps s 0 "Ml;\)# =
0. Finally, suppose the coercivity condition holds true on U, L,,. Then we have

lim “’aT,M,HAI - gbm =0  with probability one.

M—o0

If we know the explicit approximation rate of the family {£,, : n € NT}, then by carefully choosing the
dimension of hypothesis spaces as a function of M, we can obtain a near-optimal rate of convergence of our
estimators.

Theorem 3.2 (Convergence rate of estimators) Suppose ¢ € Kr g, the admissible set defined in (1.7). Assume
that there exits a sequence of linear spaces {L,, : n € Nt} C C11(0, R] satisfying (3.11) with the properties

(i) dim(L,) < con forn € NT,
(ii) infwe[;” s

@ — Olloo < con*.
For example, when ¢ € C** with s = k + o > 2, we may choose L,, to consist of polynomial splines of degree
|s — 1] with uniform knots on [0, R]. Let H,, = B (Ly,) with So = c2 + S and n < (M /log M)1/(25+1)’ and
assume that the coercivity condition holds on L := U, L,, with a constant ¢y > 0. Then we have

2s
- 2] C [logM\7H
E |:H‘¢T7]VI,H" - ¢H‘ } < - ( ) ;
% M

c
where C'is a constant depending only on o, N, T, R, Sy.

It is fruitful to compare (up to log terms) the rate 2s/(2s + 1) to that for nonparametric 1-dimensional regres-
sion, where one can observe directly noisy values of the target function ¢ at sample points drawn i.i.d from pr. For
the function space C'*:®, this rate is min-max optimal. Our numerical examples in Section 5 empirically validate
the desired convergence rate for s = 1, 2 where we use piecewise constant and linear polynomials. Note that in our
setting, learning ¢ is an inverse problem, as we do not directly observe the values {¢( ||a:§,mt) - xET) D} ZVZ,JL]V Imzl.
While our result is stated in such a way that a knowledge of s is required, in fact an upper bound § is sufficient,
as choosing sufficiently regular splines, of degree |§ — 1| would give the optimal s-dependent rate, at the cost of
possibly larger constants. We also remark that we do not require that the underlying stochastic process satisfies
certain mixing properties nor starts from a stationary distribution. Obtaining this optimal convergence rate in M
for short time trajectory observations is therefore satisfactory. For long trajectories and under ergodicity assump-
tions, rates in terms of M T are likely to be obtainable: in Section 5 we present numerical evidence that suggests
that the error does decrease with MT" at a near optimal rate.

3.3 Proof of the main theorems

In the following part, we present the proof for Theorem 3.2, which also yields the proof for Theorem 3.1. The
main techniques includes the Itd formula, concentration inequalities of unbounded random variables, and a gen-
eralization of a novel covering argument in [53] that enables us to deal efficiently with the fluctuations in the data
due to the stochastic noise in the dynamics of the system.

One major obstacle in the non-asymptotic analysis of our regularized MLE estimators is the unboundedness
of stochastic integral of the form 7 f0T<f¢(Xt), dX)dt appearing in the empirical error functional. Unlike the
deterministic case o = 0, our empirical error functional Er s (-) is in general not continuous over H with respect
to the || - || norm. In the following, we first leverage the general Itd formula described in Theorem A.3, to obtain
a form of the empirical error functional that does not involve a stochastic integral and is amenable to analysis;
we then show that it is continuous on C1*([0, R]) with respect to the || - ||1,1 norm. Therefore, in the following
preliminary results for the proofs of the main theorems, we consider the following generic hypothesis space:

Assumption 3.3 The hypothesis space H is a compact convex subset of C11([0, R]) with respect to the uniform
norm || - || oo and bounded above by Sy > S.

12



Lemma 3.1 Suppose ¢ € Kg,s, the admissible set defined in (1.7). Let

Vo(Xi) = 2NZQ/ @i+ — @i ¢]]) with W' (r) = @(r)r; (3.12)

1/

then, we have, almost surely

—(dVe)(X:) = (£, (X4), dX5) +*ZZ (i Dl || + @i 1) d) dt

i=14'#4
Proof Let g(X) = V,(X ) Note that g is C?, with derivatives
8g(X) 3V
o 3 el — il s — )
v z’;éz
9%9(X) _ ¢ (J@; — zx])
-6 N i — x| T TR L A 7 i L/
S, = ok | 2 ez — e+ S E s — ) @ (s — )

i #£i

1 O (||le; —
= bsiy (sl = et + S22 0, )0 (- )

Using Itd’s formula (Theorem A.3) for the Itd process g(X:), the conclusion follows.

Proposition 3.3 Suppose o1, po € H, then it holds almost surely that

€101 (#1) = Ex .0y (02)| < Cillpr = w2lloo + Call¥] — ¥alloos

where C] = ij" + + g and Cy = %

202T
Proof Note that

1

EX[O, ( ) Ex [0,T] (502) 202NT

T
/ Eoon (X0). Enpn (X)) it — 2 (£, (X,), dX1),
Il 12

where I; satisfies
11] < s ton (X lfipy — 0 (Xo) | < Nllor = @2losllipr + @2l R?,
since ||f,(X;)|| < VNR||¢||co- For I, Lemma 3.1 yields
[Ta| < [Vipy -5 (Xo0) = Vipr 0 (X1)]|

0.2 T N
7]\] /0 Z Z((@l - CPQ)/(rii’)Tii’ + (S01 — 992)(7‘“‘/)d)dt

=144
N -1 N —1)o*T
< Do oo + DT (ot — oo B+ o1 — ),
where we used
(N = Dol 12
< A7 ) Plleo
[V (X¢) — XO'—QNZ / (r)rdr| 2 ’

[

which follows from its definition in (3.12). Combining the estimates for I; and I5, and using ||¢1 4 ¢2|cc < 250,
we obtain

|gX[0 T) (501) - gX[O,T] (@2)|
R 1 1 ! /
< 553 o1 — @2lloo | llp1 + w2lloo + 7))+ §(d||901 — 02loo + |91 — 5]l R)

< Ciller — @2lloo + C2ll9) — P2l (3.13)

2
where Cq = RU;% + 587 + % and Cy = g.
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When M = oo, i.e. we observe infinitely many trajectories, the expectation of our error functional &7, as in
(3.3), does not involve the stochastic integral term. From the proof of Proposition 3.3, we see that it is continuous
over H with respect to the || - ||o norm:

Corollary 3.1 Suppose o1, @2 € H, then, with C7 = 2132250

17,00 (¢1) = ET,00(92)] < C1ll01 — 92/|00-
Proof Using (3.4), we obtain that

, we have

1 T
|€T7oo(<p1) - €T7oo(<p2)| = WE/O ‘<f801—302 (Xt)7 f<P1+<P2—2¢(Xt)> ’dt
2R%S)

o2

R2
T,QII% — v2lloollp1 + 02 — 20|00 < 1 — #2(loo

IN

Recall the definition

OT 00,4 = argmin Ep o ().
peEH

‘We now analyze the discrepancy between the empirical minimizer <$T, M, and g/imeﬂ, which we called Sampling
Error (SE) in the diagram in Figure 1. We introduce a measurable function on the path space by
Dtp = 5X[O’T]((p) - SX[O,T](QbT,oo,H) (314)
for any ¢ € ‘H. From Proposition 3.1 we have
~ ~ 2
EDy = Er,00(¢) = E7,00(07,00,1) = CH‘H‘P - (bT,ooJ-iH :

(3.15)

so D, in fact bounds (in expectation) the distance between ¢ and (ET’OO’H w.r.t. the ||| -|||-norm. We now perform a
non-asymptotic analysis of D.,. We shall show that the random variable D, satisfies moment conditions, sufficient
to guarantee strong concentration about its expectation (Proposition 3.4). To do this, we decompose D, as the
sum of a bounded component only involving time integrals and an unbounded component involving stochastic
integrals:

D, :=DY* — DM

1 T
bd ., __ . .
DY = e [ X, (X

1 T
ubd . __ N
D% = 702NT/0 <f@_¢Tﬁoo1H(Xt)7dB(t)>
We prove moment conditions independently for each of these components in the next two Lemmata.

Lemma 3.2 (Bounds on D) For p € Handp = 2,3,4,...,

~ _ ~ 2
E[DRP < C(l¢ - breull )" || = ricen

here C = (Rezlys B2
where C' = ( > )202P(NT)pT+2

Proof First of all, note that

£, 5 (Xo)| < VNR|¢ - droomll, - (3.16)

P—T, 00,1

Therefore fw— B oo 2y (X;) is a L-integrable process. Applying Theorem A.5, we obtain

T P T
p
u«:’ A (€, 5. (X).dB)| <Cprh /0 e, 5 (X0t

T
< Cpr(VNRIlp ~ ¢T,OO,H||OO>”‘2E/O 18,5, (X[t

o—
2
)

_ ,2 _
< Cpr (VNRIlp = brenlloe)” "NT |0 = 10|

with C,, 7 = (221 >7"3* The conclusion then follows by adding in the scaling factor o
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Lemma 3.3 (Bounds on D2?) For ¢ € Handp = 2,3,4,...,

250\” 2 R b i
02 < (22) B2l - el - Fret|[

Proof From the inequality (3.16) and the linear dependence of f, on ¢, we have

25oR [T 250R | 1 [T 2
D] < o | Ko < 7 ¢NT e X0

25

Therefore,
EIDYP < (220 B i — B2 |i0 — Frcen|
Now we combine Lemma 3.2 and 3.3 to prove the moment condition for D,,.
Lemma 3.4 (Moment conditions) For ¢ € H, and everyp = 2,3, ---, we have

1o
EDDSO - ]EDH”] < ip!KZ,;C%H,

where
N - 2
K(P,H = C()HSD_QST,OO,'HHOOv C(p,'H = C(?CIH’SD_QST,OQ’H‘H (317)
. - 2p—2
Wlth CO = 3_32]\}]%,12,’ Cl = maxp>2 \/?NTRr‘) (1 + C, So R) and ca‘ So,R — maXp>2(8S€ )P \/;iﬂpp+2

Proof The proof is based on the Jensen’s inequality, Lemma 3.2 and Lemma 3.3.
P - bd bd |P - ubd |P
E|D, —ED,|” < 2*7'E|Dp? —EDY|" + 2°~'E| Dy
< 2”7 'E| DY) + 27 'E[| D[

IN

1 ~ _ ~ 2
5Coll = br.o0ull22 || = Fr.com||

1 ~
< 5PHCLle — Froonlloc)2CCs |
where the constants are
8S P RP—2
Co = ( 0) R+ (2p(p—1))? ———5,
U O'QP(NT) 2
282R2 1 Co.So.R
Ci =\ ——= Cy = —
L=V oaNT 2= e («/727r NTRE T c? )
850 p R R?r—2

Co.S0,R ‘= max(

p>2 2 ) A /Qﬂpp+2
and the last inequality is derived from the Stirling’s lemma.

We now tie the discrepancy functionals for finite and infinite M :

Proposition 3.4 (Sampling Error bound) Ler 0 < § < 1 and {9, }évzl be an n-net of functions in a compact
convex hypothesis space H C Balls,(L>°[0, R]), that is for any function ¢ € H, there exists some j such that
llo = ¢jlloe < 1. Denote

DLPj,OO L= EDij - gT,oo(SOJ) - gT,oo(gT,oo,H)
Dy, i = Erm(w;) — 5T,M($T,oo,’}-[)~

Then with probability at least 1 — g, we have

1
5Dpy00 (3.18)

log(¥), C = 2C Gy 4Cy Sy, and Cy, Cy as in (3.17), with ¢y the coercivity

Dyjoo =Dy v < enmon +

g

for all j, where exr s =
constant defined in (3.5).
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Proof For each ¢; € H, recall that in Eq.(3.15), the coercivity condition on H implies that

—~ 2
. rn["

P00 —
Then, Eq.(3.17) in Lemma 3.4 yields that

2 C3Cy

E|D,, — ED,, |’ < SPIKY
CH

Dy, oo (3.19)

Therefore the random variable Dw satisfies the moment condition in Corollary A.2, and so Ve > 0

—Me
]P’{'DW’Oo — Dy M > ele+ DijOO)} < exp (20201_'_2[(>
©;

We have K, % < 2CoSo where Cy is defined in (3.17). Taking a union bound on all these events, over j €
{1,2,--- ,N'}, we obtain that

Dy..oco—D —Me
P{ max —roe it > < Nex <> 3.20
{1<f<N VPejo0 € J}_ ’ 29+ 4CoSo o

Setting the right-hand side to be S, we get exrs N = % log(¥), where ¢ := 2% Cl

+ 4CySp. Usmg the
inequality +/ens 5 a7 (€nr,5.07 + D%}OO) < emsn + 3Dy, 00, we conclude that with probablllty atleastl — 3

1
ip%,oo

Proof (of Theorem 3.2) For H,, = B (Ly,), let {p; : j = 1,--- ,N'} be an n-net of H,,. Let

Dgoj,oo - DLPJ,M < €M, 5N +

b1, M3, = argming ey E ().
Then there exists ¢ ,, in the net such that ||¢;,, — qAST, MH, ||oo < n; by Corollary 3.1

D -D; | = €100 (Pins) — Er0 (@ )| < 250" 3.21)
Pjags° My 00 T,00\Pjrs T,00\PT, M, H,, )| =1 o2 . .

On the other hand, since H,, C £, C C*1([0, R]), thanks to the almost sure bound in Proposition 3.3 and the
uniformly bound sup ¢, l\‘li\ll‘oo < ¢1(dim(L,,))" from the assumption (3.11), we have, almost surely,

Dyt =D gl = [Eraa(@ine) = Enna(b,00,1,)
§ 77(01 + chQdim(ﬁn)V),

(3.22)

where Cq = R So 4 QUQT %, Cy=2
By Lemma 3.4, for each n > 0, with probability at least 1 — %, (3.18) holds for this n-net {¢; : j =1,--- ,N'}.
Combining (3.18) with (3.21) and (3.22), we conclude that, with probability at least 1 — 5,

DT, M, Hp, »OO ST, M, Hp M

<|D;

DT, M, Hpy O

<n(Co + C1 + c1Codim(L,)7) + D¢j1u>00 — 'D(z,].M’M

=Dy, 00l +1Dy;, 00 =Dy il + 1Dy i =Dy oy

1
ST}(CQ +Ch + Clozdim(ﬁn)’y) + emo N + §D¢jM,oo

3C 1
<(Z2 4 Oy + 1 Codim (L)) + earsn + = D=

- 2 27 OT, M Hp 0

Notice that D3, , ,,. ,m < 0, so the above inequality implies that

< n(3Co + 2C; + 21 Codim (L)) + 2ear 5.0 (3.23)

DT, M, Hyy O
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Let S be a metric space and 7 > 0. We define the covering number A/ (S, 7) to be the minimal number of disks
in 8 with radius 7 covering S. The covering number of H,, satisfies N (H,,,n) < % ’ (e.g. Proposition 5 in
[21]). By the triangle inequality, we split the error we want to control into Sampling Error (SE) and Approximation

Error (AE) (see Figure 1)

N 2 - -
H‘¢T,M,Hn - ¢H’ < 2H‘¢T,M,Hn — OT,00,Hon

2| e, — | (3.24)

From (3.23) and the coercivity condition (3.15), we obtain that, with probability at least 1 — Ly

~ ~ 1
‘HQZ)T,M,Hn — OT,00, M, S 7D$T P
2
< CL(SCO +2Ct + 201C'2dim(£n)'y) =+ 676]\/[75,/\/'. (3.25)
Ho Hn

Let ¢y, 1= argming 4, |9 — @||- By coercivity condition (3.15), we have

~ 2 1 ~
H‘@bT,oo,Hn —on,. || < a(é‘T,oo(Qan) — Er,00 (DT 00,1,,))
1 1
< ——(Eroo(d2,) = Er.00(@)) < —lléne, — 01",
Ho CH,

where we used

Er,00(9) < Ero(DT.007,) s |ET,00(0) = Era(@)| < ll6 — @I, Voo € Han.
Therefore, we have
R2
e, = ol < @+ Zln, — ol < 2on2.
C CH,,

n

(3.26)

Now we combine the estimates (3.24), (3.25) and (3.26) together, and let n = n=2°"Y and n = (log/fM)TlJrl,

and note that ¢z = cy, ¢, = cu, H, < cp, = cc, < 1 for all n. We obtain that, with probability at least 1 — g,
the following estimate holds true:

~ 2 27] . 8R2 —2s 4
H\qu,M,Hn - ¢>]H < Z1(3Cy + 201 + 2¢1Csdim (L)) + "2 + —eprsn
cr Ce Ce

<@n_28+gnlogn 4C 2

log(Z
~ cr ce M + ceM Og(é)
Cs (log M 2+1 4Cc
< — log(2 27
< S (R84 2 ose/o), 6.27)

where we used (3.18) to get €75, 5, C, and {C’i}?zo is defined in (3.18), (3.21), and (3.22) respectively, and

C3 =6Cy +4C, + 4036102 + 8R27
Cy

04 = 4C()C| 10g(450)| + 46(](28 + ’}/)C, 05 = Cd + 95 n 1 .

The bound in expectation is obtained by standard techniques, writing

—~ 2 0 —~ 2
ol el = [ s o> o}
0

and splitting the integration interval into [0, a] and [a, c0) with a = SLS (IO%% )2t 2517 On the first interval, we note
that the integrand is less than 1. On the second one, we use the probability estimate (3.27), which implies that for

cp M(z—a)

any x > a, P {H‘(ijwy —qu >a+x—a}< w1th5—% —~1c . We obtain

2s 2s
~ 2 C5 [(logM\ZF  4C 1 Co (log M =+
E|8r 00, — o| <s<0g) N _ G (og )

T CULH M o, M Canyn M

where Cl is an absolute constant only depending on o, N, T, Sy, R
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Proof (of Theorem 3.1) In this proof, a < b means that there exists a constant ¢ such that ¢ < c¢b. For any € > 0,

we claim
e - 2
> P{]HM,M,HM ~o|| = } 3
M=1

Strong consistency will then follow from the Borel-Cantelli Lemma. Notice that

2 ¢
>7
_2}

e[ ol 2 5

~ 2 ~ —~
P{“'¢T,A17HM - QS‘H > 6} < P{‘Hd)T7M7,HJ\/I - ¢T7OO7H]\4

~ 2
and P { H‘QSTMHM - (15”‘ > ;} = 0 when M is large enough (see (3.26)). It suffices to prove

Z P{“’gT,M,HNI - 5T,OO,’H1\4

M=1

2
>ep <00.

Let {¢; }é\/:l be an 7 net for H ;. Consider the event

1
A ={ max —
1M, {1§j§N 5

Dgoj,oo - D@j,M Z 6} .
The bound (3.20) in Proposition 3.4 yields
P{Ay s} SNexp (= cpy Me). (3.28)

Using the fact that there exists jy € {1,2--- , N} such that ||¢ — ¢;,, |loc < 7, and following the same argument
as in (3.21) and (3.22), we obtain,

1
.
P{ 35 s~ Donassey it 2 0k + b <P {and S N exp (= cuy Mo).
. ~ ~ 2
Notice that D$T,1W,HNI;M < 0 and Dq?T,M,HM,oo > Crtns N OT, M, 20 — PT,00,240s ||| > SO that we have

—~ —~ 2
P {CHM H‘(bT7M7’H1\4 = OT 00, Hu H’ 2 77”7\/1 + 6} S N exp ( - CHIMMG) .

ny logn
marlogna () we

Let nny, = €, ie., n = n,, ¢, by assumption, we have cz,, > cu,, w4, > 0 and limp/ o
have

~ ~ 2 nar
P { H‘d)T,M}lM - ¢T7007'HM ‘H Z 6} S exp (nJV[ IOg c —CUpnHM MG)
Ny Ny
= exp <— CU}u?‘[MMe(l — mlog 6))

1
< exp (— 2CUMHMM€)

when M is large enough. By the comparison Theorem, the series

2
Z €

o0
>op { H‘(bT,MﬂM = T 00 M

M=1

converges. The claim is proved.
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4 Learning theory: discrete-time observations

In this section, we analyze the estimation error of the (regularized) MLE 8 1, 7,M,H defined in (2.5) for finite
dimensional linear space H and for discrete-time observations. We show that it is of order \/% + At'/? with
high probability, where n is the dimension of # and At is the observation gap. As a consequence, the MLE is
consistent when M — oo and At — 0; and the MLE converges at an optimal rate as when n is optimally chosen
asin (2.13).

This section is organized as follows: we shall first prove the main theorem, Theorem 4.2, on the error bounds of
the MLE in Section 4.1. We postpone the technical details, including concentration inequalities and discretization
error bounds, to Section 4.2—4.3.

Recall that we denote X|q 77 the solution to system (1.1) with the true interaction kernel ¢, and denote

{Xt(g"t)L M_| independent trajectories observed at discrete times t; = [At with At = T/L. Recall that when

H = span{tyy}};, the MLE $L,T,M,H is given in (2.8).
Throughout this section, we assume

Assumption 4.1 (Basis functions) Assume that the basis functions {¢x}?_, C C}(R*,R) satisfy the following
conditions:

(a) {¢r(-)(-)}r_, are orthonormal in L*(pr);

(b) maxi<p<n [[Yklloo < bo, maxi<p<n |9 ()()lloo < b1s

(c) there exists a constant c,,, such that n < c,, min(b2R, b; R%/?).

Item (a) aims to make the normal equations matrix nonsingular, as discussed in Proposition 3.2. In item (b), the
uniform bound for the derivatives aims to control the discretization error due to discrete-time observations; the
uniform boundedness on the functions will be used for concentration inequalities. Item (c¢) states that the number
of such orthonormal basis functions are bounded by the measure pp and the uniform bounds of the functions and
their derivatives. Item (c) often follows from (a) — (b), with an intuition from examples including polynomials
and trigonometric polynomials, and smoothed piecewise polynomials, if 2p7(dr) is equivalent to the Lebesgue
measure on an interval [Ry, R] C RT. Such an interval is where pairwise distances explores with a noticeable
probability (see for example, in Figure 2 and Figure 6). It exists in general when the initial distribution spreads
out the pairwise distances or when the relative position system is ergodic, since the density of pr is smooth and
nonnegative on R™.

4.1 Error bounds for the MLE

We show first that the L?(pr) error of the estimator 8 L,7,M % in (2.8) converges as M — ocoand At :=T/L — 0,
with high probability.

Theorem 4.2 (Error bounds for the MLE) Let the hypothesis space be H = span{;}"_,, where the set of
functions {1;}"_,, satisfying Assumption 4.1, are orthonormal in L*(pr) with respect to the norm ||-|| defined in
Eq.(2.11). Suppose that the coercivity condition holds on H with a constant cy; > 0. Then, with a probability at

least 1 — (4n + 2n?) exp (—8%), the error of the estimator (}SL’T}M’H in (2.8) satisfies
1

H‘&S\L,T,M.,H - ¢H‘ < “’aT,m,H - ¢‘H + e (\/EE + C3At§) , 4.1)

where (ZT,OO,H is the projection of the true kernel to H, At = T/L < ¢y /(2¢3), and the constants are
¢1 = Rbo(Rbg + 20 /VT),
e = 4cy (1 + [|¢7,00, 2l 4.2)
¢s = AN (by + bo) Rbo(Rby At + Vo) [, min(BR, by R9/2).

Remark 1 (The discretization error may dominate the statistical error) When the observation gap At = 0, we
recover the min-max learning rate M~ zs+T proved in the previous section, if we choose the optimal dimension

n = C(M/log M)"/(25+1) for the hypothesis space. However, when At > 0, once M~ %1 (log M)~ 2370 <
At the discretization error will dominate the error of the estimator, preventing us from observing the min-max
learning rate. This phenomenon is well-illustrated by the left plots in Figure 5 and 9 in our numerical experiments.
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Remark 2 We assumed C}! regularity for the basis functions {1, } for the above numerical error analysis, stronger
than that of piecewise polynomials (which may be discontinuous) used in the numerical tests. Such a difference
between the regularity requirements stems from the numerical representation, and we can view the piecewise poly-
nomials as numerical approximations of regular functions. This view is supported by the numerical experiments:
the estimator has only small jumps at the discontinuities in the high probability region.

Remark 3 A smaller coercivity constant ¢y corresponds to a worse conditioned problem (Proposition 3.2), and so
the condition L > 1/cy that requires L to be larger for small ¢3; makes sense.

We shall prove Theorem 4.2 as follows: we first outline the main idea and introduce the key elements, such as
the normal matrices and vectors and the empirical error functionals in their entries; then we provide a proof with
key but technical estimations, including the concentration inequalities and discretization error bounds, postponed
to Section 4.2—-4.3. N

The error of the MLE ¢, 7 17,7, consists of three parts: approximation error, discretization error and sampling
error:

[|#e. 00— 4|

o ——

Approximation Error Discretization Error Sampling Error

(4.3)

where (;AS L.T,00,# 18 the infinite-data estimator. We shall study the discretization error and the sampling error by
analyzing the differences between their coefficient vectors. All these coefficients are solutions to the corresponding
normal equations (e.g. Eq.(2.7)). To facilitate the study of these normal matrices and vectors, we introduce the
following notions. For any f, g € C} (RN RN?), we define the following functionals of the observation paths:

1 L—1
£(f7 XtoitL) = ﬁ Z<f(th)7 th+1 - th>7
=1
L—-1
(fag7Xto tL) LN lz:;<f(th)ag(th)>a (44)
1 T
€ Xom) = g7 | (F(X0).dX0),
1

T
Whs Xom) = 75 | (XD, g(X)at

Correspondingly, we define the empirical functionals

1 & m m
nr(F) = 72 DX, man(f.9) MZ (F.9.X070,).
m=0 m=0 (45)

M
(m) x (™)
Z faXOT] 1M 00 (f,9) MZ (f,9, [OT])a

Using the notation of empirical functlonal introduced in (4.4)-(4.5), we consider the following normal matrixes
and vectors:

fM,oo -

S \

bM,L(k') = §NI,L(f¢k)a AM L(k k/) =1Tm (fwkvfd)k/)
bOO,L(k) = E[f(flﬁk’XtoitL)]v Ao L(k k [ ( wk’fwk/ ) Xto tL)] (4.6)
boo (k) = E[£(fy, Xo17)]s  Asc(k, ) EBIn(fe, o Xi0,m)]-

It is clear that (here, to ease the notation, we denote the coefficient ar, 1 a7 % in Figure 1 as apz,z, and similarly

for others)

n . . -1
dLTMH = ZCLM,L(Z)%7 with an,r, = Ay 1o,

i—1
OLToot = D oo r(i)ti,  With s, = A2 boo. 1, 4.7)
i=1
aT,w,H = Z (oo (Z)i/)z, with ao, = Agolboo
i=1
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Here the matrix A is invertible due the coercivity condition: its smallest eigenvalue is the coercivity constant
¢y (see Proposition 3.2). The matrix Ao f, is invertible when L = T'/(At) is large, with its smallest eigen-
value bounded below by ¢y — c3At'/2, see Corollary 4.1. Furthermore, Corollary 4.2 in Section 4.3 shows
that, with probability at 1 — ¢, the matrix Ay is invertible with its smallest eigenvalue bounded blow by

cy — (\/%e + 63At%>.

Proof (of Theorem 4.2 ) By Eq.(4.3), it suffices to prove upper bounds for the discretization error and the sampling
error separately:

N _ -~ -~ 1/2
discretization error: ’H(Z)L,T,OO,H - ¢T,OQ,HH‘ < cacz A2

. ~ ~ [n
sampling error: ‘quL,T,M,H - ¢L,T7OO,H‘H <c Ve

where the second inequality holds with probability at least 1 — 4.
For the discretization error, since {1;(-)(-)} are orthonormal in L?(p7), we have, by Eq.(4.7):
2

Z[aoo7L(i) — Qoo (1)]9i

i=1

~ ~ 2
[fue e -

= lace, = asoll” = [|AZ} Lhoo.z = A boc*

Using the formula A;O{L - Al = A;}’L(Aoo — A1) AL (see e.g. [26, Appendix B9]), we have
A2 Lo — A b | = AL (e = b) + (A2, — A0 |
< AR sz = bl + 140 = Ace r | AZ b ) -

Note that (i) HA;’l I H < 20?__[1, since c3 At1/2 < %cf;.[; (ii) by Proposition 4.1 (in Section 4.3) in combination of
Assumption 4.1,

”boo,L - boo” < CSAt1/2, HAoo,L — Aoo“ < CSAt1/2;
and (iii) || A boo || = H‘qﬁ%,w,ﬂm- Then,

A2t b = At boc | < 26511+ | B oo | es 2t 2, 438)

and the inequality for the discretization error follows.
Similarly, for the sampling error, we have

‘ GLT,MH — ¢>L,T,oo,7-zm = llaas,L — ool = 1A%} Loar, — AL Lboo |
= ‘ AJ_VII,L(bJVLL - boo,L) + (AJT41,L - A;cl,L)boo,LH
‘ AJT/[l,LH (||bM,L —beo, || + HA;V[{L - AL ’ HA;OI,LbOOaLH) :

Note that (i) HAJ_VIl’ I ’ < 2(:;{1 when M and L are large enough such that /7€ + c3 At 3 < %C’H; (ii) we have, by
Proposition 4.2 (in Section 4.3), that

n n
[ba1,2 = boo, || < 4 Wik [Arer — Aco,rll <4/ U

hold with probability at least 1 — 4; (iii) since c3 Atz < %c;.[ and ||A;} boo H = H‘&;T,oo,’}-[

IA

, we have

faz2ibe] <20+ el
Then, the inequality for the sampling error follows.

In in the next two subsections, we prove Proposition 4.1-4.2 that we just used in the above proof. Section 4.2
studies the concentration inequalities and discretization error bounds for the empirical error functionals in (4.5),
which are the entries of the normal matrices and vectors. Based on them, Section 4.3 provides error bounds for the
normal matrices and the normal vectors in Proposition 4.1-4.2.
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4.2 Concentration and discretization error of empirical functionals

We introduce concentration inequalities for the above empirical functionals on the path space of diffusion pro-
cesses and a bound on the discretization error of the estimator due to discrete-time approximations. Our first
lemma studies concentration of the discrete-time empirical functionals 7,7, and 9y, 1.

Lemma 4.1 (Concentration of empirical functionals) Let {Xt(J 4, Jm=1 be discrete-time observations, with
t; = LAt and L = T/At, of the system (1.1) with ¢. Then for any f, g G Cyp(RIN RIN) the error functionals
defined in (4.5) satisfy the concentration inequalities:

P{&rr,(f) —Eléa,n(f)]| > €} < de 807 o)
P{|nar.(f9) — Elnarc(f.9))| > €} <2¢ *%
for any € > 0, where 1 = || flloo max(%f [ folloo) and Cy = || fllsollglloc- Furthermore,
P{l&mr,o(f) = Elar, (Nl <€ In,n(f,9) —Enar,(f9)l] <€} > 1 - 867%, (4.10)

where C = %IlfHoomaX(\/%7 [ £ollocs 1glloo)-

Proof Note that ’n( f29, Xito421)| < | f|lolgllo- Then, the exponential inequality for 7y, follows from the Ho-

effding inequality, which states that, for i.i.d. random variables { Z; } bounded above by K, one has P { &= Z%zl (Z;—EZ)| >

2exp (— 2 K2 )
To study /1., we decompose &(f, X(¢,:¢,1) into two parts, a bounded part and a martingale part:

L—-1
1
f(fv X[t():tL]) :ﬁ Z<f(th)1[tz,tz+1](3)’ th+1 - th>
li

1 ; 1 T
:ﬁA (fE(s), fo(X))ds + ) <fL(5),UdBS> — Zp + Yo,

where we denote f%(s) := ZIL:_Ol J( X)L, 4,1 (s). We call Z7 a bounded part because

1
|Zr| = < ool loc-

T
v | s s

We call Y a martingale part since TNYr = fOT< fL(s),0dB,) is a martingale. Correspondingly, we can write
1 m m
fMLZMZZ(T ) ym,
m=1

Then, denoting K1 := || f ool folloc and Kz = 20]| f||oc, and noticing that C; = K7 + K3/VTN, we can
conclude the first concentration inequality in (4.9) from

P{l&m,.(f) — Elm,(f)]| > €}

cpd L g _pa o€l pl| sy el oy, T
< Mmzle_T_§+ Mmzle _5_6 ite :

where the first exponential bound follows directly from Hoeffding inequality applied to {Z;m) }, and the second

_ Me
exponential bound P {‘ D me1 Y:ﬁm) > %} <e ®K% is proved as follows.
2
Note that EYy = 0 and TNYr = f0T<fL(s),ost> is a martingale satisfying E[e o Jo |5 )] d] < oo

because ’fL(s)’2 < ||f]loo- By the Novikov theorem, the process (eQTNYT_*U2 Il pos 0) is a

martingale for any o € R (see e.g. [32, Corollary 5.13]). Therefore, with o« = we have

A
MTN’
2

2
(MTN)Z Jo 1" S)| ds UQMQWWH;

E [eMYT] =E [eg <e
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for any A > 0. As a consequence, we have

{ Z Y| >

Lastly, Eq.(4.10) follows directly from Eq.(4.9).

_ TNMe2

<e SK2

€ . A EPVERCTITIPS
}Slnfe 2E{6M } < inf e~ %N TrRwr
-2 A>0 A>0

We remark that here we focus on the case M — oo with finite time 7'. If the relative position system is ergodic,
one can extend the concentration inequalities to the case when 1" — oo.

The next lemma shows that the discretization error of the empirical functionals, as discrete-time approximation
of the integrals, is at order At

Lemma 4.2 (Discretization error of empirical functionals) Let f, g € C,} (RN RIN ). Let Xy,.1, be adiscrete-
time trajectory, with t; = LAt and L = T/ At, of the system (1.1) with ¢. Then, the error functionals defined in
(4.4) satisfy

‘E[f(fa XtoitL)] _E[g(fa OT])” < CiAt?
’E[n(f’gvxtotm)] —E[U(f,ga OT])” < CQAt%

@.11)

where the constants are
Cr = IV fllsollfslloe (11 follo A2 /N + /AN )
= 1V fllollglloo + 195l Fllse) (1l follow A8 /N + /AN ) .

Proof Note that since X|o 7 is a solution to the system (1.1), we have for each [,

ti41

E / (X)) - f(XL).dXL) =E / (X)) — FX), fo(X0)ds

i ty
tiya
< IV Flloo I follooE / X, — X.|ds
1
IV fllcl fislloo (176l A2 + VaANo A/2)

where in the first inequality we have applied the mean value theorem to bound f(X4,) — f(X;):
‘f(th) - f(Xs)| < vaHOO|Xt1 - XS|7

and in the second inequality, we used the fact that

E| Xy, — X,| = <l fslloo (s — 1) + VANo (s — ;) /2.

/ fo(X,))dr + o(Bs — By,)

Thus, we obtain the bound in (4.11) by a summation over :

1 L-1 tl+1
BIE( Xin) ~ €0 X)) = iy 3 [ 503600 704,
-1 1

IN

19 Fllocllfilloe (Ifolloc At/N + v/d/NoAE/2) .
Similarly, we have

[(f(X1,), 9(X,)) = (f(Xs), g(X))| < (IVFlloollglloe + 1Vllocll flloo) | Xs = X,

and the bound for 7 follows from the fact that

Eln(f.0. Xuyes) ~ (7.9, Xoir) TNZE [ 10 X0) = (. gl
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4.3 Error bounds for the normal matrix and vector

Proposition 4.1 (Discretization error) For the normal matrix A 1 and vector b 1, defined in (4.6) with
{r }r_, satisfying Assumption 4.1, we have

b = bl S VACAES, [ Asc 1 = Asc]| < VRCALS,
where the constant C'is C' = dN(by + bo)Rbo(RboAt% + Vo).

Proof Applying Lemma 4.2, in combination of the basic fact that ||b]| < \/nmaxy=1_... , |b(k)| for any b € R",
and ||A|| < /nmaxy k=1, n|A(k, k)| forany A € R"*", we obtain

bz — boo|l < VRC1ALE | [|Aso.r, — Aso|| < VRCoALZ,

with constants C'; and C5 in form of
Cr = Ifolloe (olloo At} /N + VA/NG) max [V fy, e,

Co = (I folloedt* /N + VANG)  max (19 fu ool fuy oo + 19 fis el el

n
To complete the proof, we are left to estimate || fy, || and ||V fy, || . From the definition of f., we have
2
N x
[ funllZe =sup D |5 D wn(1X; = Xil)(X; — Xi)| < R*B)N, (4.12)
Y =1

Jj=1

and || | ., < Rbov' N as well. Note that for each 4, 4’, with notation 7j; = x; — ; and r;; = |r;;|, we have,

N
1 T QT
Vay (fu(®); = i > (W(%‘)Id + wum)gg’)
J=1,5# 7

1 Tt @ T4y
+ousins (d)k (riir)la + %(m/)) :

Tiit

Thus, the norm of this d X d matrix is uniformly bounded,
Sup ||V, (fo (@), < d(Br + bo),
and as a result, the norm of the dN X dN matrix is uniformly bounded,
IV £l < dN (b1 + bo).

Combining the above estimates with || f4||cc < RboN (the same as || fy, ||), we obtain that C; and C5 are both
bounded by C.

It follows directly that the matrix Ao, , is invertible:

Corollary 4.1 The smallest eigenvalue of the matrix A 1, defined in (4.6) is bounded below by c — c3 At1/?
when cs AtY/? < ¢4y, with c5 defined in (4.2).

Proof Recall that from Proposition 3.2, we have aTAsca > cy |a\2 for an arbitrary a € R™. Then,
aTAooyLa = aT(AooﬁL —Ayg)a+ a” Asa > (e — CQAt1/2)||aH2
by Proposition 4.1 with the bound of y/n in Assumption 4.1.

We prove next that the matrix A, 1, is invertible, and concentrates around A r.
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Proposition 4.2 (Concentration of the normal matrix and vector) Suppose that the coercivity condition holds
on H = span{y;}' | with a constant c3; > 0, where {1y }}_, satisfying Assumption 4.1. Then, the normal
matrix Apg 1 and vector by 1, defined in (4.6) satisfy concentration inequalities in the sense that for any € > 0,

€2
P{l|Ar,z — Aso,|| > €} < one” iz
62
P{l|bar,z — boo, || > €} < 4ne” Wnc? (4.13)

2
P{||An,z — Aso,rll < € [barr < boorll < €} > 1 — (dn+2n)e”5ne7 |
where the constant C'is C' = Rbo(RSy + 20 /v/T).

Proof Recall that by definition in (4.6), bM,L(/C) = f]y[,L(fwk) with E[bM,L] = boo,L and AM’L(]C,/{/’/) =
e,z (o fu,,) With E[Apr 1] = Ao, . Lemma 4.1 implies that that each of these entries concentrates around
their mean:

P{|§M,L(fwk) — boo, (k)| > \/65} < 4o w67

€ _ €2
P{‘UAI,L(fwmfw;C) — Ay (kK| > ﬁ} < 2¢mn%e7

where the constant C' is obtained from (4.12). In combination of the basic fact that ||b|| < \/nmaxg=1,..., |b(k)|
forany b € R", and ||A|| < nmaxg pr=1,...n |A(k, k)| for any A € R"*™, we obtain
€
NG
Me?
2n

P{l[Ar,L — Ao, |l > €} < ZP{MM,L(fwk’fw;) — Aoo . (k, K)| > %} < 2nPe” w7,
bk

P{losns — sl > & £ TP {learalfin) - s 9] > <= | < ane” 4,
k

The third exponential inequality follows directly by combining the first two.

Corollary 4.2 Denote \pin(Aprr) the smallest eigenvalue of the normal matrix Ay, defined in (4.6). We have
P{Amin(Apr) >cy —€p >1-946

with § = 2n? exp (f 2]:5;3% ,

c3 are defined in (4.2).

for any €1 > 0 and any At = T/ L such that ¢; + c3 Atz = € < ¢y, where ¢i and

Proof Note that for any a € R™ such that |la]| = 1, we have, by Corollary 4.1, a” A a > cy — CgAt%.
Meanwhile, Proposition 4.2 implies that

la¥ Axrra —a’ A pall < Az — Aozl < @
with probability at least 1 — §. Thus,
||aTAM,LaH > ||aTADO,LaH —€1 > ey — co At — €1,
and the corollary follows.

Remark 4 The above corollary requires ¢ > 03At%. This condition can be removed if the coercivity holds for
the discrete-time observations on H with a constant ¢y 7,7, which can be tested numerically from a data set with
a large M. In fact, we obtain directly from the above proof that P {Awin(Arr) > cyr —€f > 1 — § with

2
§ =2n2exp (—QIZITE), for any € > 0.

Remark 5 In practice, the minimum eigenvalue of A,, may be small due to the redundancy of the local basis
functions or due to the coercivity constant on H being small. Thus, the smallest eigenvalue of A ;, may be zero.
On the other hand, these matrices are always symmetric and nonnegative, so it is advisable to regularize the matrix
by pseudo-inverse.
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5 Examples and numerical simulation results

In this section, we performed numerical experiment to validate that our estimator defined in (2.5), and implemented
by Algorithm 1, behaves in practice as predicted by the theory. We consider two examples: a stochastic opinion
dynamical system and a stochastic Lennard-Jones system, using observations from simulated data.

The setup for the numerical simulations is as follows. We simulate sample paths on the time interval [0, 7] with
the standard Euler-Maruyama scheme (see (2.3)), with a sufficiently small time step length dt. When observations
are made at every time-step, i.e. At = t; 11 —t; = dt for each [, we view Xy ain 1 := {Xt(gtlt)L },Af:l as continuous-
time trajectories. When observations occur spaced in time with observation gap At equal to an integer multiple of
dt, we refer to them here as discrete-time observations.

From the observations we construct the empirical probability measure p:LF’M (defined in (2.10)), and let
[Runin, Rmax] be its support. We choose the hypothesis spaces H consisting of piecewise constant or piecewise
linear polynomials on interval-based partitions of [Ryin, Rmax]. This choice is dictated by the ease of obtaining
an orthonormal basis for H, ease and efficiency of computation, and ability to capture local features of the inter-
action kernel. To avoid discontinuities at the extremes of the intervals in the partition, and to reduce stiffness of
the equations of the system with the estimated interaction kernels, we interpolate the estimator linearly on a fine
grid and extrapolate it with a constant to the left of R,.;;, and the right of R,,.x. This post-processing procedure
ensures the Lipschitz continuity of the estimators. We use the post-processed estimators to predict and generate
the dynamics with the estimated interaction kernels.

We mainly focus on the case where 7" is small and report on the results as follows:

— Interaction kernel estimation. We compare ¢ and $T7 M, the true and estimated interaction kernels (after
smoothing), by plotting them side-by-side, superimposed with an estimate of pr, obtained as in (2.10) by using
M, (M, > M) independent trajectories. The estimated kernel is plotted in terms of its mean and standard
deviation, computed over 10 independent learning trials. To demonstrate the dependence of the estimator on
the sample size and the scale of the random noise, we report the above for different values of M and o.

— Trajectory prediction. In the spirit of Proposition 2.1, we compare the discrepancy between the true trajec-
tories (evolved using ¢) and predicted trajectories (evolved using $T7 M,3¢) on both the training time interval
[0,T] and on a future time interval [T, T], over two different sets of initial conditions — one taken from the
training data, and one consisting of new samples from py. When simulating the trajectories for the systems
driven by ET, M, using the EM scheme, we use the same initial conditions and the same realization of the
random noise as in the trajectory of the system driven by ¢. The mean trajectory error is estimated using M
test trajectories (the same number as in the training data).

- Rate of convergence. We report the convergence rate of qAST7 M. to ¢ in the ||-[| norm on L?(pr) as the sample
size M increases, with the dimension of H growing with M according to Theorem 3.2, for different scales o
of the random noise. We also investigate numerically the convergence rate when both 7" and M increase, with
the dimension of the hypothesis space H set according to the effective sample size as discussed in Section 2.2.

— Discretization errors from discrete-time observations. To study the discretization error due to discrete-time
observations, we report the convergence rate (in M) of estimators (,zAS L, 7,M,% obtained from data with different
observation gaps At = T'/ L. We also verify numerically that the ||-|| error of the estimators increases with At
as predicted by Theorem 4.2. These experiments are carried out for different values of the square root of the
diffusion constant 0.

We will report the conclusions of our experiments in Section 5.3

5.1 Example 1: Stochastic opinion dynamics

We first consider a 1D system of stochastic opinion dynamics with interaction kernel

04, 0<r< % —0.05,

~0.3cos(107(r — 75 +0.05)) + 0.7, =5 —0.05 <7 < 25 +0.05,
B(r) =< 1, % +0.05 < r < 0.95,

0.5 cos(107(r — 0.95)) + 0.5, 0.95<r < 1.05

0, 1.05<r
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Fig. 2: Stochastic opinion dynamics: comparison between true and estimated interaction kernels QZT, M, for dif-
ferent values of M and o, together with histograms (shaded regions) for pr and p}?. In black: the true interaction
kernel. In blue: the mean of estimators in 10 independent trials, with dash-lines representing the standard devia-
tion. From top to bottom: learning from M = 25,22 trajectories for kernels in systems with ¢ = 0.1 (left) and
o = 0.5 (right). The standard deviation bars on the estimated interaction kernels become smaller if M increases
and o decreases. The mean of the estimation error can be found in Figure 4(a).

It is straightforward to see that ¢ is in C}'1 ([0, 2]) and non-negative. Systems of this form are motivated in various
applications, from Biology to in social science, where ¢ models how the opinions of people influence each other
(see [34,8,45,12,19] and references therein), with one or a multiplicity of consensuses may be eventually reached.
In the system we consider, each agent tries to align its opinions more with its farther neighbors than with its closer
neighbors: such interactions are called heterophilious. For deterministic systems of this type, [45] shows that the
opinions of agents merge into clusters, with the number of clusters significantly smaller than the number of agents.
This is natural, as increased alignment with farther neighbors increases mixing and consensus. In our stochastic
setting, the random noise prevents the opinions from converging to single opinions. Instead, soft clusters form
at large time, that are metastable states for the dynamics, i.e. states where agents dwell for long times, rarely
switching between them.

d| N My, dt [0; T; T] Lo deg () n
.5 N M %
1] 10| 5-10% [ 001 | [0;550] | u(o,s)® 0 [ a0(2)3

Table 3: (OD) Parameters for the system.

We study the performance of our estimators of the interaction kernel, from trajectory data. Table 3 summarizes
parameters of the setup. In this example, we choose H,,,, to be the function space consisting of piecewise constant
functions on 7 uniform partitions of the interval [0, 10].

Figure 2 shows that, as the number of trajectories increases, we obtain increasingly accurate approximations to
the true interaction kernel, including at locations with sharp transitions of ¢. The lack of artifacts at these locations
is an advantage provided by the use of local basis. The estimators oscillate near 0, with amplitudes scaling with
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Fig. 3: Stochastic opinion dynamics: trajectory prediction. In each panel: X} (left column) and )/(\t (right column)
obtained with the true kernel ¢ and the estimated interaction kernel $T7 M, from M = 32 (top panel) and 4096
(bottom panel) trajectories, for an initial condition in the training data (top row in each panel) and a (new) initial
condition randomly chosen from o (bottom row in each panel). The black dashed vertical lineatt = 7 = 5
divides the “training” interval [0, 7' from the “prediction” interval [5,50]. As M increases, our estimators achieve
better approximation of the true kernel overall, and at regions near O (see Figure 2). As a result, they produced
more faithful prediction of the number and location of clusters for large time. Statistics of trajectory prediction
errors are reported in Table 4.

the level of noise. We believe that the reason for this phenomenon is that due to the structure of the equations, we
have terms of the form ¢(0)0 = 0 at, and near, 0, with subsequent loss of information about the interaction kernel
about 0.

We then use the learned interaction kernels (E in Figure 2 to predict the dynamics, and summarize the results
in Figure 3 and Table 4. Even with M = 32, our estimator produces very accurate approximations of the true
trajectories both in the training time interval [0, 5] and the future time interval [5,50], including number and
location of clusters, and the time of their formation. As M increases to 4096, we have more accurate predictions
on the locations of clusters. We impute this improvement to the better reconstruction of estimators at locations
near 0.

Next we investigate the convergence rate of estimators. It is well-known in approximation theory (see Theorem
6.1 in [50]) that inf e, [l¢ — @l < Lip[¢Jn~!. With the dimension n being proportional to (logLM)%, Figure
4 shows that the learning rate in terms of M is around M ~%-34, which matches the optimal min-max rate M 3
stated in Theorem 3.2 with s = 1.

We also study the convergence of the estimator as the length of the trajectory 7' increases, for the estimator
$T, M, from continuous-time trajectories (i.e. without gaps between observations). The auto-correlation time
for this system is estimated to be about 7 = 10 time units. Therefore, we use relatively long trajectories up to
T = 1500 time units to test the convergence, contributing up to about 150 effective samples. We set the dimension
of the hypothesis space tobe n = 4(%)% for each pair (M, T'), where dt is the time step size of the Euler-
Maruyama scheme. The convergence rate of the estimators in terms of M T is about 0.33, showing the equivalence
of learning from a single long trajectory with multiple short trajectories when the underlying process is ergodic.
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[0,5] [5, 50]
M = 32,0 = 0.1, meany,;: Training ICs 2.0-1071+1.4-1071 | 6.3-1071 £5.7-1071
M = 32,0 = 0.1, meany,j: Random ICs 1.7-107*+12-107! | 5.7-107* £3.9.107!
M = 32,0 = 0.5, meany;: Training ICs 38-1071+1.7-10"1 4.0-109+2.3-10°
M = 32,0 = 0.5, mean,j: Random ICs 36-1071+1.1-10"1 3.5-109+1.4-10°
M = 4096, 0 = 0.1, mean,;: Training ICs || 2.1-1072+£2.0-1072 | 9.3-1072+£1.6-10"!
M = 4096, 0 = 0.1, meany,: Random ICs || 2.1-10724+2.3-1072 | 9.8-10"2+1.7-10!
M = 4096, 0 = 0.5, mean,;: Training ICs || 5.2-10"2+3.5-1072 | 3.8-101 £3.0-107¢
M = 4096, 0 = 0.5, meany,: Random ICs || 5.2-1072+3.5-10"2 | 3.8-10~' +£3.0- 107!

Table 4: Stochastic opinion dynamics: means and standard deviations of trajectory prediction errors. The tests with
“Training ICs” use initial conditions from the training data set. The tests with “Random ICs use initial conditions
that are randomly drawn from . Means are taken over M trajectories. There is little difference between errors
on training and test ICs, indicating the prediction of trajectories generalizes perfectly to new ICs.

M=20:20:100, T=450:300:1500, 0=0.1
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Fig. 4: Stochastic opinion dynamics: learning rates for continuous-time observations. Left: the convergence rate of
the estimators in terms of M is 0.35 for ¢ = 0.5 and is 0.33 for 0 = 0.1, close to the theoretical optimal min-max
rate 1/3 (shown in the black dot line). Right: the convergence rate of the estimators in terms of M T',when both M
and 7T increases, is about 0.33. The colors of points are assigned according to M. The learning rate is still close to
the theoretical optimal min-max rate 1/3, showing the equivalence of learning from a single long trajectory with
multiple short trajectories when the underlying process is ergodic.

We also investigate the effects of the scale of the random noise, which is represented by the standard deviation
o. Figure 2 shows that the estimators for the system with o = 0.5 have much large oscillations than those with o =
0.1. The left plot in Figure 4 shows that the scale of the random noise does not affect the learning rate, matching
our theory. We also see that the absolute L?(p7) error of estimators increase as the system noise increases, this
may indicate that the coercivity constant decreases as the level of noise in the system increases. The left plot in
Figure 5 shows that the scale of the errors increase linearly in o (in particular, when the observation gap is 1).

Finally, we study the discretization error due to approximation of the integral in the likelihood using discrete-
time observations. In the left plot of Figure 5, as the observation gap k increases, the learning rate curves become
flat, due to the error induced by discretization of the likelihood function (2.1). The right plot shows that the absolute
error of the estimator is dominated by cO((At)/?).

5.2 Example 2: Stochastic Lennard Jones dynamics

(1)
T

B(r) = L° {q (fm) - (%)Q]
(p—q) lp\r r
for some p > g € N. The system of particles is assumed to be associated with a potential energy function only
depending on the pairwise distance and @, and the evolution is driven by minimization of the energy function. In

particular, € represents the depth of the potential well, r is the distance between the particles, and 7, is the distance
at which the potential reaches its minimum. At r,,, the potential function has the value —e. The r~P term, which is

In this example, we consider the Lennard-Jones type kernel ¢(r) = , with
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Fig. 5: Stochastic opinion dynamics: discretization error due to discrete-time observation. Left: the learning rates
of estimators <$ ,7,M,+ obtained from data with different observation gaps At = kdt for k ranging from 11 to
100. Recall that L = T/At. As k increases, the learning rate curves become flat, due to the bias induced by
discretization of the likelihood function (2.1) on coarse time grids. Right: the log-log plot of the absolute error of
the estimator in terms of observation gap At = kdt for k ranging from 1 to 100, for systems with different levels
of random noise in terms of o, computed with M = 1024, T' = 5 and dt = 0.01 fixed. The orders of the absolute
error in both o and At are bounded by the theoretical order cO((At)'/?), dominating the statistical error due to
sampling, finite-dimensional approximation, and noise. The slopes of the lines are calculated using points whose
x coordinate fall in the range [—1, 0].

the repulsive term, describes Pauli repulsion at short ranges due to overlapping electron orbitals, and the »~9 term,
which is the attractive long-range term. The corresponding system has wide applications in molecular dynamics
and materials sciences where ¢ models atom-atom interactions. Note that ¢ is singular at » = 0: we truncate it at
Trune DY connecting it with an exponential function of the form a exp(—br12) so that it has a continuous derivative
onRT.

In this system, the particle-particle interactions are all short-range repulsions and long-range attractions. The
short-range repulsion force prevents the particles to collide and long-range attractions keep the particles in the
flock. In the deterministic setting, the system evolves to equilibrium configurations very quickly, which are crystal-
like structure, whose pairwise distance corresponds to the local minimizers of the associated energy function. Table
5 and 6 summarize the system and learning parameters.

Note that the true kernel ¢ is not compactly supported. But in our simulations, we observe the dynamics up to
a time 7" which is a fraction of the equilibrium time. Since the particles only explore a bounded region due to the
large-range attraction, pr is essentially compactly supported on a bounded region (see the histogram background
of Figure 6), on which ¢ is in our admission space.

We use piecewise linear functions on n uniform partitions of the learning interval to approximate the true kernel
¢. With M = 32, Figure 6 shows that we have already obtained faithful approximations to the true interaction
kernel, except for on regions are close 0. Increasing number of observations improves the accuracy of estimators
at locations near 0, which seems to be very helpful for the system with larger noise level.

In terms of the trajectory prediction, we use the learned interaction kernels <$ in Figure 2. We summarize the
results in Figure 7 and Table 7. In the experiments, we study two cases, one with small random noise where the
particles still form an equilibrium configuration, and then this configuration have small fluctuation in the space;
the other one with medium level of random noise, where the random noise begins to break the formation of a fixed
equilibrium configuration and we see the transition between different configurations. We see that in both cases,
our estimators produce good prediction of the true dynamics in both training and future time interval.

We plot the convergence rate of estimators in terms of M in the right plot of Figure 8. In this case, we have
infuep, |l — ¢lleo < Lip[¢']n~2. We choose a choice of dimension n proportional to (bjg\_—fM)é, our numerical
results show that the learning rate is around M ~%39 which matches the optimal min-max rate M~
Theorem 3.2.

We also study the convergence of the estimators as the length of the trajectory 7T increases. In this example
with o = 0.35, the estimated auto-correlation time is about 7 = 10 time units. Therefore, we use relatively long
trajectories up to 7' = 1200 time units, contributing up to about 120 effective samples. We set the dimension of

the hypothesis space to be n = 4(%)% for each pair (M, T'), where dt is the time step size of the Euler-

5 stated in
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Fig. 6: Stochastic Lennard-Jones dynamics: comparison between true and estimated interaction kernels with dif-
ferent values of M, together with histograms (shaded regions) for p7 and p}?. In black: the true interaction kernel.
In blue: the mean of estimators in 10 independent trials, with dash-lines representing the standard deviation. From
top to bottom: learning from M = 27,210 trajectories for kernels in systems with ¢ = 0.05 (left) and o = 0.25
(right). The standard deviation bars on the estimated interaction kernels become smaller if M increases and o
decreases. More details of the estimation errors can be found in Figure 8(a).

Maruyama scheme. The right plot of Figure 8 shows that the rate is 0.39, indicating the equivalence between a
single long trajectory and multiple short trajectories for inference.

hS]

q € ™m Ttrunc

8 (2|1 1 0.95

Table 5: (Stochastic LJ) Parameters for the Lennard Jones kernel

d | N | My, dt [0; T; T] o deg(1)) n
10 | 5-10% | 0.001 | [0;0.5:20] | N(0,1) 1 30(10241\4)%

Table 6: (Stochastic LJ) Parameters for the system

Next, we investigate the effects of the scale of the random noise on learning. We observe phenomenon similar
to those in Example 1. Figure 6 shows that the estimators for the system with o = 0.25 oscillates more than the
one with ¢ = 0.05 at locations near 0. The random noise also did not affect the learning rates, suggested by the
left plot of Figure 8. as the random noise increases, absolute L?(pr) error of estimators also increases, suggesting
that coercivity constant is getting smaller.

At last, we study the effects of discretization error induced by discrete observations. As the observation gap
increases, the discretization errors flatten the learning rate curve of M, see left plot of Figure 8. Similar to Example
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Fig. 7: (Stochastic Lennard Jones Dynamics) In each panel: true trajectory X, (Left column) and learned tra-
jectory )/Et (Right column) obtained with the true kernel ¢ and the estimated kernel <$ from M = 128 and 1024
trajectories, for an initial condition in the training data (Top row) and an initial condition randomly chosen (bottom
row). The black dot at ¢ = 0.5 divides the “training” interval [0, 0.5] from the “prediction” interval [0.5,20]. The
trajectory prediction errors are small in all cases. The statistics of the errors are presented in Table 7.

[0,0.5] [0.5,20]

M = 128,0 = 0.05, meany,;: Training ICs 3.1-1072483-107% | 3.0-1071+3.9-10!
M = 128,0 = 0.05, meany,j: Random ICs 31-107249.3-1073 | 3.1-10714+4.2-107!
M = 128,0 = 0.25, meany,;: Training ICs 5.5-10"1 4+2.4-102 1.3-100+7.5-10"1
M = 128,05 = 0.25, meany,j: Random ICs 5.8-107242.3-10"2 1.3-100+7.3-1071

M = 1024, 0 = 0.05, meany,;: Training ICs || 1.2-10724£3.4-107% | 1.7-10"1 +2.7-1071
M = 1024, 0 = 0.05, mean,j: RandomICs || 1.2-1072+£3.6-10"% | 1.5-10"1+2.5-1071
M = 1024, 0 = 0.25, meany,;: Training ICs || 2.2-1072+£6.2-107% | 3.2-1071 +3.7-1071
M = 1024, 0 = 0.25, mean,j: Random ICs || 2.2-1072+£6.4-10"% | 3.2-10"1 £3.5-1071

Table 7: (Stochastic Lennard Jones Dynamics) Trajectory Errors: ICs used in the training set (first two rows), new
ICs randomly drawn from g (second set of two rows). Means are taken over the same number of trajectories as
in the training data set.

1, the right plot of Figure 8 shows that the absolute error of the estimator is of order close to the theoretical order
acO((At)1/?).

5.3 Conclusions from the numerical experiments

Numerical results show that in case of continuous-time observations, the algorithm effectively estimates the inter-
action kernel, achieves the near-optimal learning rate in M, is robust to different magnitudes of the random noise,
and the system with the estimated kernels accurately predicts trajectories. In case of discrete-time observations,
the estimator has an estimation error of order At'/2, due to the discretization error in the approximation of the
likelihood ratio. These numerical results are in full agreement with the learning theory in Section 3—4:
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Fig. 8: Stochastic Lennard-Jones: learning rates for continuous-time observations. Left: the learning rate of the
estimators in terms of M is 0.39 when o = 0.05 and is 0.41 when o = (.25, close to the theoretical optimal
min-max rate 2/5 (shown in the black dot line). Right: the convergence rate of the estimators in terms of MT,
when both M and T increases. The colors of points are assigned according to M. The rate is still close to the
optimal min-max rate 2/5, showing the equivalence of learning from a single long trajectory with multiple short
trajectories when the underlying process is ergodic.
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Fig. 9: Stochastic Lennard-Jones: discretization error due to discrete-time observation. Left: The learning rate of
estimators in terms of different observation gap At = kdt for k = 5 : 5 : 30. The learning rate becomes flat, due
to the bias induced by discretization of the likelihood function on coarse time grids. Right: the log-log plot of the
absolute error of the estimator in terms of observation gap At = kdt for k = 5 : 5 : 45, for systems with different
levels of random noises in terms of o, computed with M = 1024, T' = 0.5 and dt = 0.001 fixed. The orders
of the absolute error in both ¢ and At are close to the theoretical order cO((At)'/2). The slopes of the lines are
calculated using points whose x coordinate fall in the range [—1, 0].

— In case of continuous-time observations, the estimators in 10 trials are faithful approximations of the true
interaction kernels, with a mean close to the truth. The standard deviation of the estimators decreases as the
sample size increases, and gets larger as the diffusion constant increases.

— The estimator from data achieves the min-max learning rate (log M /M )3/ (25+1) in Theorem 3.2 by the appro-
priate choice of the hypothesis spaces and their dimension as a function of M. For ¢ in C**< with k 4+ o > 2,
the learning rate is around M ~3 when using piece-wise constant estimators (s = 1); and the learning rate is
around M5 using the piecewise linear estimators (s = 2), which is the minimax optimal rate for the case
kE+a=2

— The estimators predict transient dynamics well in the training time interval, and the results validate Proposition
2.1: the trajectory discrepancy is controlled by L?(pr) error of estimators, demonstrating the effectiveness of
distances in L?(pr) in quantifying the performance of estimators. In addition, the estimators even predict in
a remarkably accurate fashion the collective behaviour of particles in larger future time intervals, indicating
that the bound in Proposition 2.1 may be overly pessimistic in some cases. Our intuition is that this benign
phenomenon benefits from the large support of pr, encouraged by the randomness of the initial conditions and
presence of stochastic noise.
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— In case of discrete-time observations with observation gap At, the estimation error of the estimator is of order
At'/? and depends linearly on o, the square root of the diffusion constant. Therefore, as At increases, the
discretization error dominates the estimation error, consistently with the learning theory in Section 4, which
leads to bounding the estimation error of the estimator by M ~2+1 cO(AtY/?).

— When the length T of the trajectories increases, the optimal learning rate (in M) is still achieved. The estima-
tion errors of the estimator exhibits a convergence rate around (%)S/ (2s+1) with s = 1,2 respectively,
demonstrating an equivalence of “information” between few long trajectories and many short trajectories ini-
tiated at suitably random initial conditions, as discussed above in Section 2.3.

6 Final remarks and future work

There are many venues in which the present work could be extended.

The first notable extension is to heterogeneous particle systems with multiple types of particles, which arise
in many applications. In this case one assumes that there are different interaction kernels, modeling the non-
symmetric interactions between different types of particles. Examples of these systems are considered in [42] in
the deterministic case, with the theoretical analysis achieved in [41], where the coercivity condition is generalized
to the multiple-particle-types setting, and (near-)optimal convergence rates of the estimators where established.
We believe a similar extension is possible in the stochastic case, combining the ideas of this work and [41].

Another notable extension is to second order differential systems of interacting particles or systems with
possible external potentials, where interaction kernels of more general forms than those considered here arise.
In the deterministic case [42] considers examples of such systems, with a forthcoming theoretical analysis. In
the stochastic case the extension would require significant effort, especially if important cases of systems with
degenerate diffusion (e.g. stochastic Langevin) were considered. We also remark again that in this work we do
not observe velocities, as done in the works just cited in the case of deterministic systems: here we fully take into
account the discretization (in time) error, and if we let o — 0, the results here would imply similar results in the
deterministic case. Extending these considerations to second-order systems would be valuable.

Further work is also needed to formalize the considerations we put forward in Section 2.3 regarding ergodic
systems, and design robust and optimal algorithms in the regimes of observation a long trajectory or many inde-
pendent trajectories.

We assume in this work that all particles are observed. A desirable extension is to the case of partial observa-
tions of a subset of particles or macroscopic observations of the population density, which is a practical concern
when the system is large with millions of particles in high dimension. Since it is an ill-posed inverse problem to
recover the missing trajectories of unobserved particles [55], a new formulation based on the corresponding mean
field equations [45,28,29] is under investigation.

In this work we assume that the noise coefficient is a known constant: there has been of course significant work
in estimating the noise coefficient, for example in the case of interacting particle systems see the recent work [27]
and references therein, and for the case of model reduction for Langevin equations with state-dependent diffusion
coefficient [20].

A Appendix
A.1 Preliminaries for SDEs
Let (X¢,t > 0) be a stochastic process on R™ satisfying
dX; = V(Xy¢,t)dt + o(Xy,t)dBs. (A1)
We first review the existence and uniqueness of strong solutions for SDEs (see Theorem 5.4 in [33])

Theorem A.1 (Existence and Uniqueness) If the following conditions are satisfied

— The coefficients V and o are locally Lipschitz in @ uniformly in t, that is for every T and K, there is a constant C depend only on T and
K such that for all |||, ||ly|| < Kandall0 <t < T

[V (,t) = V(y, )l + llo(x,t) — oy, 1)[| < Clle—yl. (A2)
— Coefficients satisfy the linear growth condition

IV (@, )l + [lo(z, )| < C(A + [|]]). (A3)
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- X is independent of (Bt,0 < t < T), and E|| Xo||? < o0.
Then there exists a unique strong solution Xy of the SDEs (A.1). Xy has continuous paths, moreover,

E[ sup [|X¢[?] < C1(1+ E[[|Xo|?]),
0<t<T

where constants C'1 depend only on C and T.

It is straightforward to show that fy satisfy (A.2) and (A.3). Therefore, suppose 1o is independent of the underlying Brownian motion
and has finite second moment, then there exists a unique strong solution up to time 7" for the system (1.1) for any X drawn from po.

Theorem A.2 (Girsonov Theorem) Let P, be the probability measure induced by the solution of the SDEs (A.1) for t € [To, T| and a fixed
starting value at time To, and let W be the law of the respective driftless process. Suppose that X = oo’ is invertible and V' fulfills the

Novikov condition .
1
Ep, |:exp(7/ ||V(Xt,t)||2dt)] < .
2 Jr,

Then Py and W are equivalent measures with Radon-Nikodym derivative given by Girsonov’s formula

dPs f T 1 L A
(X11y,5]) = exp viz=lax,— - [ viz-lvae
AW, ’ To 2 Jr,

for all s € [T‘o7 t] and X[To,s] = (Xt)tE[Tg,s] .
The proof of Theorem A.2 can be found in [32, Chapter 3.5],[47, Chapter 8.6].

Theorem A.3 (The Ito formula, see Theorem 4.1.2 in [47]) Let g : R™ — R be a C2 map and (Xt) be a solution to (A.1) with o being a
constant. Then, the process Y (t) = g(X¢) is an 1t process satisfying

d%g 2
dY = )dX; + — (X dt.
A.2 Useful inequalities
Theorem A.4 (Bernstein inequality for unbounded random variables) Let X1, Xo,--- , X be independent random variables with

E(X;) = 0. If for some constants K1,v1 > 0, the bound E| X;|P < %p!Kf72v1 holds for every 2 < p € N, then

M
{ZX > 5} <e” 3 (M”1+K1€)71 (A.4)

=1
For the proof of Theorem A.4 , we refer to [S] and David Pollard’s book notes [49](page 14).

Corollary A.1 Denote Ep;(g) = ﬁ 22;1:1 9(Xm) for a measurable function g. If for some Ka,v2 > 0, the bound
1 —2
Elg —Egl" < Sp!KG vz
holds for 2 < p € N, then there holds
M2
P{Eg — Enm(g) > e} < e 2v2H+K2¢) Ve > 0. (A5)

Proof Applying Theorem A.4 on the random variable Eg — g, we immediately obtain the desired bound.
Corollary A.2 [f for some K3,v3 > 0, the bound

1 _
Elg — Egl? < _p!K§~us|Eg|
holds for 2 < p € N, then
IP{IEg Eni(g) > vev/e + |Eg| } < e THmERD Ve > 0
Proof If we replace € with /€(e + |Eg|) in (A.5), and let Ko = K3, v2 = v3|Eg|, the desired bound follows from the inequality

_ Me(et|Eg|) )  Me
e 2(w2tKavVe(etlBgl)" < g 2(v3+K3)

< vze + Ks(e+ |Egl) > Ksv/e(e + |Egl),

where the last inequality is true since y/€(e + |Eg|) < e + |Eg| forall e > 0.
We also refer to [53] (see its Lemma 3 and Lemma 5) for the analog of Corollary A.1 and A.2.
Theorem A.5 (Moment inequality for stochastic integrals, see Theorem 7.1 in [44]) Let M2 ([0, T]; R™*™) denote the family of all

n X m-matrix-valued measurable {Ft}¢>y, -adapted process f = {(fi;j(t))nxm Yo<e<T Such thatIEfOT IF(O)|2dt < oo Ifp > 2
f € M2([0, T]; R"*™) such that

T
P
E/O 17 (®)IIPdt < oo,

then
T p — p__p—2 T
B [ r@ase)| < P Er e [ pas

In particular, for p = 2, there is equality.
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A.3 Proof of Proposition 2.1

Proof (of Proposition 2.1) For ease of notation, in this proof we use E to represent E,, | . For every ¢ € [0, T'], we have

Letting ai(s) = @ (s) — @i(s). &i(s) = &; (5) — &i(s). and Fy(@) = o(

E[I1X - Xu|?] = E {H/Ot £(X (5)) — £5(X(5))ds

]

2TE Vot |62 (X () — f(;(X(s))H2 ds] +2TE [/Ot £ () — f(g(f(\(s))HQ ds} ,

IN

{E [/Ot [AE= f$(5(\(s))H2 ds]

IN

|||z, for ¢ € Kg s and x € RY,

1 N

¥ 2 (Fia i) ~ Figy @sr(60)

e5x () — 15X )| = % 2

1=

— 2
< 4Lip2(F[$]) HX(s) — X(S)H , almost surely.

Then an application of Gronwall’s inequality yields the estimate

E U(Xt - 5&”2] < 215 g g MT ”qu(X(s)) - fg(X(s))HQ ds} .

Note that by Jensen’s inequality,

= /0 g [qub(m) _ f(,;(X@)Hj as < N[5 - ¢||"

Then the conclusion follows by combining with the estimate Lip(F[ $]) < (R+1)S.
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