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PREFACE

Last fall I taught a revised version of Math 170, primarily on finite di-
mensional optimization. This new spring class Math 195 discusses dynamic
optimization, mostly the calculus of variations and optimal control theory.
(However, Math 170 is not a prerequisite for Math 195, since we will be
developing quite different mathematical tools.)

We continue to be grateful to Kurt and Evelyn Riedel for their very gen-
erous contribution to the Berkeley Math Department, in financial support
of the redesign and expansion of our undergraduate classes in optimization
theory.

The texts Dynamic Optimization by Kamien and Schwartz [K-S] and
Introduction to Optimal Control Theory by Macki-Strauss [M-S] are good
overall references for this class, and I also strongly recommend Levi, Classical
Mechanics with Calculus of Variations and Optimal Control [L]. Part of the
content in Chapters 4 and 5 is reworked from my old online lecture notes
[E].

I have used Inkscape and SageMath for the illustrations. Thanks to
David Hoffman for the beautiful pictures of minimal surfaces. I am again
very thankful to have had Haotian Gu as my course assistant this term.






INTRODUCTION

Mathematical optimization theory comprises three major subareas:
A. Discrete optimization
B. Finite dimensional optimization
C. Infinite dimensional optimization.

This class covers several topics from infinite dimensional optimization the-
ory, mainly the rigorous mathematical theories for the calculus of variations
and optimal control theory. For these problems the unknowns are functions,
and our main mathematical tools will be calculus and differential equations
techniques. In most of our examples the unknowns will be functions of time,
whence the name dynamic optimization.

The big math ideas for this class are

(i) First variation, Euler-Lagrange equations

(ii) Hamiltonian dynamics

)

)
(iii) Second variation
(iv) Pontryagin maximum principle
)

(v) Dynamic programming

While reading these notes students should carefully distinguish between
the core mathematical theories and their applications. It is essential to un-
derstand how to write down for various problems the correct Euler-Lagrange
equations or the correct form of the Pontryagin maximum principle. But
these in turn may lead to problem-specific difficulties that can be quite hard.

1



2 INTRODUCTION

I have written up in detail a lot of tricky mathematics needed for particu-
lar problems; students should read the calculations but should not let these
particular issues deflect from their understanding of the larger mathematical
framework.



Chapter 1

FIRST VARIATION

1.1. The calculus of variations

We introduce a class of optimization problems for which the unknown is a
function.

DEFINITION. Assume a < b and the points 4°,y' € R are given. The
corresponding set of admissible functions is

A={y:[a,b] - R | y(-) is continuous and piecewise
continuously differentiable, y(a) = ¢°,y(b) = y'}.

So the graphs of functions y(-) € A connect the given endpoints A = (a, y°)
and B = (b,y!).

3 \V =b

Graph of an admissible function

NOTATION. We will often write “y(-)” when we wish to emphasize that
y : [a,b] — R is a function. O

3



4 1. FIRST VARIATION

DEFINITION. The Lagrangian is a given continuous function
L:ja,b] x RxR —=R,

written
L=L(z,y,z2).

DEFINITION. If y(-) € A and L is a Lagrangian, we define the corre-
sponding integral functional

b
(L1) Iy()] = / Lz, y(z), ¥ (z)) dz,

where

y =
dr

Note that we insert y(x) into the y-variable slot of L(x,y, z), and y'(x)

into the z-variable slot of L(z,y,z).

INTERPRETATION. We can informally think of the number I[y(-)] as
being some sort of “energy” associated with the function y(-) (but there can
be many other interesting interpretations). O

REMARK. To avoid various technical issues, we will usually suppress men-
tion of the precise degree of smoothness assumed for various functions that
we discuss. In particular, whenever we write down a derivative (or partial
derivative) of some function at some point, the reader should suppose that
the function is indeed differentiable there. O

The basic problem in the calculus of variations is to study func-
tions yo(-) € A that satisfy

(cov) ()] = min ()]

Does such a minimizer y((-) exist? What are its properties?

Different choices of the Lagrangian L give us different sorts of problems:

EXAMPLE (Shortest path between two points). Consider first the
case that

Lz, y,z) = (1+ 23)Y2.
Then

b
IO = [+ )) 2 do
= length of the graph of y(-).



1.2. Computing the first variation )

So a minimizer yg € A will give the shortest path connecting the points
A = (a,y°) and B = (b,y'), at least among curves that can be written as
graphs of functions. The graph of the minimizer yy(+) is obviously a straight
line, but it will be interesting to see later what our general theory says even
for this simple problem. ([

EXAMPLE (Minimal surfaces of revolution). As a second example,
take

L(x,y, 2) = 2my(1 + 22)1/2.
Then

b
MOl =2 [y (14 )" do

= area of surface of revolution of the graph.

A surface of revolution

What curve yo(-) gives the surface of revolution of least surface area?
This is more difficult than the previous example, and we will only later have
the tools to handle this. ]

1.2. Computing the first variation
1.2.1. Euler-Lagrange equation.

The most important insight of the calculus of variations is the next the-
orem. It says that a minimizer yo(-) € A automatically solves a certain
ordinary differential equation (ODE). This equation appears when we com-
pute an appropriate first variation for our minimization problem (COV).

THEOREM 1.2.1. Assume yp(-) € A solves (COV) and yo(-) is twice
continuously differentiable.



6 1. FIRST VARIATION

Then yg solves the nonlinear ODE

d (9L , oL o
12— (Ghmab) ) + T mle).vh(a) =0
fora <x <b.

DEFINITIONS. (i) We call
d (0L ,\ . 0L,
(E-L) 0 <az(ﬂc,y,y)) +afy(fv,y,y)—0

the Euler-Lagrange equation corresponding to the Lagrangian L. This
is a second-order, and usually nonlinear, ODE for the function y = y(-).

(ii) Solutions y(-) of the Euler-Lagrange equation are called extremals
(or critical points or stationary points) of I]-].

(iii) Problems in mathematics or the sciences that lead to equations of
the form (E-L) are called variational. O

REMARKS.

(i) Theorem 1.2.1 says that any minimizer yq solving (COV) satisfies the
Euler-Lagrange differential equation and thus is an extremal. But a given
extremal need not be a minimizer.

(ii) Remember that ' = %. So it is also correct to write (E-L) as

oL A\ 0L N
_<az(‘r7y,y>> +87y(x7yay)_0

(iii) We could apply the chain rule to expand out the first term in (E-L),
but it is almost always best not to do so. ([l

HOW TO WRITE DOWN THE EULER-LAGRANGE EQUA-
TION FOR A SPECIFIC PROBLEM:
Step 1. Given L = L(z,y, z), compute

0L

oL
873/({13,:(/,2) and ) (.’E,y,Z)-

0z

Step 2. Plug in y(x) for the variable y and y'(z) for z, to obtain
oL oL
a*y(%@/@%l/(ﬂﬂ)) and - ==(z,y(x), ¢ (z)).

Step 3. Now write (E-L):

_ch (gi(x,y(x),y’(a:))) + gﬁ(w,y(x)ay'(w =0.



1.2. Computing the first variation 7

WARNING ABOUT NOTATION. Most books write (E-L) as
d (0L oL
i (W(%y,y,)) + 87/(53,3/, y') =0.

This is very common, but bad, notation. Note carefully: L = L(z,y, z) is
a function of the three real variables z,y, z; it has nothing to do with the
derivative 3’ of some other function y(-). So “g—yL,” has no meaning. O

The Euler-Lagrange equation is extremely important, since it provides
us with a procedure for finding candidates for minimizers yo(-) of (COV).
We do so by trying to solve the (E-L) differential equation.

EXAMPLE. In the first example from page 4, the function yy minimizes
1
Iy] = f;(l + (y')?)2 dz (the length of graph of y) among functions y € A.
The Euler-Lagrange equation is an ODE which provides useful informa-
tion about yy. For this example we have

L=(1+2%)2

and therefore

oL oL

oy 7 0z (142212
We insert 3/ for z and then write down (E-L):

_ Y /
o=~ (arimm)
_ —y”(l + (y/>2)71/2 . y/ (_;) (1 + (y/)Q)—3/2 2y/y//

/!

1+ ))"*

/1
Consequently a minimizer yg solves yiom = 0, and this implies

(14+(wh)?)
yy=0 (a<z<b).

Hence the graph of yg is indeed a straight line connecting A and B.

GEOMETRIC INTERPRETATION. This conclusion is of course ob-
vious, but our method suggests something interesting, namely that the ex-
pression

!

i) -5
1+ @)") A+
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may have a geometric meaning. It does. For any twice differentiable curve

y()7

(1.3) K=

2

Yy
(1+ (y)2)*?

is the curvature of the graph of y(-) at the point (x,y(x)). The calculus

of variations has automatically produced this important expression for the
geometry of planar curves. And what (E-L) really says is that the graph of
our minimizer yy has constant curvature x = 0. U

EXAMPLE. Compute the Euler-Lagrange equation satisfied by minimiz-

ers of
b N2
Mol = [ = pyas

where f : [a,b] — R is given.

In this case

P OL 0L
L(IE,y,Z)—E—f(ZE)y, aiy__f(‘r)v &_Z
So (E-L) is the simple linear ODE
—y'=f

EXAMPLE. In the second example on page 5, we have
L(z,y,2) = 2my(1 + 22)1/2
Then 5L
3 = 2m(1 + 22)1/2,

Consequently (E-L) reads

87[’ _ 2myz
Oz (14 22)1/2°

0=— <(1 " 55)2)1/2) L (1))

Which functions y solve this nonlinear ODE? We do not yet have the
tools to answer this and so must return to this example later. ([

EXAMPLE. Lagrangians of the form
(1.4) L=ua(y)z

are called null Lagrangians, meaning that every function y : [a,b] — R
automatically solves the associated FEuler-Lagrange equation.
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Indeed,
d (0L , oL N d , ;-
T ((sz(y,y )> + afy(y,y) =~ (ay) +aly)y =0
for all functions y.

We will learn later that null Lagrangians, especially for more complicated
variational problems, can provide useful information. O

1.2.2. Alternative notation.

In the examples above the variable z denotes a spatial position, but for
many other applications the independent variable represents time ¢. In these
situations it is appropriate to use different notation.

For such problems we consider Lagrangians
L:[0,T]xRxR—R

that depend upon the variables ¢ denoting time, x denoting position, and v
denoting velocity. So we will write

L= L(t,z,v).

The letter T' gives a terminal time. We also redefine the admissible class to
be

A={x:]0,T] - R | z(-) is continuous and piecewise
continuously differentiable, 2(0) = 2%, z(T) = 2'}

for given points 20, 2! € R, and put

T
(1.5) Iz ()] = /0 L(t, z(t), &(t)) dt.

Observe that when the independent variable is ¢, we usually write

_4d
Cdt’

Employing this new notation, we check that the Fuler-Lagrange equation
for extremals z(-) now reads

d (0L . oL .
(E_L) _£ (av(tuxax)> + %(tvxvx) =0

for 0 <t < T. There is no new mathematics here; we are simply changing
notation by renaming the variables.
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EXAMPLE. Consider the following simple model for the motion of a par-
ticle along the real line, moving under the influence of a potential energy. In
this interpretation m denotes the mass, x(t) is the position of the particle
at time ¢, and &(¢) is its velocity.

In addition,

%|x(t)|2 = kinetic energy at time ¢,

W (z(t)) = potential energy at time ¢,

where W : R — R is given. The action of a path = : [0,7] — R is the time
integral of the difference between the kinetic and potential energies:

T m
M) = [ Gl = Wia(o)at.

What is the corresponding Euler-Lagrange equation?

We have
2
muv oL , oL
L_T_W(x)v %__ (I), %_mv7

where ' = 4. So (E-L) is

© (mi) ~ W'(2) = 0

—— (mz) — x) =

dt ’

which is Newton’s law of motion:
mi = —-W'(z).

In other words, ma = f for the acceleration a = % and force f = —W'. The
calculus of variations provides a systematic derivation for this fundamental
law of physics. O

1.2.3. Derivation.

In this section we prove that minimizers satisfy the Euler-Lagrange equa-
tion.

LEMMA 1.2.1. (i) If f,g : [a,b] — R are continuously differentiable, we
have the integration by parts formula

b b
(1.6) / flgde = / f9 i+ F(b)g(b) — f(a)g(a).

(ii) Assume f : [a,b] — R is continuous and

(1.7) /bfwdx—O
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for all continuously differentiable functions w : [a,b] — R such that w(a) =
w(b) = 0. Then
f(z)=0 foralla<z<b.

Proof. 1. Integrate (fg) = f'g + fg¢’ from a to b.

2. A standard approximation argument shows if holds for all contin-
uously differentiable functions w, it is valid also for all merely continuous
functions w. Let ¢ : [a,b] — R be positive for a < x < b and zero at the
endpoints a,b. Put w(z) = ¢(z) f(x) above, to find

/abgbedx:O.

Hence ¢(x)f?(x) = 0 for all € [a,b], since the integrand is nonnegative.
Then since ¢(z) > 0 for all x € (a,b), we see that f(x) =0if x € (a,b). O

Derivation of Euler-Lagrange equation:

y0(~)

Computing the first variation

1. Let w : [a,b] — R be continuously differentiable, with w(a) = w(b) =
0. Assume —1 < 7 <1 and define

yr () =yo(z) + Tw(z) (a <a<b).
Note y,(-) € A, since y-(a) = y°,y-(b) = y'.
Thus

yo()] < 1Ty-()]
since yo(-) is the minimizer of I[-]. Define

i(r) = Ily-(-)]-
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Then
i(0) < i(r).
So i(+) has a minimum at 7 = 0 on the interval —1 < 7 < 1, and therefore

di

—(0) =0.
dT( )
Our task now is to see what information we can extract from this simple
formula.
2. We have
i(r) = Ily- ()]
b
— [ Lo @) () @) do
b
= / L(z,yo(z) + Tw(x), yo(z) + 7w’ (2)) dz
Therefore

di b9 p p
%(7) = EL(%yo-FT’w;yo‘i‘Tw ) dx
a
b oL oL
= @(I,yo+7'way6+7w/)w+@(%Z/OJrTw,yéﬂLTw/)w/d%
a

where we used the chain rule. Next, set 7 = 0, to learn that

di bor / oL o
- E(O) - ?y(xayo,yo)w + 5(1'7:'./0,:1/0)111 dx.

a

0

We now integrate by parts, to deduce

bToL .. d [OL ,
/a |:8y(x7y07y0)_dx <8Z(x7y07y0)>:| wdx—O

This is valid for all functions w such that w(a) = w(b) = 0. According then
to the Lemma above, it follows that

oL p d (0L N\
aiy(x7y0>y0) - % <(r92(x7y07y0)) =0
for all @ < x < b. This is (E-L). O

REMARK. The procedure in this proof is called computing the first vari-
ation. ([
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1.3. Extensions and generalizations

In this section we discuss various extensions of the basic theory, focussing
in particular upon how to use the Euler-Lagrange equation (E-L) to extract
useful information. There are several general approaches for this:

(a) deriving exact formulas for extremals;

(b) calculating perturbative corrections from known solutions;

(c) applying rigorous ODE theory;

(d) introducing numerical methods.

In these notes we will stress (a) (although there is certainly no magic way
to exactly solve all (E-L) equations) and (c).

1.3.1. Conservation laws.

We introduce first some methods for actually finding solutions of Euler-
Lagrange equations in the various special cases. The idea is to try to reduce
(E-L) to a (much simpler) first-order equation.

e SPECIAL CASE 1: L = L(x, z) does not depend on y.

THEOREM 1.3.1. If L does not depend on y and the function y(-) solves
(E-L), then

oL
(1.8) a(w, y') is constant for a <z < b.

Proof. Since % =0, (E-L) says

- (gﬁ(%‘ay’)) =0;

and so %(m, y') is a constant. O

REMARK. Why is this result useful? The point is that when
oL

- / —
82(56,11) C

for some constant C', we can perhaps rewrite this to solve for y':
y = f(z,C).
Then
T
va)= [ Fe.C)ar+D
0
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for constants C, D is a formula for general solution of (E-L). We can next
try to select C, D so that the boundary conditions y(a) = y", y(b) = y* hold;
in which case y(-) € A. O

EXAMPLE. (a) Write down and then solve (E-L) for

We have
L L
L(:J:,y,z) = x322’ gy = 27 = 2.%'327
therefore oL
@y (@) = 2% (@) = C
Hence
, C
Yy (33) = ﬁa
and so g
y(x) = =) +F

for constants F, F'.

(b) Find a minimizer of I[-] from the admissible class
A={y:[1,2] = R|y(1) =3,y(2) = 4}.
We need to select the constants E, F' above so that
E
3=y()=E+F 4=y =" 4P

Solving, we find that £ = —%, F = %, and thus

( ) = _i + E
YO =2 Ty
Therefore if (COV) has a solution, it must be this. O

e SPECIAL CASE 2: L = L(y, 2) does not depend on =.

THEOREM 1.3.2. If L does not depend on x and the function y(-) solves
(E-L), then

)

(1.9) vy,

(y,9) — L(y,y’) is constant for a < z < b.

REMARK. Conversely, we will see from the proof that if 3/ g—g(y,y’ ) —
L(y,y') is constant, then y(-) solves the Euler-Lagrange equation on any
subinterval where y' # 0. O
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Proof.

oL ! oL oL oL oL /

=y <— (gﬁ(y,y')y + gj;(y,y’))
=0,

since the expression in the parentheses is 0 according (E-L). O

Why is this useful? If

/87[/ N 1 —
yaz(y,y) L(y,y') = C,

then perhaps we can rewrite this expression into the form

y' =g(y.0).
This is a nonlinear first-order ODE that is solvable, at least in principle,

when g # 0:

REVIEW: Solving a nonlinear first-order ODE. Let us recall how to
solve nonlinear ODE of the form

First, introduce an antiderivative

Y odt
G(y):/ @7

so that G’ = ;. Next, try to solve the algebraic expression
Gly)=z+D

for y = y(x, D), where D is a constant.

We claim that y(-) solves the ODE 3y = ¢g(y). To confirm this, notice
that G(y) = z + D implies G'(y)y’ = 1. Hence y' = g(y), since G' = é. O
EXAMPLE. We are now able to solve the Euler-Lagrange equation from

the surface of revolution example on page 8 above. Recall that we have
oL oL yz
L= u(l n12 9 g 2 9B Y2
y( +z ) ) ay ( +z ) ) 9z (1+22)1/2

Then (E-L) says

_ d yy' /
0=~ () + 0+ 0

and this is a difficult nonlinear second-order ODE.
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But since L does not depend on x, we can apply Theorem 1.3.2. Now

0L ' yy' N2\1/2
Y

Therefore Theorem 1.3.2 tells us that

Yy _
e o

for some constant C'. We solve this expression for

. y? — C2 1/2.

We take the positive sign and solve this ODE:

@ B (y2 _ 02)1/2
dr C
dy _dzx

(y2— C2)1/2 C

dy _ [dz
(y2 —C2)1/2 C

cosh™! (%) = % + D.

(I looked up the expression for the y integral from a table of standard inte-

grals.)
Therefore the curve giving a surface of revolution of least area is

yo(z) = C cosh (% + D) ,

where we recall that cosh(z) = % The graph for the y-curve is called
a catenary. The corresponding surface of revolution is a catenoid. [l
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A catenoid

REMARK. To fully resolve our problem we need try to adjust the con-
stants C and D so the solution passes through the given endpoints. This
however can be subtle and may not be possible: see Gilbert [G]. U

EXAMPLE. (Geometric optics) Suppose that the velocity of light v in
some two-dimensional translucent material depends only upon the vertical
coordinate y. Then the time for a light ray, moving along the path of the
function y(-), to travel between two given points is

bds _ [PO+W))2,
/av@)‘/a oly)

where s denotes arclength along the curve. The Lagrangian
(1+2%)°
v(y)
does not depend upon z. Consequently if the graph of the function y(-)
describes the path along which light travels, we know that
oL 1 sin &
Lly.y) =y 5 (v,9) = = ,
i o)A+ )2z v
is constant, where £ is the angle of the tangent with the vertical, as drawn.

L=1L(yz) =
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Angles and derivatives

Thus

sinf

(1.10) )

)

for some constant C. This is a continuous version of Snell’s Law of diffrac-
tion (see the Math 170 lecture notes). O

EXAMPLE. Recall for our model for the motion of a particle on the line
that

: m
Iz(-)] =/ 5|¢\2—W(x(t))dt

with

We compute

Since L does not depend upon t, Theorem 1.3.2 implies that the above
expression is constant. So

total energy = kinetic energy + potential energy

m(z)?
= (2) + W(x)

is constant for all times a < t < b. The calculus of variations therefore
predicts the physical law of conservation of total energy. ([
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1.3.2. Transversality conditions.

a. Free endpoint problems. Our definition of the admissible class A
on page 3 forces the prescribed boundary conditions that y(a) = y°, y(b) =
y'. But what if we change the admissible class so as to require only, say, that
y(a) = y°? That is, suppose we redefine the class of admissible functions,
now to be
(1.11) A={y:[a,b] = R |y(:) is continuous and piecewise

continuously differentiable, y(a) = y°},

and so require nothing about the values at = b for functions y(-) € A.

We as usual define

b
fwﬂz/Lm%wm

for functions y(-) € A; and seek to understand the behavior of a minimizer
yo(-) € A of this free endpoint problem.

THEOREM 1.3.3. Let the admissible class be given by (1.11). Assume
yo(-) € A solves (COV) and is twice continuously differentiable.

(i) Then yg solves the Euler-Lagrange equation

oL " 0L
D) - (Gwmi) + G emah) =0 @<o<y)
(ii) Furthermore,
oL

INTERPRETATION. So the Euler-Lagrange equation is as before, whereas
the new formula (1.13) appears at the free endpoint = = b.

This so-called transversality condition (or natural boundary con-
dition) is implicit in the variational formulation and, as we will see, appears
automatically when we compute the first variation. ([

Proof. 1. We appropriately modify our earlier derivation of (E-L). So let
w: [a,b] = R, with w(a) = 0. Assume —1 < 7 <1 and define

yr(2) = yo(2) + Tw(z) (0 <z <b).

Observe that y,(-) € A, since y.(a) = 1°. Then I[yo(-)] < I[y-(-)]. Define
i(T) = I[y-(-)], and, as before, observe that %(O) =0.
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As in the earlier proof, we have

di bar, , oL o
= E(O) = ({Ty(aﬁayo,yo)w + a(x,yg,yo)w dx.

a
Integrate by parts in the second term, remembering that w(a) = 0, but that

0

w(b) need not necessarily vanish:

braL oL !
/a {ay(%yo:yé) - <az($,y0,y6)> ] wdz

220, 90(0), (1)) (t) = 0

(1.14)

2. If we now assume also that w(b) = 0, then (1.14) gives

bTor OL '
/a |:8?J(xay07y6) - <az($7y0ay6)> :| wdz = 0.

That this integral identity holds for all variations w satisfying w(a) = w(b) =
0 implies the (E-L) equation (1.12).

Now, drop the assumption that w(b) = 0 and return to (1.14). Since we
now know that (1.12) holds, we deduce from (1.14) that

g];(b, yo(b), yo(b))w(b) = 0.

This is valid for all choices of w(b) and consequently the natural boundary
condition (1.13) holds. O

EXAMPLE. The minimizer yo(-) of
1,12
Y
R R

subject to y(0) = 0, satisfies
—yo=f (0<z<1), 3(0)=0, yp(1) =0.

O

b. Free endtime problems. For many interesting time-dependent
problems, we are asked to minimize an integral functional that depends
both upon a curve z : [0,7] — R and a variable end time T' > 0 at which
some specified terminal condition holds.

To be more precise, let us switch to the notation introduced in Sec-
tion 1.2.2 for time-dependent problems. We select points 2%, 2! € R and
introduce the new admissible class

(1.15) A={(T,z(-)) | T>0,2:[0,T] = R, z(0) = 2%, 2(T) = '},
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over which we propose to minimize

T
1T, z(-)] :/0 L(t, x(t), #(¢)) dt.

Note carefully: we are now selecting both the terminal time 7" > 0 and the
curve z : [0,7] — R.

THEOREM 1.3.4. Let the admissible class be given by (1.15) and assume
(To, zo(-)) € A minimizes I[-].

(i) Then z( solves the Euler-Lagrange equation

d (0L . OL .
(1.16) —a (av(t,xo,xo)> +%(t,x0,x0) =0 (0 StST()).
(ii) Furthermore, we have
oL . . .
(117) %(To, .’Eo(To), SC()(T()))SC()(T()) — L(To, SC()(T()), .To(To)) =0.

INTERPRETATION. The Euler-Lagrange equation (1.16) is same as
before; whereas the new free endtime transversality condition (1.17)
appears at the optimal endtime Ty. This is new information that we will
discover by computing a variation in the arrival time. ([

REMARK. If L = L(x,v) does not depend on ¢, then according to Theo-
rem 1.3.2, we furthermore see that

oL . . .
(1.18) %(1'0,3?0)%0 — L(HJ(),.%‘()) =0 (0 <t< T()).

O

Proof. 1. That the usual Euler-Lagrange equation (1.16) holds follows as
in the proof of Theorem 1.3.3.

2. To prove (1.17), we introduce a new sort of variation by scaling our
minimizer xo(-) in the time variable. For this, select —1 < o < 1 and define

T, =1, 2.(t)=mz(t(l1+0)) (0<t<T,).

Then (7,,z4(-)) € A and thus

To
j(a):/o L(t, 2o (1), oo (1)) di

has a minimum at ¢ = 0. Therefore

dj
—(0) = 0.
750
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3. Now
I, Ty
do ~ (1+0)2
and
0xy
Yo _ Lo(t(1+0))t
Oo
Therefore
dj :
0= é(O) = ~ToL(To, zo(Tv), £0(Tv))
To L L
+ [ gx(t,xo,ﬁco)w+ gv(t,wo@fo)wdt’

for

w(t) = To(t)t.
We integrate by parts in the integral and recall (1.16), to deduce that
(To, wo(To), #o(To)) 0 (1) To-

This gives (1.17), since Ty > 0. O

. oL
0= —ToL(Ty, xo(Tb), To(T0)) + £

The interesting book by Kamien and Schwartz [K-S] has further infor-
mation about transversality conditions in various more complicated situa-
tions.

1.3.3. Integral constraints.

Constraints involving integrals appear often in the calculus of varia-
tions. For a model such problem, assume in addition to the Lagrangian
L = L(x,y, z) we are given also a function G : [a,b] x R = R, G = G(z,y).
Define then the integral functional

b
Ty = [ Gl ds

We use J|[-] to define a new admissible class:

A={y:[a,b] > R|y(a) =4°, yb) =y", J[y(-)] = 0}.

So we are now requiring the additional integral constraint that J[y(-)] = 0.
We continue as usual to write
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THEOREM 1.3.5. Assume that yo(-) € A is a minimizer of I[-] over A.
Suppose also that
oG

(1.19) 8—(35, Yo) is not identically zero for all a < x <'b.
Y

Then there exists A\g € R such that

oL " oL oG
(120) - <az(l‘)y07y6)> + Biy(x7y07y6) + )\Oaiy(xayO) =0

for a <z <b.

INTERPRETATION. We understand A\g as the Lagrange multiplier
corresponding to the integral equality constraint that J[z(-)] = 0. The
hypothesis (1.19) is a constraint qualification condition, ensuring the
existence of the Lagrange multiplier. See the Math 170 notes for lots more

about constraint qualification conditions in finite dimensional optimization.
O

Proof. 1. Select w : [a,b] — R with w(a) = w(b) = 0. We want to design
a variation involving w, but setting yo + 7w for small 7 will not work, since
this function will probably not belong to .A. We must build some sort of
correction, to restore the integral constraint.

Now the condition (1.19) implies that we can find a smooth function
v : [a,b] = R, such that v(a) = v(b) = 0 and

b
(1.21) /a gj(w,yo)v dx # 0.
Define b
O(1,0) = / G(z,y0 + 7w + ov) dx.

Then ,
B(0,0) = / G, yo) dx = Jyo()] = 0
and X
0P oG
%(0,0) =/ afy(%?/o)v dx # 0.

Therefore the Implicit Function Theorem (see the Appendix) tells us
that for some small 75 > there exists a function

¢:[—10,70] = R
such that ¢(0) = 0 and
(7, ¢(1)) = 2(0,0) =0 (=710 <7 < 70).
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Let us differentiate this expression in 7, to learn that

0b 0% o

where ¢ = Z—‘b Since

e

O e
37(0’0)_/(1 (,Ty(w,yo)wdﬂc,

it follows that

baa , baa
(1.22) /a 8—y(x,yo)w dz + ¢'(0) /a 8—y(x,yo)v dx = 0.

2. Now define
Yr(7) = yo(x) + Tw(z) + ¢(7)v(2) (=10 <7 < 710).
Then y,(a) = 4°, y(b) =y, and

b
Jy-(+)] = / G(z,yo + 7w + ¢(7)v) dz = ®(7,¢(7)) = 0;

therefore y.(-) € A. Hence i(1) = I[y;(-)] has a minimum at 7 = 0, and
consequently
di
dr
We will extract the Lagrange multiplier from this simple looking equality.

(0) = 0.

3. We compute
di

oL
T = [ G @+ Tt 6+ 70!+ S )+ 0 (7))

b
+ [ Gt ot () 9 )+ 0 (7)) o

Now put 7 = 0 and then integrate by parts:

di b oL , oL, , ., ..,
0= E(O) = ’ ETy(w +¢'(0)v) + g(w + ¢'(0)v") dx
b /
(1.23) :/ [g’; - (gﬁ) ] (w+ ¢'(0)v) dz,

where L is evaluated at (x, o, y()-

4. We next define the Lagrange multiplier to be
b|oL oL\’

Ja [a@ - (%) } vdz

fb 3G ’

a Ty'l)dﬂf

do=—
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in which L is evaluated at (z,0,y,) and G is evaluated at (z,yp). Then
(1.22) implies

b / b
d)’(O)/a [gj— <g§>}vd:c:—q§'(0))\o ) vd:c—)\g/ o (z,y0)w dx.

We utilize this calculation in (1.23), to find that

brorL oL oG
é Lw‘<&) “aJ““x‘Q

This identity is valid for all functions w as above, and therefore the ODE
(1.20) holds.

O

EXAMPLE. (Isoperimetric problem) We wish to find a curve y(-) € A
to minimize the length

1
IMN:AO+WWWM

among curves connecting the given endpoints A, B and having with a given
area a under the the graph:

1
ﬂ%ﬂ—%ym—w

The Euler-Lagrange equation reads

Yy ,_
(@+me>*

Recall from (1.3) that this says the curvature  is constant. Therefore
(as we will prove later, on page 48) the graph of y(:) is an arc of a circle
connecting the given endpoints. [l
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Generalization. We can extend the foregoing to handle more compli-
cated integral constraints having the form

b
Tyl = [ Glaylo).yf (@) do

where G : [a,b] x Rx R - R, G = G(x,y, 2).

THEOREM 1.3.6. Assume that yo € A is a minimizer of I[-] over A.
Suppose also that

oG N\ aG ,
(124) - ((%,(x,yoayo)) +87y(x7907y0)

is not identically zero on the interval [a, b].

Then there exists A\g € R such that
oL oG !
(1.25) - <az($7:l/0,y6) + )\oaz(:v,yo,y(’))>

oL oG
+ <ay(may0a yé)) + Aoaiy(l‘ay[)a y6)> =0

for a <z <b.
We omit the proof, which is similar to that for the previous theorem.

REMARKS. (i) The ODE (1.25) is of course the Euler-Lagrange equation
for the new Lagrangian K = L + A\,G.

(ii) It is not hard to see that the same Euler-Lagrange equation (1.25)
holds if we change the constraint to read J[y(-)] = C for any constant C. O

EXAMPLE. (Hanging chain) A chain of constant mass density and
length [ hangs between the points A* = (+a,0). What is its shape?

The problem is to minimize the gravitational potential energy
a
1
O = [ o1+ )2 da,
—a

subject to y(+a) = 0 and the length constraint

Jly()] = / QW) dr =1

Here L = y(1 + 22)%, G = (1+2%)2. Since K = L + AG does not depend
on z, we see from the Euler-Lagrange equation (1.25) that

,(8L oG y+A

8z+)\82> (yay)+(L+)‘G)(y7y):m
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is constant. Thus § = y + A satisfies
y _
(1+ @)%
for some constant C, and this is an ODE we have solved earlier, on page
16. We thereby obtain the symmetric catenary y(z) = C cosh (%), and
consequently .
yo(x) = C cosh <5> - A

We now adjust C' so that [* (1+ (4/)?)2 dz = 1, and then select \ so that
y(£a) = 0.

Catenary

Now if [ < 2a, the admissible class is empty and we will not be able
to select C' as above. If [ = 2a, the admissible class consists only of one
configuration, for which chain is stretched horizontally between its left and
right endpoints. The constraint qualification condition (1.24) then fails. O

1.3.4. Systems.

We next turn attention to calculus of variations problems for functions
y : [a,b] = R™. The new difficulties are mostly notational, as the basic ideas
are the same as above.

NOTATION. (i) We write
yi(x) v (x)
y@) =] |, Y@=] :
Yn () Yn(T)

(ii) The admissible class is
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A ={y:[a,b] = R" | y(-) is continuous and piecewise
continuously differentiable, y(a) = 3°,y(b) = y'},

where y°, y' € R” are given.

(iii) We are given a Lagrangian function L : [a,b] x R™" x R" — R,

L:L(xvyaz) :L(%yl,--~7?Jn,2’17---72n)7

with
oL oL
oY1 0z1
VyL=1 1, V.L=]":
9oL oL
ayn 8Zn

(iv) We write
b
IO = [ 2 y(@).y' @) do.
Our problem now is to study functions yo(-) € A that satisfy

(COV) Iyo()] = y%ienAI[Y(')]'

THEOREM 1.3.7. Suppose yo(:) € A solves (COV) and is twice contin-
uously differentiable. Then yg(-) solves the Euler-Lagrange system of ODE

d (0L N\ oL N -
(E-L) M<M(%y7}’)>+m($»y7Y)—0 (k=1,...,n).

REMARKS. (i) In vector notation (E-L) reads
— (V.L(z,y,y")) + VyL(z,y,y") = 0.
These comprise n coupled second-order ODE for the n unknown functions

y1()s- .., yn(-) that are the components of y(-)

(ii) If time t is the independent variable and L = L(¢,z,v), the Euler-
Lagrange system of ODE is written

d (0L oL
E-L —— | =—(t,x, % —(t,x,%) =
(51) i (gt} + 2 xs) =0
for k=1,...,n. In vector form, this is

d
(1.26) T (Vo L(t,x,%x)) + V. L(t,x,%) = 0.
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Proof. 1. We extend our previous derivation of the Euler-Lagrange equa-
tion to this vector case. Select w : [a,b] — R, written

w1

such that w(a) = w(b) = 0. Then define
yr() = yo(z) +w(z) (e <z <D)
for —1 <7 <1. We have y.(-) € A, and consequently
Ilyo(")] < Ify-()].

Define i(7) = I[y-(-)], so that i(-) has a minimum at 7 = 0. Therefore

di
—(0) =0,

b
i(r) = / L(z,yo(z) + 7w(x),y((z) + 7W'(2)) dz,

we can apply the chain rule to compute

b n
A= [ 5 By
a

+28 - (z,y0 + 7w,y + 7w )w) dz.

Thus

b n
L
/ (z,y0,y0)wi + § 8 (z,y0,y0)w; dz.
a

Now fix some index k € {1,...,n} and put

w=1[0...0w0...0],

where the real-valued function w : [a,b] — R appears in the k-th slot. Then
we have

oL oL
8 (‘T y07YO) + 87%(337)’0,3’(/))1‘/ d{,U == O

Upon integrating by parts, we deduce as usual that the k-th equation of the
stated Euler-Lagrange system (E-L) holds. O
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EXAMPLE. (Motion of particle in space) For this example the inde-
pendent variable is ¢ (for time) and if x : [a, b] — R", we regard x(t) as the
position at time ¢ of a particle with mass m moving in R"™. The action of
any such path is

b mlx 2
I[x()] _/ ’2’ ~ W(x)dt.

So

mlv
2

The Euler-Lagrange system of equations give Newton’s law

’2
L = -

W(z), V,L=mv, Vi,L=-VW(z).

mx = —VW (x)

for the motion of a particle in space governed by the potential energy W.

The path of the particle is thus an extremal of the action. It is sometimes
said that the path of the particle satisfies the principle of least action. But
this terminology is misleading: the path is an extremal of the action, but is
not necessarily a minimizer. [l

THEOREM 1.3.8. Suppose y(-) is an extremal.
(i) If L = L(x, z) does not depend on y, then

V.L(x,y') is constant for a < z < b.

More generally, if L does not depend upon y;, for some k € {1,...,n}, then

oL
(1.27) a—(:c,y,y’) is constant for a < x <b.
2

(ii) If L = L(y, z) does not depend on z, then

(1.28) y - V.L(y,y') — L(y,y') is constant for a <z < b.

The proof of (1.27) is simple, and the proof of (1.28) is similar to that
for our earlier Theorem 1.3.2.

EXAMPLE. For the motion of a particle in space, the Lagrangian does
not depend upon ¢, and therefore the total energy

m|x|?
x-VL(x,%x) — L(x,%) = |2 | + W(x)

is conserved. (]
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1.3.5. Routh’s method. We explain next a technique that can sometimes

be invoked to reduce the number of unknowns in an Euler-Lagrange system
of ODE.

The simplest case is m = 2, for which the unknown is y = [y; y2]7. The
basic idea is that if the Lagrangian

L= L(m,y, Z) = L(:Ea Y1, <1, 22)

does not depend upon y,, we can then convert the full (E-L) system
!/

- (3751(1:7}’7}’/)) + g—?ﬁ(a:,y,y’) =0
!/

~ (L @y.y)) =0

into a single ODE for the single unknown ;.

(1.29)

To do this, first observe that the second Euler-Lagrange equation in
(1.29) implies

oL
(1.30) 92 & Y1, 91, 95) = C
for some constant C'. We assume next that we can rewrite the algebraic
identity

oL

%(x,thth) =C

to solve for zs:
22 = ¢(x,v1,21,C).
Thus

DEFINITION. Routh’s function is
(1.32) ’R(% y1,21) = L(x,y1, 21, 0(x, 91, 21, C)) — Co(x, y1, 21, C)"

THEOREM 1.3.9. Assume that y = [y; y2]? solves the (E-L) system
(1.29) and that the conservation law (1.30) holds.

Then y; solves the single (E-L) equation determined by Routh’s function:

OR

(1.33) - =—(z D ,+8—R(z =0
. 621 y Y1, Y1 3y1 yY1, Y1) = Y.

REMARK. And so if we can solve the ODE (1.33) for the unknown func-
tion y1, we can then recover yo by integrating (1.31). O
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Proof. We calculate

OR 0L <8L >a¢>

Or Oz 0z9 ox
and
OR 0L (0L .\ 09
0z Oz 0z9 021
Hence (1.31) and (1.30) imply
OR oL
%(IE’ yl?ya) = %({Ba ylvy,layé)'
and
OR , OL ;o
9o (z,y1,91) = 5or (z,91, 91, ¥5)-

Then the first equation in (1.29) lets us compute that
OR " OR
|5 @ynn) | + 5= (@0, 0)
oy

071
— — 87L(x /) , + 87[/
- 821 7y7y 8y1

1.4. Applications

(z,y,y') =0.

Following are some more substantial, and more interesting, applications of

our theory.

1.4.1. Brachistochrone.

Given two points A, B as drawn, we can interpret the graph of a function
y(-) joining these points as a wire path along which a bead of unit mass slides
without friction under the influence of gravity. How do we design the slide
so as to minimize the time it takes for the bead to slide from A to B?

A X
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For simplicity, we assume that A = (0,0) and that y(z) < 0 for all
0 < z < b. As the particle slides its total energy (= kinetic energy +
potential energy) is constant. Therefore

2

v
_— :0
2+gy

on the interval [0, b], where v is the velocity and g is gravitational accelera-
tion. The constant is 0, since v(0) = y(0) = 0. Therefore

1
v =(-2gy)2.
The time for the bead to slide from A to B is thus

[5-[(2) o

We therefore seek a path yo(-) from A to B that minimizes

wol= [ (“*_(j”)d

Now

and consequently

1 1
oL A+ 2 @) (A+E)*))?
YL nN_ ], N _ _ _
v, W) = Lyy) < -y
1
= (—y(1+ (")) 2.
Since L does not depend on z, it follows from Theorem 1.3.2 that

137[/ N /
yaz(yvy) L(y,y")

is constant. Therefore
(1.34) y(1+()) = C
on the interval [0, b] for some (negative) constant C'.

GEOMETRIC INTERPRETATION. It is possible to directly inte-
grate the ODE (1.34) (see Kot [K]), but the following geometric insights are
more interesting. We first check if the graph of y(-) is the blue curve drawn
below, the angle £ satisfies

1

sinf = —— .
1+ ()?)2
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X

g

e

3

Angles and derivatives

Hence the ODE (1.34) says geometrically that

sin &
(~y)?

(1.35)

is constant;

and, according to the Remark on page 14, this in turn implies y(-) solves the
full Euler-Lagrange equation. (Compare all this with the geometric optics
example on page 17.)

A cycloid

Now (1.35) turns out to imply that the brachistochrone path is along
a cycloid, the curve traced by a point on the rim of a circle as it rolls
horizontally. Levi [L, pages 190-192] and Melzak [M, page 96] provide the
following elegant geometric proof. The key observation is that if a point
C = (z,y) on a rolling circle of diameter d > 0 generates a cycloid and if
A is the instantaneous point of contract of the circle with the line, then the
vector AC is perpendicular to the velocity vector v.
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B

Geometry of brachistochrone

Thus v, which is tangent to the blue cycloid curve, is parallel to CB, B
denoting the point directly opposite from A on the circle. Consequently

|AB| = d.
Elementary geometry shows for the angles £ as drawn that |AC| = dsin&
and
—y =|DC| = |AC|sin€ = dsin® €.
This gives (1.35). O

REMARK. See also Levi [L, page 55] for an argument showing that the
cycloid is a tautochrone. This means that if we release from rest two
beads from different locations along the cycloid wire curve, they arrive at
the lowest point at the same time. O

1.4.2. Terrestrial brachistochrone.

A modern variant of the classical brachistochrone problem asks us the
find a curve r = r(#) in polar coordinates, describing a tunnel through the
earth within which a (frictionless) vehicle falls and thereby travels in the
least time between points on the surface.

As derived in Smith [S, pages 131-133] and Kot [K, pages 6-7], the
transit time along a given curve is

1) = (?) / 9 <(R)_+>d0

where R is the radius of the earth and g is the gravitational acceleration at
the surface.
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Since the Lagrangian

1
2, .2\ 2
se41rc\?
L(r,s) = (R2 — r2>
does not depend on @, we know that for any minimizing curve the expression
oL
?”/%(7“, ’I"/) - L(T> ’I“,)
is constant. We compute this and simplify, to find for some constant C' that

r 2 r2
(136) (’I") + 1 - CiRZ — T‘2

GEOMETRIC INTERPRETATION. If ¢ denotes, as drawn, the angle
between the path traced by r = () and the radial vector r, we have

r’ =rcoti.

Angles and derivatives in polar coordinate

Hence the ODE (1.36) says geometrically that

R\ :
(1.37) sin ¢ <2 — 1> is constant.
r

We now modify the geometric reasoning from the conventional brachis-
tochrone. A circle of radius d rolls along the inside of a circle with center
O and radius R > d, and a point C' on the smaller circle sweeps out a
hypocycloid.
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0.5 1 15 2 2.5 3 3.5 4

Hypocycloid

If A is the instantaneous point of contract of the smaller circle with the
larger, then the vector AC is perpendicular to the velocity vector v.

0O «

Geometry of terrestrial brachistochrone
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Therefore the point B as drawn is directly opposite from A, with |[AB| =
d. We apply the Law of Cosines to the triangle ACO, to deduce that

r? = d%sin? ¢ + R? — 2dRsin§ cos(5 — §).
Thus
(1.38) r2 — sin2 £(d2 — 2Rd) + R2.
The Law of Sines applied to the triangle BCO tells us as well that

siny  sin(m — &) _ sin &

R—d r r
Use this identity in (1.38), to learn that

R? .o, 2dR—d?

ﬁ — 1 =sin w W
Therefore the hypocycloid traced out by the point C' satisfies the geometric
form (1.37) of the terrestrial brachistochrone equation. ]

1.4.3. Lagrangian and Hamiltonian dynamics.

In this section we explain how to rewrite certain Euler-Lagrange equa-
tions into a new formulation. For this, we assume the independent variable
is time ¢, and the Lagrangian is L = L(z,v). In this notation Euler-Lagrange
equations are

d
(E-L) 7 (VyL(x,%)) + Vi L(x,%) =0,
where
oL oL
3381 aUl
VeL=1] 0|, VoL=|":
oL 9L
Oxn Ovn,

Hamilton’s equations. We propose to convert (E-L) into a system of
2n first-order ODE, having the elegant form

{5{ = V,H(x,p)
p=-V.H(x,p).

(H)

These equations involve a new function H : R” x R" — R, H = H(x,p),
called the Hamiltonian, that we will define below. We will write

OH OH

oz op1
VeH=|: |, V,H=|:

OH OH

O0xn W
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The unknowns in (H) are the two functions x,p : [0,00) — R", where

Assume hereafter that x(-) solves (E-L) for all times ¢ > 0.
DEFINITION. Set
p(t) = Vo L(x(t),%(t)|  (t>0).

We call p(-) the (generalized) momentum associated with x(-).

The Hamiltonian. We will need the following hypothesis:

Assume for all x,p € R™ that the equation

(1 39) p = VvL(xav)
' can be uniquely solved for v as a function of x and p:
v = ¢(x,p).
We consequently have the identity
(1.40) VoL(z, ¢(z,p)) =p (z,p €R").

DEFINITION. The Hamiltonian H corresponding to the Lagrangian L
is

(141)  |H(z,p) =p- ¢(x,p) — Lz, ¢(x,p))| (z,p €R").

THEOREM 1.4.1.
(i) The functions x,p : [0,00) — R" solve Hamilton’s equations (H).

(ii) Furthermore,

(1.42) H(x,p) is constant on [0, 00).

Proof. 1. We compute using (1.41) and (1.40) that
VpH(z,p) = d(z,p) + (V)" (2,0)(p — Vo L(z, d(z.p)))

(1.43) _ oop)
and
(g VeHED) = (V@) @.0) (0~ VoL, $(a.p))) = VaLlz $(z.p)

= —V,L(z, (z,p)).
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Put z = x and p = p into these formulas, and note that (1.39) implies
X = ¢(x,p).
From (1.43), it follows that V,H (x,p) = x. And (1.44) gives
V. H(x,p) = -V, L(x,%)

d
= (VyL(x,%)) according to (E-L)
- _p.

2. To see that H(x,p) is constant in time, compute

d . .
%H(X’ p) =V H(x,p) -x+ V,H(x,p) - p
= VxH(X7 p) . va<X7 p) - va(X, p) : va(X, p)
=0.
O

REMARK. (Lagrangians, Hamiltonians and convex duality) If we
assume for each z € R™ that

v +— L(z,v) is uniformly convex

and that the superlinear growth condition
L(z,v) B

o] oo |v]

holds, then the Hamiltonian is the dual convex function

(1.45) H(z,p) = 1%%35{30 -v— L(z,v)},

the maximum occurring for v = ¢(z,p). (See the Math 170 notes for more
about convex duality.) O

EXAMPLE. (Motion within a magnetic field) Let B : R? — R3
denote a time-independent magnetic field. A charged particle within this
magnetic field moves according to the Lorentz equation

(1.46) mx = q(x x B(x)),
in which m is the mass of the particle and q is its charge.

We now show that this equation follows from Hamilton’s equations (H)
for
1
(1.47) H=—|p—qA(),

2m
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where the magnetic potential field A satisfies
V x A=B.
We compute

v LA g g _a(VA@) (p — qA(2)

m m

since V (|A[?) = 2(VA)TA. So Hamilton’s equations read

%< = P—qA(x)
m
b= q(VA(x))T(p—qA(X)).

We now show that these imply the Lorentz equation (1.46), by comput-
ing
mx =p — qVAx
a(VA)"(p — qA)
m
q(VA)T —VA)x
— g(k % (V x A))
=q(x x B).

—¢VA(x)x

In this calculation we employed the vector calculus rule
(Vg —(Ve))y=(Vxg)xy

for y € R? and g : R — R3.
Taylor [T] is a good text for more on physical applications of variational
principles and Hamilton’s equations. (]

1.4.4. Geodesics.

Let U C R™ be an open region. Assume that we are given a function
y : U = R!, which we write as

un
Y1

We call y a coordinate patch.
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DEFINITION. The metric tensor G is the n X n symmetric matrix
function whose entries are

P AN AR
g” 8.%1 81‘j J

We assume G is everywhere positive definite: G > 0.
NOTATION. The matrix G is therefore invertible. We will write
g”

for the (i, j)-th entry of the inverse matrix G~

DEFINITION. The corresponding Christoffel symbols are

m L~ ok (09 | Ogic  Ogij
(1.48) Iy _5;9 (8% * Pa; " Bm )

DEFINITION. The energy of a curve x : [0,7] — U is

T n
Blx()) =5 [ 3 oo, dt.
ij=1

THEOREM 1.4.2.
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(i) The Euler-Lagrange equations for the energy EJ-] are

(1.49) Em+ > T (X)did; =0 (m=1,...,n).
ij=1

(ii) If x solves (1.49), then

(1.50) Zgw X)&;&; is constant.
hj=1

DEFINITION. A curve x(-) solving the system of ODE (1.49) is called a
geodesic. We will see later that (1.50) says geodesics have constant speed.

O
Proof. 1. The Lagrangian is
1 n
L=L(z,v)= 3 Z gij(x)vivj,
2,7=1
with
L & OL 1 = 9gij
67'Uk Zgzkvla 871';6 5 Z e Vi Vj
1= 2,7=1
. : : d ( 0L oL __
We insert these into the Euler-Lagrange equation —- ( 8vk) + oz = 0, to
find
d [ < . dg;
dt(ZQikxi)— a” i = 0.
=1 1,j=1
Therefore

g9k 1095\ . .
0= guiir 3 (G- 358 ) o
i,j=1
_ 99k, agjk 095\ ..
Zgzk$z+ Z (895] 0z; Oy Tk,

1,j=1

Multiply by ¢™*, sum on m, and recall > ohq " gri = O, to deduce
) I~ ok [ 09k O9ik  ~= 0gij | . .
(Em—i-*lz an—i_aﬂii_, a :L’Z'IL']'ZO.
i,5,k=1 i,j=1
We recall the definition (1.48) of the Christoffel symbols to complete the
derivation of (1.49).
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2. Since the Lagrangian L does not depend upon the independent vari-
able t, Theorem 1.3.8 tells us that the expression

. . N .
x-V,L(x,%x) — L(x,%) = 3 Z Gij (X) &5
i,7=1
is constant for times 0 < ¢ <T. O

Length and energy. We discuss next how minimizing the energy is
equivalent to minimizing length. We henceforth take T = 1 in the definiton
of the energy.

DEFINITIONS.
(i) The length of a curve x : [0,1] — U is

L[x / ( Z gij(x :c,dvj)é dt.

i,j=1
(This is the Euclidean length of the image of x(-) under the coordinate chart
y()-)
(ii) The distance between two points A, B € R" in the metric deter-
mined by G is

dist(A, B) =min{L[x] | x: [0,1] - R",x(0) = A4,x(1) = B}.
O

It turns out that minimizing energy is equivalent to minimizing length:

THEOREM 1.4.3. A curve that minimizes the energy among paths join-
ing A and B for 0 <t < 1 if and only if it also minimizes the length.

Furthermore

dist(A, B)?
(1.51)  min{E[x]|x:[0,1] - R",x(0) = A,x(1) = B} = IS<2)
Proof. Let us assume that a curve x = [z1 --- 2,]7 joining A and B gives
the distance:

1
dist(A, B) / ( Z gij(x %ij)Q dt.
2,7=1

We can if necessary reparameterize x(-) to have constant speed, so that

(1.52) ( Z g4 (x xzxj) —dist(A, B) (0<t<1).
t,j=1
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Next, assume that a curve y(-) minimizes the energy among paths connecting
Ato B:

Ely] = min{E[w]| | w:[0,1] - R",w(0) = A,w(1) = B}.
According to Theorem 1.4.2,
1 n
(1.53) 3 > 9ii(y)iig; = E
ij=1
is constant in time. Then (1.52) implies

VRS . dist(A, B)?
E=Ely] < E[x] = 2/0 > gij ()i dt = (2)

ij=1
But also

dist(A, B) = Lx] < L[y] = / ( i gij(y)z)z-yy)é dt

1
0 tij=1

N

[N

1 n
< /0 D g dt | = (2E)7,
ij=1
according to (1.53). Hence E = %;B)Q; and therefore L[x] = Lly], Ely] =
E[x]. O

EXAMPLE (Hyperbolic metric). A famous model in geometry is the
Poincaré hyperbolic plane, for which n = 2 and
W ()2
in the region H = {—0o < 21 < 00, 0 < z3 < 00}
We calculate using the definition (1.48) that

1 1
P%Q = F%l = P%Q = —;27 P%l =

0ij (1 <1, <2)

and the remaining Christoffel symbols vanish. Employing these formulas in
(1.49) yields this system of geodesic ODE for the hyperbolic plane:

e 2%1@2
1=~
(154) {$2 _ (Cb22)2—(i1)2‘

2

We can extract geometric information from these equations:

THEOREM 1.4.4. The path of any trajectory solving (1.54) is either
along a vertical line or else along a circle centered on the zq-axis.
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Proof. 1. Consider a solution of the ODE system (1.54) with 41 # 0. Define

(1.55) 0= + 222,
Ty

Then

. ToZg + o X2l

a=2x + - — Y

1 (@1)
o (B2)? xa [(d2)% — (d1)? Tody [ 2X1d9
=1+ ——+ — Y
Iy @y T2 (&1) )

consequently a is constant.

2. We claim that the motion of the point x = [z z2]” lies within a circle
with center (a,0). To confirm this, let us use (1.55) to calculate that

d [ (1 —a)?+ (22)?
ds{l 2 :

} = ($1 — a)a':l + .’L‘Qig

Toda \ . )
= (— - ) T1 + 2@
X1

=0.
Therefore
(x1 — a)2 + ZE% =
for some appropriate radius r > 0. ([l

GEOMETRIC INTERPRETATION. Thus the geodesics in the hyper-
bolic half plane are either vertical, or else approach the zi-axis as s — +oc.
The half circles they traverse have infinite length. qed

A

Y

Geodesics in the hyperbolic plane
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1.4.5. Maxwell’s fisheye.

This example concerns curves x(-) taking values in R3 that are extremals
for the Lagrangian

|v] 3
(1.56) L(xz,v) = T+ |2 (z,v € R?).
Then ol
v vz
Vol =+, Vel=—-—"""33.
@) T (1+ [2[*)?
The (E-L) system is therefore
d x 2|%|x
1.57 —— | = — =0
0 it (s wm) ~ e
where ~ = %. We reparameterize in terms of the arclength s = s(¢), which
satisfies
© -
dt "
Then (1.57) becomes
(1.58) ( X )l - =
' L+[x2) (4 x%)?

where ' =

Sl

We will now investigate properties of solutions of the system (1.58), with
Ix'| = 1.

THEOREM 1.4.5. Any trajectory solving (1.58) is either along a line
through the origin, or else along a circle in a plane passing through the
origin.

GEOMETRIC INTERPRETATION. The proof below shows how we
can sometimes deduce interesting geometric information about solutions of
a system of ODE.

In particular, the Lagrangian (1.56) has the remarkable property that
all solutions of the corresponding Euler-Lagrange system of ODE move in
circles (or along straight lines). And even though L is radial in z, the centers
of these circles need not be the origin.

]

Proof. 1. We compute using the cross product and the ODE (1.58) that

x/ ! x’ ! N x/ ,
— X = _— X — X
T+ x2 " 1+ x2) TR
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2x y 0
= —_— X = .
(1+[x[*)?
Hence
x/ 3
—— xx=b for some vector b € R°.
1+ [x?

If b # 0, then since x - b = 0, the trajectory lies in the plane through the
origin perpendicular to b. If b = 0, then x and x’ are everywhere parallel
and so the motion is along a line.

2. We henceforth assume b # 0. Upon rotating coordinates if necessary,
we may assume that b is parallel to [001]7. Thus we covert to the two-
dimensional case that x = [z1 227 solves the (now two-dimensional) system
of ODE (1.58). Carrying out the differentiation in the term on the left hand
side of (1.58), we can now write (E-L) as
Z 2

1. = —
(1.59) x T 2

(x-x")x —x).

Let t = x’ be the unit tangent vector to the curve in the plane. Then
(1.60) t' = kn

where n is the unit normal and x > 0 is the curvature. So {t,n} is an
orthonormal frame moving along the curve. If we differentiate the expression
t-n =0, we see that

(1.61) n' = —kt.

Since x = (x - t)t + (x - n)n, X’ =t and x” =t/ = kn, we deduce from
(1.59) that
x-n
1.62 =-2——-:s.
(1.62) AN

3. We will now show that x is constant. Let us calculate using (1.61)
that

, 2<x’-n—|—x-n’ (x-n)2x-x’>
K =-

L+ x2 (14 xP)?
_ oftm—kx-t (x'mn)2x-t
- 2( T+ P <1+x|2>2>
- m (51 + x?) + (x-m)2)
=0,

the last equality following from (1.62).
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4. Finally we show that the trajectory lies on a circle if £ > 0. Define
1
c=X+ —n.
K
Then
c’zx’—i—%n’:t—%/ﬁtzo,

and hence ¢ = ¢ for some point ¢ € R?. Furthermore,
2
(Jx—c* =2(x—¢)- ¥ =="n-t=0.
K

Consequently the trajectory moves along the circle of radius k™! and center
c. O

PHYSICAL INTERPRETATION. In the 19th century, there was inter-
est in the optical properties of the eyes of fishes, and in particular the ques-
tion as to how such eyes, which are often quite flat, focus images. Maxwell
had found the geometric properties of extremals for the Langrangian (1.56),
and there was some thought that these may explain the optics of fish eyes.

In the 20th century R. Luneburg generalized Maxwell’s ideas to design
lenses with various interesting properties, made from transparent materials
with radially varying refractive index. (The refractive index of an optical
medium is n = ¢, where c is the speed of light in a vacuum and v is the

speed within the medium.) O






Chapter 2

SECOND
VARIATION

2.1. Computing the second variation

We return to our standard calculus of variations problem of characterizing
minimizers yo(-) of the functional

b
Ily()] = / L(z,y,y') dx
over the admissible class

A={y:la.b] = R|y(a) =y’ y() =y'}.
We have so far examined in great detail the Euler-Lagrange equation, the
derivation of which corresponds to taking the first variation. This chapter
turns attention to the second variation.

2.1.1. Integral and pointwise versions.

THEOREM 2.1.1. Suppose y(:) € A is a minimizer.

(i) Then
b 92
0’L
(2.1) @(%ymy(ﬁ)(uz’f
°L 9L
+ 2@(%,@07 yé)ww/ -+ 87y2($7y07y(l))w2 dm 2 0

for all w: [a,b] — R with w(a) = w(b) = 0.
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(ii) Furthermore,

2
(2.2 O (@) (@) 20| (a<z<b)

REMARKS.

(i) We call the left hand side of (2.1) the second variation of I[-]
about yo(+), evaluated at w(-).

(ii) If the mapping
(2.3) z+— L(x,yo(x),z) is convex,
then (2.2) holds. This observation strongly suggests that the convexity of

the Lagrangian L in the variable z will be a useful hypothesis if we try to
find minimizers: see Section 2.4.2. U

Proof. 1. We extend our earlier first variation proof of the Euler-Lagrange
equation. Select w : [a,b] — R, with w(a) = w(b) = 0, and define y.(x) =
yo(z) + Tw(zx) for =1 < 7 < 1. Then y.(-) € A, and so 7 — i(7) has a
minimum at 7 = 0 on the interval —1 < 7 < 1. Therefore

d?i
20 >0,

2. Differentiating twice with respect to 7, we find

d%i b O%L
(1) = | == (z,y0 + Tw, yh + T )w?
dr? o O0y? 0
2L / / / 82 / / N2
+ zayaz (x,y0 + Tw, yy + 7w )ww' + @(m,yo + 1w, yo + 7w ) (W) dz.

Put 7 = 0 and recall 3723(0) >0, to prove (2.1).

3. We need to design appropriate functions w to extract pointwise in-
formation from (2.1). For this, define ¢ : R — R by setting

T ifo<z<1
xTr) =
¢() {2—:0 Hl1<xz<2

on the interval [0, 2] and then extend ¢ to be 2-periodic on all of R. Thus ¢
is a “sawtooth function” with corners at the integers and ¢’ = %1 elsewhere.

Next let ¢ : [a.b] — R be any continuously differentiable function with
¢(a) = ¢(b) = 0. Then for each € > 0, define

we(z) = ed(Z)((x).
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Then for all but finitely many points, w, is differentiable:

wl(z) = ¢'(£)¢(x) + e (2)C ().
Note that the second term on the right is less than or equal to Ae for some
appropriate constant A.
We now plug in w. in place of w in (2.1). Then upon making some
simple estimates, we learn that
b oL
o 022

for some constant D. But

(z, 90, 90) (¢ (£))*¢* dz + De > 0,

/ 2
(¢'(%)" =1
except at finitely many points (which have no effect on the integral). There-
fore upon sending € — 0, we deduce that

b 92
I\ 2
a_ 9 9 9 d ZO
e (z,90,Yp)¢" dx

for all functions ¢ as above. This implies (2.2). O

2.1.2. Weierstrass condition.

In this section we strengthen (2.2):
THEOREM 2.1.2. Suppose yy(-) € A is a minimizer that is continuously
differentiable.

Then for all z € R and all points a < x < b,

(2.4) | L(z,y0(), 2) = L(z,y0(2), yo(x)) + %(x,yo(x),yé(:v))(z —yo(@)).

This is the Weierstrass condition for a minimizer.

GEOMETRIC INTERPRETATION. This inequality says that for fixed
x and yo(x), the graph of the function

Z = L(xayO(x)7 Z)
lies above the tangent line at the point z = y{(x). This of course is clear if

z — L(x,yo(x), 2z) is convex.

Notice that (2.4) does not follow from any sort of local second varia-
tion argument, since z need not be close to y((x). Rather, the Weierstrass
condition is a consequence of the global minimality of yo(-). O
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Proof. To simplify the exposition, we will assume for simplicity that L =
L(x, z) does not depend upon y.

1. Select any z € R and 0 < 6 < 1. Choose any point ¢ < zg < b and
select € > 0 so small that the interval [zg — de, xo + €] lies within [a, b]. Now

define

yo(z) (a <z <x9—0¢)
lh(z) (w0 —de <z < o)
la(x) (xo <z <xp+¢)

yo(z) (xo+e <z <D),

where [,y are linear functions selected so that y(-) is continuous and

{l’l(aﬁ):z (xo — 0e <z < xp)

lh(x) = wotel=wolmo=de) _ 5, (py <z <+ e)

y(r) =

Then y(-) € A and thus

Iyo()] < Iy(-)]
Since y(-) = yo(+) outside the interval [zg — de, xo + €], it follows that

xo+e xro+e
/ L(x,y}) dw < / L(x,y) dz

0—0€ ro—0e

Zo To+e
- / L(z,z)dx +/ L (a:, vo(o+e)—yo(wo=0e) _ 52:) dx.

€
0—de o

Then

1 [ 1 [
25) — L(z,yp) de < — L d
ey & [ seapde< g [ L

0—0¢

1 [Tote _ _
+ (55/ L (aj, yo(zote) gyo(xo o) _ 52) — L(z,yp) dx.
zo

2. We must examine carefully the integral on the right. Now

(26) L (o bl _ 52 - (2, yh) = 9w, yh)ac + e,

3

for

o = WA 0 20 )
where the remainder term r,. satisfies the estimate
(2.7) re] < Aa?.

According to L’Hospital’s Rule,
(2.8) lim a. = (1 + 6)y)(wo) — 02 — yi ().
e—0
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Then (2.7) implies

(2.9) limsup |re| < B(6% + (yo(20) — yo(2))?).

e—0

for a suitable constant B.

3. Now send € — 0 in (2.5), using (2.6),(2.8) and (2.9):
L(zo, ) < L(zo, 2) + G2 (20, 4p) (yp(0) — 2) + BS.
Finally, let 6 — 0, to deduce
L(zo. y0) + 3 (20, 49) (2 — yo(20)) < L(xo, 2);
this is (2.4) for L = L(z, 2). O

2.2. Positive second variation

Suppose now that y(-) € A is an extremal, and consequently solves the
Fuler-Lagrange equation

oL " oL
©1 - (Geen) + G =0 @<osh).
We devote the rest of this chapter to the question:

When is y(-) in fact a local minimizer of I[-]?

2.2.1. Riccati equation.
NOTATION. Let us write

0*L 0%L 0*L
2.10 A= — N, B = / _ "
( ) 622 (ZB? y7y )? 8y82 (x7y7 y )7 C ayQ ($7 y? y )

Therefore the second variation of I[-] about y(-) is

(2.11) /b A(w')? + 2Bww’ + Cw? dx

for w : [a,b] — R with w(a) = w(b) = 0. O
We assume hereafter that

(2.12) A>0 ona,b].

As a first approach towards understanding local minimizers, we intro-
duce a new nonlinear equation:



56 2. SECOND VARIATION

DEFINITION. The Riccati equation associated with (E-L) and the
extremal y(+) is the first-order ODE

— B)?
(R) (=0l w<asy)
for the functions A, B, C' defined by (2.10). O

A remarkable observation is that if (R) has a solution, then the second
variation is positive:

THEOREM 2.2.1. Assume that there exists a solution ¢(-) of the Riccati
equation (R).

Then the second variation of I]-] around y(+) is positive:
b
(2.13) / A(w")? + 2Bww’ + Cw?dx > 0
a

for all nonzero w : [a,b] — R with w(a) = w(b) = 0.

Proof. We calculate that

b
/ A(w')*42Bww’ 4+ Cw? dx

b
- / A(w')? + 2Buww’ + (q' + %) w? dx

a
b
= [ A@Ww)?—2(¢ — Byww' + @uﬂ dz
a
b 2
:/ Aw —Pw) a =0,
a
Furthermore, if w’ — %w = 0 on the interval [a,b] and w(a) = 0, then
uniqueness of the solution of this ODE imples w = 0. O

2.2.2. Conjugate points.

We show next that we can construct a solution to (R) if we can find a
positive solution of a related linear ODE.

DEFINITIONS. (i) The linearization of the Euler-Lagrange equa-
tion (E-L) about the extremal y(-) is the linear operator

(2.14) Ju = —(Au' + Bu) + Bu' + Cu,

defined for twice continuously differentiable functions w : [a, b] — R.
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(ii) We call the ODE
Ju =0 (a<zxz<D)

Jacobi’s equation. O

We can construct solutions of the Riccati equation from positive solutions
of Jacobi’s equation:

THEOREM 2.2.2. Suppose that

(2.15) Ju=10 (a <2z <b)
. u>0 (a <z <b).
Then
/
(2.16) g=A-+B
u

solves the Riccati equation (R).

Proof. We calculate
0= —(Au' + Bu)' + Bu' + Cu
= —(qu)' + Bu' + Cu
= —q/u+ (B~ g + Cu

(¢ — B)?
A
Divide by u > 0 to derive (R). O

= —qu— u + Cu.

In light of the previous theorem, we need to understand when we can
find a positive solution of the Jacobi equation on a given interval [a, b]. This
depends upon whether or not the interval contains conjugate points:

DEFINITION. Select a € R. We say that a point ¢ > a is a conjugate
point with respect to a if there exists a function u : [a,c] — R such that

Ju=0 (a<z<ec)
(2.17) u(a) =u(c) =0

O

THEOREM 2.2.3. If there are no conjugate points within the interval
(a,b], then there exists a solution ¢(-) of the Riccati equation (R).

Consequently, the second variation of I[-] about y(+) is positive.
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Proof. 1. It can be shown that if there are no conjugate points with respect
to a within (a,b], then in fact for some nearby point d < a there are no
conjugate points with respect to d within (d,b]. (The proof of this relies
upon some mathematical ideas a bit beyond the scope of these notes.)

2. Consider then the initial-value problem

Ju =0 d<z<b
(2.18) " (dsesb)
u(d) =0, u/(d)=1.
Standard ODE theory tells us that this problem has a unique solution. We
observe furthermore that
u(z) >0 (d<zx<d+e)

for some sufficiently small € > 0, since u/(d) = 1.

We claim that in fact
(2.19) u(z) >0 (d<x<b).
To see this, assume instead that d < ¢ < b is a point where u(c) = 0. Then
c would be a conjugate point with respect to d, and this is not possible.

Since by continuity w is strictly positive on the interval [a, ], it follows
from Theorem 2.2.2 that ¢ = A% + B solves (R). Theorem 2.2.1 now implies
that the second variation is positive. O

2.3. Strong local minimizers

We now build upon the ideas just developed. We next show that the absence
of conjugate points implies not only that the second variation is positive, but
also that y(-) is a local minimizer of I[-], in fact a strong local minimizer.

DEFINITION. We say y : [a,b] — R is a strong local minimizer of
I[-] if there exists 6 > 0 such that

(2:20) max ly—gl <o
implies
(2:21) Iy()] < I[y(-)]

for all 3 : [a,b] — R satisfying
y(a) = y(a), 5(b) = y(b).

REMARK. We call such a local minimizer strong since we require only
that (2.20) be valid, and not necessarily also that

(2.22) max ly =y <.
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a b

y and 7 are close, but ¢/ and 7 are not

In particular (2.20) does not imply that L(z,7,7’) is close to L(z,y,y)
pointwise. O

2.3.1. Fields of extremals.

We begin with the assertion that y(-) is a strong local minimizer, pro-
vided we can embed it within a field of extremals. This means that we can
find a family of other solutions of (E-L), depending upon a parameter c,
that surround y(-):

DEFINITION. We say that w : [a,b] x [-1,1] = R, w = w(z, ¢), is a field
of extremals about y(-) provided:

(i) For each —1 < ¢ <1,

oL A\ 0L ,
, (= = - <z <b):
(2.23) <az(x,w,w)> +ay(:p,w,w) 0 (a <z <b);
(i)
(2.24) y(x) = w(z,0) (a <x <b);
and
(iii)
ow
(2.25) —(z,0) >0 (a <x <b).
Oc
NOTATION. In (2.23) and below we write
ow

w'(x,c) = %(az, c).
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REMARK. The importance of condition (2.25) is that it ensures that the
graphs of the functions

{w(e) | le] < e}
do not intersect on the interval [a, b, if ¢ > 0 is sufficiently small. Therefore

each point close enough to the graph of y(-) lies on the graph of precisely
one of the functions {w(-,¢) | || < e}. O

THEOREM 2.3.1. Suppose y(-) is an extremal that lies within a field of
extremals w, as above. Assume also that

(2.26) z+ L(z,y,2) is convex (a <z <b,y€R).

Then y(-) is a strong local minimizer of I]-].

.

a b

The graph of y is red, the graph of g is blue and the graphs of the other
extremals are black

Proof. 1. Let 7 : [a,b] — R satisfy y(a) = y(a), 5(b) = y(b) and
max |y —y| <6
nax|y — ]
for some small number § > 0.
As noted in the Remark above, the Implicit Function Theorem implies
in view of (2.25) that we can uniquely write
(2.27) o) = wiacla)  (a<w <)
for a function ¢ : [a,b] — (—1,1) provided J > 0 is small enough. Further-

more, (2.24) forces

(2.28) c(a) = c(b) = 0.
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2. According to (2.27) we have

_ ow
¥ (@) = w'(z, c(x)) + (@, (@) ().
Therefore the convexity condition (2.26) implies

_ _ oL, _ ow
L@ 5:7) 2 L 50| ooy + 5, (00500 50 gy

= L(z,y,y) + E,

(2.29)

where

oL ow
E = L(x,w,w’)‘czc(z) — L(z,y,y) + 5= 92 (2, w,w") 5~ dc /‘c c(x)”

3. We now show that E is the derivative of a function F' that vanishes
at * = a,b. To see this, we compute using (2.23) that

E= / L(z,w(z,c), w’(a:,c))dc—i—gi(x,w,w)glg | . (@)
:/ ) OL dw 8L8w’dc+8j(xww)8w |
o Oy dc 828 9z 7 7 dc ()
:/C(I) (8[,)’8w+8L8w d +8£(xww)8w ‘
0 0z ) Oc 0z Oc 0z 7 dc ()

= F/
for @
A QL ow
Flz) = ar ' '
() /0 P (z,w,w") 5 dc

We used here the calculus formula

g(z) g(x)
i(ﬂ NWWQ—L vy der sg) @),

Observe also that
(2.30) F(b) = F(a) =0,
since c¢(a) = ¢(b) = 0, according to (2.28).

4. It now follows from (2.29) and (2.30) that

b b b
/L@@mmz/Lm%w+Fm=/L@%wm.

Therefore
Ily()] < I5()]-
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REMARK. This direct proof, which uses ideas from Ball-Murat [B-M],
is more straightforward than conventional arguments involving Hilbert’s in-
variant integral (as explained, for instance, in Kot [K]).

Clarke and Zeidan present in [C-Z] a very interesting alternative ap-
proach, using the Riccati equation (R) to build an appropriate calibration
function. O

2.3.2. More on conjugate points.

We now need to understand when we can embed a given extremal within
a field of extremals. A clue comes from our earlier discussion of the Riccati
equation and conjugate points.

d a

The graph of y is red and the graphs of the other extremals are blue

THEOREM 2.3.2. Let y : [a,b] — R be an extremal, and suppose that
there are no conjugate points with respect to a within the interval [a, b].

(i) Then we can embed y(-) within a field w of extremals.

(ii) Consequently if z — L(z,y, 2) is convex, then y(-) is a strong local
minimizer of I]-].

Proof. 1. First, as noted in the proof of Theorem 2.2.3, for some point
d < a there are no conjugate points with respect to d within (d,b]. By
solving the Euler-Lagrange ODE we can extend y to be a solution defined
on the larger interval [d, b].

Now solve the initial-value problems
— (%L (@,w,w) + i (ww) =0 (d<z <b)
(2.31) w(d, ¢) = y(d)
w'(d,c) = y'(d) + ¢
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for the functions w = w(x,c). By uniqueness of the solution to an initial-
value problem, we have y(z) = w(z,0).

2. Define

ow
Oc

We now differentiate the ODE in (2.31) with respect to the variable c. This
gives the identity

PL ow  PLow'\  PLow L o'
0=— el B :
020y Oc  0z* Oc 0y? dc  0y0z Oc

We now put ¢ = 0 and recall the definitions (2.10) and (2.32):

(2.32) u(x) = -—(,0).

0= —(Bu+ Au') + Cu + Bu' = Ju.

Upon differentiating as well the initial conditions in (2.31), we see that u
solves the initial-value problem

(2.33) {Ju =0 (d<z<b)

u(d) =0, u/(d)=1.

3. As shown in the proof of Theorem 2.2.3, the hypothesis of no conju-
gate points implies that u = %—f(-, 0) is strictly positive on the interval [a, b].
Therefore w : [a,b] x [-1,1] — R is a field of extremals.

Now recall Theorem 2.3.1 to deduce that y(-) is a strong local minimizer,
provided we suppose also that z — L is convex. O

REMARK. We are able to transform (2.31) into (2.33) by differentiating
in the parameter ¢, since the Jacobi differential operator

Ju = —(Au' + Bu) + Bu' + Cu

is the linearization of the Euler-Lagrange equation about y(-). O

2.4. Existence of minimizers

2.4.1. Examples.
We next build upon our insights from second variation calculations to

discuss the existence of minimizers.

We have thus far simply assumed for various variational problems that
minimizers exist, but in fact this issue can be quite complicated. Even quite
simple looking problems may have no solution:
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EXAMPLE. For instance, the functional

1
ol = [ =)
does not have a minimizer over the admissible set
A={y:[a,b] - R |y(0)=0,y(1) = 0}.

This is clear from the second variation condition (2.2), which definitely fails
for all functions yo(-) € A since

2

L
L=y — 2% a—<0.

z

In fact, we have
inf Iy(-)] = —oo0.
inf I[y(-) = —o0
To prove this, define for each integer k
yp(x) = sin(kmx) € A

and observe that I[yx(-)] = —o0 as k — co. O

EXAMPLE. As an even easier example of nonexistence of minimizers con-
sider

o= [ ar

It is not hard to see that

2.34 inf Ify(-)] = —o0
(2.34) it Tly()
for the admissible set A as above. O

EXAMPLE. This example illustrates a different mechanism for the failure
of minimizers to exist. We investigate

1
(2.35) Mol = | 2 da,
over the admissible set A = {y:[0,1] - R | y(0) =1,y(1) = 0}.

Define
0 (1
$ prd
yr() { 0

<z
1—kx 0<z

IN A
==

Then

P 1
Iyr(4)] = r°kdr=— —0 ask — oo,
0 3k
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and consequently
inf Ily(-)] =0.
ey [y()]

But the minimum is not attained, since fol 22(y")?dz > Oforally(-) € A. O

EXAMPLE. We next show that the problem of minimizing

(2.36) Ty()) = - /0 vy do

over A={y:[0,1] - R |y(0) =0,y(1) = b} has a solution only if b = 0.
To see this, we first integrate by parts:

But the minimum is not attained, because fol y>dx > 0 for all y € A (unless
b=0). O

2.4.2. Convexity and minimizers.

The examples in the previous section illustrate that in general variational
problems need not have solutions. And even when we can show the existence
of minimizers, this theory depends upon the advanced mathematical topics
of measure theory and functional analysis, which are beyond the scope of
these notes. Instead, in this section we provide a brief discussion about the
key assumption for the existence theory for minimizers and mention some
typical theorems.

The primary requirement, strongly motivated by our earlier second vari-
ation necessary conditions (2.2) and (2.4), is that

(2.37) the mapping z — L(z,y, z) is convex

for each (z,y).

This is the fundamental hypothesis for most existence theorems for mini-
mizers in the calculus of variations. Indeed, a basic existence theorem states
that if L satisfies (2.37) and also certain growth conditions, then there ex-
ists at least one minimizer yo(-) within some appropriate class of admissible
functions A.
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REMARK. Modern existence theory in fact separates the questions of (i)
the existence of minimizers and (ii) their regularity (or smoothness) proper-
ties. The basic strategy is expand the admissible class A, to include various
functions that are less smooth than continuous and piecewise continuously
differentiable (as we have supposed throughout these notes). The precise
definition for this expanded admissible class is rather subtle, but the idea is
that the more functions we accept as belonging to A, the easier it will be to
find a minimizer.

And once we have resolved the problem (i) of existence of a minimizer,
we can then ask how smooth it is. A typical theorem concerning (ii) requires
that L be smooth and satisfies the strengthened convexity condition that
O*L
922
for some constant . The regularity assertion is then that a minimizer yo(-)
will be a smooth function of the variable x. O

(2.38) (2,5,2) 27 > 0



Chapter 3

MULTIVARIABLE
VARIATIONAL
PROBLEMS

3.1. Multivariable calculus of variations

In this chapter we extend the theory to variational problems for functions
of more than one variable. There will be few new mathematical ideas, and
so the only difficulties will be notational.

NOTATION. In the following U will always denote an open subset of R™,
with smooth boundary OU. Its closure is U = U U 9U. O

DEFINITION. Assume g : 0U — R is a given function. The correspond-
ing set of admissible functions is

A={u:U — R |u(-) is continuously differentiable,u = g on OU}.

NOTATION. We will often write “u(-)” to emphasize that v : U — R is a

function. The gradient of a function v € A is

Ou.

o0z

Vu=1|:
Ou
Oz,

O

Assume that in addition we are given a function L : U x R x R" — R,

L= L(xayv Z)7
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called the Lagrangian. So L is a function of the 2n + 1 real variables
(x,y,z) = (531,---7551173/,21,- : '7Zn)-

DEFINITION. If u(-) € A, we define

()] = /U L(z, u(z), Vu()) dz.

Note that we insert the number u(x) into the y-variable slot of L(x,y, 2),
and the vector Vu(x) into the z-variable slot of L(x,y, z).

The basic problem of the multivariable calculus of variations is
to characterize functions ug(-) € A that satisfy

(COV) ug()] = min, T{u(")]

EXAMPLE (Dirichlet energy). As a first example, take

n
S
k=1

z 1
L(l‘,y,Z) = ’2‘ = 5

Then
M) = 3 [ IVula) e

an expression called the Dirichlet energy of u. What function wug(-) mini-
mizes this energy among all other candidates satisfying the given boundary
conditions that u = g on OU? (]

EXAMPLE (Minimal surfaces). For a geometric example, we consider
now

L(z,y,2) = (1+ |12
Then

1/2

Ifu()] = /U (1+ [Vu()?) /2 da

= surface area of the graph of u.

Among all candidates that equal g on the boundary of U, which function
ug(+) gives the surface having the least area? O
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3.2. First variation

3.2.1. Euler-Lagrange equation.

We show next that a minimizer uo(-) € A of our multivariable vari-
ational problem automatically solves a certain partial differential equation
(PDE).

THEOREM 3.2.1. Assume uo(-) € A is twice continuously differentiable
and solves (COV).

Then ug satisfies the nonlinear PDE

(3.1) Z o (5 o), Tua(e)) ) + G oo, Taoa)) =0

within the region U.

REMARKS.
(i) The Euler-Lagrange equation corresponding to L is the PDE

oL
(E-L) *Z axk <azk T, u Vu)) + ?y(x,u, Vu) = 0.

Solutions u of the Euler-Lagrange equation are extremals (or critical
points or stationary points) of I[-]. Consequently, a minimizer ug(-)
is an extremal, subject to the boundary conditions that u = g on OU.

(ii) Using vector calculus notation, we can also write (E-L) as

oL
a—y(m,u, Vu) = 0.

Here “div” stands for divergence. O

—div (V. L(x,u, Vu)) +

WARNING ABOUT NOTATION. Most books write the (E-L) PDE

as

oL
_Z For <5umk x u,Vu)) + %(fc,u,Vu) =0

or, worse, as
—~ 0 oL oL
_Z Oz (m(x,u, Vu)) + %(m,u, Vu) = 0.

This is spectacularly bad notation: the Lagrangian L = L(z,y,z) is a

function of the 2n + 1 real variables (z,y,z) = (1,...,Zn, Y, 21, -+, 2n). SO

the expressions “g—ﬁ” and “887]:” have no meaning. (]
Tk
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EXAMPLE. Let L(z,y, ) = 2. Then
oL ., 9oL _
8y - 8zk N

Consequently the Euler-Lagrange equation is

$ 0 (2)
— Oxy, \ Oxy, '

If we define the Laplacian

2k

(3.2) Au =

then the Euler-Lagrange PDE is Laplace’s equation
Au=0 within U.

A function solving Laplace’s equation is called harmonic. Thus a minimizer
of Dirichlet’s energy functional is a harmonic function. ([

WARNING ABOUT NOTATION. Many physics and engineering texts
use the symbol “V?” for the Laplacian. In these and the Math 170 notes, we
instead employ V? to denote the matrix of second derivatives: see Section
C in the Appendix. O

EXAMPLE. The Euler-Lagrange equation for the functional

/ 1\Vu|2 —ufdz
U2

is Poisson’s equation
—Au=f inU.

The Euler-Lagrange equation for the functional

1
/ ~|Vul? - F(u) dx
U2
is the nonlinear Poisson equation
—Au=f(u) inU,
where f = F'. O
EXAMPLE. Assume L = (1 + |2/%)'/2. Then

oL _, OL_ =
oy 8zk_(1+]z\2)1/2'
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Consequently the Euler-Lagrange equation is

ou
. ox
le _— k :0
((1+|w ) Zaﬂ«"k(mvw%)

This is the minimal surface equation.

GEOMETRIC INTERPRETATION. The expression

H=div|— Y%
1+ [Vu)}

has a geometric meaning; it is the mean curvature of the graph of u at

the point (x,u(x)). Therefore minimal surfaces have zero mean curvature
everywhere. O

EXAMPLE. If b: U —- R" and f: R — R, the expression
L=z-b(z)f(y) + F(y)divb,

where F = f, is a null Lagrangian. Recall from page 8 that this means
every function automatically solves the associated Euler-Lagrange PDE.

Indeed, for any function u : U — R we have

—div (V.L) + (25 = —div (bf(u)) + Vu-bf (u) + f(u)divb = 0.

O

EXAMPLE. Let us for this example write points in R**! as (x,t) with
x € R™ denoting position and ¢ > 0 denoting time. We consider functions
u=u(z,t).

The Euler-Lagrange equation for the functional

1 [T ou\? 9

is the wave equation
0%u
otz
where the Laplacian A, defined as in (3.2), acts in the z-variables. However,
it is easy to see that the functional I[-] is unbounded from below on any
reasonable admissible class of functions. Consequently, solutions of the wave

— Au =0,

equation correspond to extremals that are not minimizers. [l
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3.2.2. Derivation of Euler-Lagrange PDE.
NOTATION. We write

%1
V=

Un
for the outward pointing unit normal vector field along OU. ([
LEMMA 3.2.1.

(i) For each k = 1,...,n we have the multivariable integration-by-
parts formula
(3.3) a—fg de = —/ f@ da +/ fg*ds
v Oz v Oy ou

fork=1,...,n.

(ii) If f : U — R is continuous and
/ fwdx =0 for all continuous w : U—>R
U
with w = 0 on OU, then f =0 within U.

Proof. 1.The Divergence Theorem says that

/div hdx:/ h-vdS.
U ou

Apply this to the vector field h = [0,...,0, fg,0,...,0]” with the nonzero
term fg in the k-th slot.

2. Let ¢ : U — R be positive within U and equal to zero on OU. Let
w(zx) = ¢(z) f(z) above, to find

/ ¢f* dx = 0.

U

Hence ¢(z)f%(z) = 0 for all z € U as the integrand is positive. Then since
¢(x) > 0, we conclude that f(x) =0 for all z € U. O

Derivation of Euler-Lagrange equation:
1. Let w: U — R satisfy w = 0 on OU. Assume —1 < 7 < 1 and define
ur(x) = up(z) + Tw(x) (xel).
Note u-(-) € A, since w =0 on 9U.

Thus
Tuo(-)] < Iu- ()],
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since ug is the minimizer of I. Define i(7) = I[u,(-)]. Then

i(0) < i(7).
So 7 + i(7) has a minimum at 7 = 0 on the interval —1 < 7 < 1, and
therefore

di
—(0) = 0.
dT( )
2. Now
i(r) = / L(z,ur,Vu,)der = / L(z,uy + 7w, Vug + 7Vw) dz.
U U
Therefore
/ — L(z,up + 7w, Vug + 7Vw) dx.
= / — (x,up + Tw, Vug + rVw)w
v Oy
+zn: oL (x,up + 1w, Vu —i—TVw)a—d:z:
82’ 0 0 8a:k
Put 7 =0:
] L
:;l—j_())— g (x, uo, Vug w—|—za muo,Vuo)gu;d
We now integrate by parts, to deduce that
oL oL
/ 3y — (=, up, Vug) — Z 8xk <8zk (z, uo,Vu0)> wdr = 0.

This is valid for all functions w such that w = 0 on 9U. The lemma before
now implies that the (E-L) PDE holds everywhere in U. O

3.3. Second variation

THEOREM 3.3.1. Suppose ug(-) € A is a minimizer and ug is continu-
ously differentiable.

(i) Then

(3.4) / 7u07vu0)87w87w
U ki1 82k82[

O’L 8w 82L
+2 Z@ 0y acuo,Vuo)(9 a2(.75 g, Vug)w? dz > 0

for all w: U — R with w = 0 on OU.
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(ii) Furthermore,

(3.5) V2L(z,uo(x), Vug(z)) = 0 (x € U).

DEFINITION. The expression on the left hand side of (3.4) the second
variation of I[-] about ug(-), evaluated at w(-). O

REMARK. The inequality (3.5) means that

. 9°L
525 (Louo, Vuo)yryr 20 (y € RY).
k=1 kYA
If the mapping
(3.6) z v+ L(z,up(x),z) is convex,
then (3.5) holds automatically. O

Proof. 1. Select w : U — R, with w = 0 on 9U, and define u,(z) =
uo(x) + Tw(z) for =1 < 7 < 1. Then u,(-) € A, and so 7 — i(7) has a
minimum at 7 = 0 and thus
i
dr?

(0) > 0.

2. Differentiating twice with respect to 7, we find
d?i 9*L

p(T) = " aiyg(xa ug + Tw, Vug + 7Vw)w?

+2 ’; £%g($7 uo + 7w, Vug + TVw)wa—w

oxp,
—~ L Ow dw
— m(ﬂf, ug + TW, VU() + TVQU)TJ:’C% dr.

Put 7 = 0 and recall 2%(0) > 0, to prove (3.4).
3. As in the second variation calculation for the scalar case, we define

x fo<z<l1
2—x ifl1<z <2

and extend ¢ to be 2-periodic on R. Thus ¢ is a sawtooth function and
¢’ = +1 except at the integers.
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Next let { : U — R be any continuously differentiable function with
¢ =0 on OU. Finally, choose any y € R" and write

we(x) = ed(F)¢ ().

for each € > 0. Then w, is differentiable except along finitely many hyper-
planes that intersect U, with

Vuwe(z) = ¢'(“2)¢(2)y + ¢ () V((2).
Note that the second term on the right is less than or equal to Ae for some
appropriate constant A.
Insert w; in place of w in (3.4). It follows that

" 9%L
/ > ——— (=, u0, Vuo)yryi¢’ (¢/(%))? dz + Be > 0
U Py 8Zkazl

for some constant B. But
oz 2
(¢'()" =1
except along finitely many hyperplanes (which have no effect on the integral).
Therefore upon sending € — 0, we deduce that

—~ 0°L )
Z (@, u0, Vuo)ypyi ¢~ dz > 0
U bim1 8zk8zl

for all functions ¢ as above. This implies (3.5). O

3.4. Extensions and generalizations

3.4.1. Other boundary conditions.

If we change the admissible class of functions and/or if we change the
energy functional I]-], new effects can appear.

For example, suppose we are additionally given a function B : 0U xR —
R, B = B(z,y). We then for this section redefine the energy by adding a
boundary integral term:

(3.7) Iu(-)] = /U L(z,u, V) da + / B(w, ) dS.

ou

We also redefine
(3.8) A={u:U — R | u is continuously differentiable},

so as now to require nothing about the boundary behavior of admissible
functions.
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THEOREM 3.4.1. Let the energy be given by (3.7) and the admissible
class by (3.8). Assume ug(-) € A is a twice continuously differentiable
minimizer

(i) Then ug solves the usual Euler-Lagrange equation

OL
(3.9) — Z D <8zk T uo,Vuo)> + @(x,uo,Vuo) =0

within U.

(ii) Furthermore, we have the boundary condition

=~ 0L r , OB B
(3.10) ; 8—%(:5, ug, Vuo)v"® + a—y(x,uo) =0

on OU.
In vector notation, (3.10) reads

OB
(3.11) V. L(z,ug, Vug) - v + B

INTERPRETATION. The identity (3.10) is the natural boundary
condition (or transversality condition) hidden in our new variational

(x,up) =0 on 9U.

problem. It appears automatically when we compute the first variation. [J

Proof. 1. Select any w : U — R, but do not require that w vanishes on the
boundary. Define u.(x) = up(z) + Tw(z) (z € U), and observe u,(-) € A.
Thus i(7) = I[u,(-)] has a minimum at 7 = 0 and therefore

di

%(0) = 0.
2. Now
i(r) = Iur ()
= /UL(CL',’LLO + 7w, Vug + 7Vw) dx + /aU B(x,up + Tw)dS.
Therefore
0= %(0) gL (z,up, Vug)w + ; gZLk(x, uo, Vuo)gg; dx
B(az ug)w dS.

ou 9y
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Integrate by parts, to deduce

/6L ”a<aL
U

—(z,ug(x), Vug(x)) — —
gy (=00 Vuo@) = 3 50 (o

(x,up(x), Vuo(a:))>] wdx

/ [8 x, ug, Vuo)v* + ZB(x uo)] wdS = 0.
oU — LO%k Y

This identity is valid for all functions w. If we restrict attention to
functions satisfying also w = 0 on U, we as usual deduce that the Euler-
Lagrange PDE holds within U.

Knowing this, we can then rewrite the foregoing:
0B
/ [ (2, ug, Vup)r* + — (z,ug) | wdS = 0.
ou = y

As this identity is valid for all functions w, regardless of their behavior
on U, it follows that the boundary condition (3.10) holds everywhere on
ou. O

EXAMPLE. A minimizer ug(-) the functional

= 1/ |vu\2dx+/ B(u)dS
2 Ju au

over the admissible class (3.8) solves the nonlinear boundary-value problem

AUO =0 inU
%o 1 p(ug) =0 on U,
where b = B’ and
% =Vu-v
is the outward normal derivative of u. O

3.4.2. Integrating factors.

It is often important to determine whether a given PDE (or ODE) prob-
lem is variational, meaning that it arises as the Euler-Lagrange equation
for an appropriate energy functional I[-].

Consider for instance the linear equation
(3.12) —Au+b-Vu=f inU,

where b : U — R" is a given vector field, b = b(z). In general (3.12) is not
variational.
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But for the special case that b = V¢ is the gradient of a potential
function ¢ : U — R, let us consider the functional

(3.13) Iu(-)] = /UM (;yvuﬁ —fu) da.

The Lagrangian function is

L= o (Gl = fla)y)
and the corresponding Euler-Lagrange equation for a minimizer u is
—div (6_¢Vu> —e?f=0.
We simplify and cancel the term e~?, to rewrite the foregoing as
(3.14) —Au+V¢-Vu=f,
this is (3.12) when b = V¢.

INTERPRETATION. We can regard e~ ® as an integrating factor.
This means that if we multiply the PDE (3.14) by this expression, it then
becomes variational. O

3.4.3. Integral constraints.

In this section we for simplicity take L = 3|z|?; so that

Iu()] = ;/U|Vu2da:.

Define also the functional

JMNzLG@WMM,

where G : U x R — R, G = G(x,y). The new admissible class will be
(3.15) A={u:U—-R|u=gondU,Ju()] =0}

THEOREM 3.4.2. Assume that uy € A is a minimizer of I[-] over A.
Suppose also that

(3.16) gG(x, up) is not identically zero on U.
Y
Then there exists A\g € R such that
0G
(3.17) —Aug + )\ga—y(:n, ug) =0

within U.
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We omit the proof, which is similar to that for Theorem 1.3.5. As in that
previous theorem, we interpret Ag as the Lagrange multiplier for the integral
constraint J[u(-)] = 0. The requirement (3.16) is a constraint qualification
condition.

For an application, see Theorem 3.5.1 below.

3.4.4. Systems.

We can also extend our theory to handle systems. For this, we assume
g : OU — R™ is given, and redefine the class of admissible functions, now
to be
A={u:U—=R"|u=gon dU}.

NOTATION. We write

T Quy Quy
(1 (Vuy) Bt o Bk
u=|:|, va=| : |=]: .

O
Suppose next we have a Lagrangian function L : U x R™ x M™*" — R,
L=L(z,y,72),
where M™*™ denotes the space of real, m x n matrices.

NOTATION. In this section only, we will write a matrix Z € M™*™ as

Z = :

DEFINITION. If u() € A, we define
Iu(")] = /UL(x,u(x),Vu(x))dx.

Note that we insert u(z) into the y-variables of L(x,y, Z), and Vu(z) into
the Z-variables.

THEOREM 3.4.3. Assume up(-) € A minimizers I[-] and ug is twice
continuously differentiable.
Then ug solves within U the system of nonlinear PDE

(E-L) - Z 9 <g§;l€($7 up(x), Vuo(x))> + gi(x, up(z), Vug(z)) =0
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Proof. 1. Select w : U — R such that w = 0 on OU, and then define and
define

u-(z) =up(x) + 7w(x) (xelU).
for =1 <7 <1 Then u,(-) € A, since w =0 on OU. Hence

Iuo ()] < Iur ()]

Define i(7) = I[u;(-)]. Then 7 +— i(7) has a minimum at 7 = 0, and
therefore
di
E(O) = 0.
2. We have

i(r) = Iu()] = /UL(x, ug(z) + 7w(z), Vug(x) + 7Vw(z)) dz.

Therefore
/ (x,ug + 7w, Vug + 7Vw)w;
U= ayl
m n
OL 0
+Z —(z u0+TW,Vu0+TVW)ﬂd:U;
82 Oxy,
=1 k=1
and so
m n
OL 0
/ (x,ug, Vug)w; + Z —(z,ug, Vug)ﬂ dx.
U ayl Oz, Oy,
=1 =1 k=1
Now fix some index [ € {1,...,m} and put

w=1[0...0w0...0],
where the real-valued function w appears in the [-th slot. Then we have

oL oL 0
a (l‘ uo,Vuow+Za xuo,Vug)au;d x = 0.

Upon integrating by parts, we deduce as usual that the [-th equation of the
(E-L) system of PDE holds. O
3.5. Applications

3.5.1. Eigenvalues, eigenfunctions.

Assume for this section that U C R™ is a connected, open set, with
smooth boundary oU.
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THEOREM 3.5.1. (i) There exists a real number A\; > 0 and a smooth
function wy such that

—Aw1 = )\1101 inU
(3.18) wy =0 on U
w1 >0 inU, wa%dmzl.

(ii) Furthermore,

(3.19) Alzmin{/ |Vu]2dx|/qule,uzoonﬁU}.
U U

DEFINITION. We call \; the principal eigenvalue for the Laplacian
with zero boundary conditions on QU. The function wy is a principal eigen-
function.

REMARK. We can also write

fU |Vu|? dx

2
(3.20) u=0 on U u0 fU u?dz

A=

This is Rayleigh’s principle. ([

Proof. If w; € A is a minimizer for the constrained variational problem

(3.19), then
aaj(wl) = 2w1 5_'5 0.

Therefore Theorem 3.4.2 tells us that the Euler-Lagrange equation is
—Awy + pwy =0,

where p is the eigenvalue for the constraint. But then

,u:,u/w%dx:—/ (Vw2 dz = =)\
U U

The existence of a smooth minimizer wy, with w; > 0 within U, requires
graduate level mathematical ideas beyond the scope of these notes. ]

THEOREM 3.5.2. (i) There exist real numbers 0 < A\; < Ay < A3 < ---
and smooth function w1y, wo, w3, ... such that

A — 00
and
—Awp = Apwy, inU
(3.21) w =0 on oU
fU w,% dxr =1.
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(ii) Furthermore,

(3.22) )\k:min{/ |Vu|® dz | / u*dr = 1,u =0 on 9U,
U U

/wludac:()(lzl,...,k—l)}.
U

DEFINITION. We call A\; the k-th eigenvalue for the Laplacian with
zero boundary conditions on QU. The function wy, is a corresponding eigen-
function. O

Proof. Assume that (3.21) holds for [ = 1,...,k — 1. The Euler-Lagrange
PDE for the minimization problem (3.22) is

k—1

(3.23) —Aw, = Apwy + Z Ly,
=1

where A is the Lagrange multiplier for the constraint fU w?dr =1 and py is
the Lagrange multiplier for the constraint fU wwdr =0forl=1,...,k—1.
Let 1 <m < k — 1, multiply (3.23) by wy,, and integrate:

k—1
—/ Awpw,y, dr = / (Apwy + Z LW ) Wep, AT = [y
v v I=1

Therefore
M, = —/ Awpwy, dr = / Vwy, - Vwy, dx
U U

:—/kawmdx:/\m/wkwmd:c:O.
U U

Thus (3.23) becomes —Awy, = \gwy. O

REMARK. (Level curves for eigenfunctions) If U is connected, the
first eigenfunction w; is positive; but the higher eigenfunctions wy for k =
2,... change sign within U.

Take a thin metal plate cut into the shape U C R?, sprinkle it with sand,
and then connect the plate to an audio speaker. If we we play appropriate
high frequencies over the speaker, the plate resonates according to the higher
eigenfunctions of the Laplacian (at least approximately) and so the sand
collects into the level sets {wy = 0}. At higher and higher frequencies,
complicated and beautiful structures appear, called Chladni patterns: see
www.youtube.com/watch?v=wvJAgrUBF4w. O
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3.5.2. Minimal surfaces.

We saw on page 70 that we can apply variational methods to study
minimal surfaces that are the graphs of functions u : U — R. The main
observation was that for such surfaces the mean curvature H equals 0.

For several centuries there has been intense mathematical investigation
of more complicated minimal surfaces that cannot be represented globally
as a graph. The study of these is beyond the scope of these notes, but
following are some pictures (provided to me by David Hoffman) of some
beautiful 2-dimensional minimal surfaces. For all of these H = k1 + kg is
identically zero, where k1, ko are the principal curvatures.
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These surfaces are mathematical models for physical soap films.

More complicated are mathematical models for soap bubbles. These en-
tail minimizing surface area, subject to volume constraints (= volume of the
air within the bubbles). Such surfaces have locally constant mean curvature,

and we can interpret the constant as a Lagrange multiplier for the volume
constraint.

Bubbles with constant mean curvature

3.5.3. Harmonic maps.

Let us next study how to minimize the Dirichlet energy among maps
from U C R” into the unit sphere S™~! C R™, satisfying given boundary
conditions. We therefore take as the admissible class of mappings

A={u:U—->R"|u=gondl,|ul=1}.
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The corresponding energy is

1
Tu()] = X / Vul? de
2 Ju
THEOREM 3.5.3. Let ug € A satisfy

Ifug] = {lnelﬁ I[u].

Then

(3.24) {—AUO — [VuplPuy i U

u =g on OU.

INTERPRETATION. The function Ao = |Vug|? is the Lagrange multi-
plier corresponding to the pointwise constraint |ug| = 1. O

Proof. 1. Select w : U — R™, with w = 0 on OU. Then since |ug| = 1, it
follows that |ug + 7w| # 0 for each sufficiently small 7. Consequently

up +7TW
3.25 = .
(3:25) u(r) lug + 7W|
Thus
i(7) i= Iw(7)]
has a minimum at 7 = 0, and so, as usual,
di
—(0) =0.
dT( )
2. We have
(3.26) i'(0) = / Vu - Vu'(0)dz = 0.
U
where /' = %. But we compute directly from (3.25) that
o'(r) = w  [(ug+7w) - w](uo +TW)
lug + TW]| lug + 7w|3

So u/(0) = w — (ug - w)ug. Put this equality into (3.26):
(3.27) 0= / Vug - Vw — Vug - V((ug - w)ug) dz.
U
We next differentiate the identity |ug|? = 1, to learn that
(Vuo)Tuo =0.

Using this fact, we then verify that
Vug - V((ug - w)ug) = [Vugl*(ug - w)
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in U. Inserting this into (3.27) gives
0= / Vug - Vw — |Vug | (ug - w) da.
U

This identity, valid for all functions w as above, implies the PDE in (3.24).
O

3.5.4. Gradient flows.

The Euler-Lagrange equation arising in PDE theory are mostly equilib-
rium equations that do not entail changes in time. But it is interesting also
to consider certain time-dependent equations that can be interpreted as gra-
dient flows. Recall that if we are given an “energy” function ® : R — R,
the system of ODE

(3.28) x = —-Vo(x),
describes a “downhill” gradient flow
We introduce next a PDE version, corresponding to the energy

Iu(+)] :/UL(m,u(:c),Vu(z))dx.

The corresponding time dependent gradient flow, generalizing (3.28), is the
PDE

(3.29) Ou = Z 9 <8L(as,u, Vu)) - a—L(a:,u, Vu).

We assume that u = u(x,t) solves this PDE, with the boundary condition
(3.30) u=0 ondU.
THEOREM 3.5.4.
(i) The function
¢(t) = I[u(-1)] (0 <t < o0)
is nonincreasing on [0, 00).
(ii) Assume in addition that (y,z) — L(x,y,z) is convex. Then ¢ is

convex on [0, 00).

Proof. 1. We differentiate in ¢, to see that

d d
G0l = 4 [ Do), Vouta.) do
oL ou ou
=/, 8—y(:c, u, Vu)a + V.L(z,u,Vu) -V, <8t> dx
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oL . ou
—/U [81/ (z,u, Vu) — div(V,L(z, u, Vu)) Edm

ou\ 2
— == < 0.
/U(3t> dr <0

Observe that there is no boundary term when we integrate by parts, since
if (3.30) holds for all times ¢, then %1; =0on OU.

2. Differentiate again in ¢:

d? d u\” du 9*u

We can also differentiate the PDE (3.29), to find

2u 9 O’L du <~ 0’L d*u
2 ; 87% (azkay ot Z 02,07 a$18t>

0L Ou i O?L  9%u

oy ot — Oydz 0,0t
We insert this into the previous calculation, and integrate by parts:
d? _, / L 0*u d*u
dt2 U 82k82’l 8a:k8t 8a:lat

k=1

n 82L (92u ou a2L ou 9
’ ot e >
' ; 0z 0y Oz 0t Ot + Y2 <8t> dzr >0,

the last inequality holding provided L is convex in the variables (y,z). O






Chapter 4

OPTIMAL CONTROL
THEORY

4.1. The basic problem

This section provides an informal introduction to optimal control theory,
and discusses three model problems. The basic issue is this: we are given
some system of interest, whose evolution in time is modeled by a differential
equation that depends upon certain parameters. We ask how to optimally
and continually adjust these parameters, so as to mazrimize a given payoff
functional.

To be more precise, assume that the state of our system at time ¢ > 0
is x(t), where

x :[0,00) = R"
solves a system of differential equations having the form

(ODE) {*“>:f®@%a@» (t>0)
x(0) = 2

X )
20 € R™ denoting the initial state of the system. Here we are given
f:R"x A— R",

where A C R™ is the set of control (or parameter) values. The (possibly
discontinuous) mapping
a:[0,00) = A

is an admissible control.
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We write A for the collection of all admissible controls, and will always
assume that for each a(-) € A, the solution x(-) of (ODE) exists and is
unique. We call x(-) the response of the system to the control a(-) € A.

NOTATION. We write
fl (l'a a) Zlil(t)
f(z,a) = : »ox(t)=|
fn(l', a) :En(t)

. yd
0 t— ~_

Three responses to three controls

Given T > 0 and functions r : R” x A - R, g : R” — R, we define for
each control a(-) € A the payoff functional

T
(P) Pla()] :/0 7 (x(t), (t)) dt + g(x(T)),

where x(-) solves (ODE) for the control a(-). We call T the terminal time,
r is the running payoff, and g is the terminal payoff.

OPTIMAL CONTROL PROBLEM. Our task is to design a control
ap(-) € A that mazimizes the payoff; thus
Plag()] = ar{l)gP[a(‘)]‘

This is an optimal control problem.

REMARK. More precisely, this is a fized time, free endpoint optimal con-
trol problem, instances of which appear as the next two examples. Other
problems are instead free time, fized endpoint: see the third example follow-
ing. ([
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EXAMPLE. (A production and consumption model) Consider an
economic activity (such as running a company) that generates an output,
some fraction of which we can at each moment reinvest, while consuming
the rest. How should we plan our consumption/reinvestment strategy so as
to maximize our total consumption over a time period of given length 717

To write down a mathematical model, introduce
x(t) = output of company at time ¢
a(t) = fraction of output reinvested at time t¢.

Since the control «a(-) represents a fraction of output, we have 0 < () <1
for times 0 < t < T. In other words,

a:[0,T]— A

where A denotes the interval [0, 1] C R.

Next we model the output of the company as a function of the reinvest-
ment strategy:

#(t) =ya(t)z(t) (0<t<T)
z(0) = 2°

xT.

(ODE) {

Here v > 0 is a known growth rate. Since (1 — «a(t))z(t) is the amount of
the output consumed at time ¢, our total consumption will therefore be

T
(P) Pla()] = / (1 - a(t))(t) d.

We wish to design an optimal reinvestment plan ag(-) that maximizes P[-].
This fits into the fixed time, free endpoint control theory formulation
from above, with n = m = 1 and
f(x,a) = kax, r(x,a)=(1—-a)x, ¢g=0.
O

EXAMPLE. (Linear-quadratic regulator) The linear-quadratic regu-
lator is a widely used model, since, as we will later see, it is solvable.

In the simplest case, we take n = m = 1 and introduce the system
dynamics

(ODE) )

{ao:mw+a@ 0<t<T)

We also assume A = R; so there is no constraint on the magnitude of control.
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We want to minimize the quadratic cost functional

T
/ 22(8) + a2(¢) dt.

Since our theory is based upon maximization, we therefore take

T
() Pla() =~ [ a*t)+ a0 dt.
0
This falls into the control theory framework, as a fixed time, free endpoint
problem, with
f(x,a)=z4a, r(z,a)=—(z*+d?), g=0.
O

EXAMPLE. (Rocket railroad car) We study next a railway car that
can move along the real line, and whose acceleration can be adjusted by
firing rockets at each end of the car. How can we steer the car to the origin
in the least amount of time?

C\ rocket engines ,D

We introduce
y(t) = position at time ¢
y(t) = velocity
i(t) = acceleration
a(t) = thrust of rocket engines
T = time the car arrives at the origin, with zero velocity.

We assume concerning the trust that in appropriate physical units we have
—1 < a(t) < 1; consequently a : [0,7] — A for A = [—1,1]. If the car has
mass 1, then Newton’s Law tells us that

§(t) = a(t).

We rewrite this problem into the general form discussed before, setting
n=2m=1. We put
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Then our dynamics are

(ODE) %(t) = [8 (ﬂ x(t) + m alt) (0<t<T)
with x(0) = 2% = [y° 0%, where 3° is the initial position and v° is the

initial velocity. Our goal is to steer the railway car to the origin at a time
T > 0 (so it arrives with zero velocity: x(T) = [00]7), and to do so in the
least time.

We consequently want to maximize

T
(P) Pla(")] = _/O 1dt = —T.

This is a free time, fixed endpoint problem, since the time 7' to reach the
origin is not prescribed. 0

4.2. Time optimal linear control

When the dynamics are linear in both the state and the control, we can
use tools of linear and convex analysis to design explicit optimal controls
and/or to deduce detailed information. In this section we illustrate such an
approach. (However, our presentation will invoke ideas from measure theory
and functional analysis, and will also omit some details.)

Consider therefore the linear control system:
{)‘((t) = Mx(t) + Na(t)
x(0) = 29,
for given matrices M € M"™*"™ and N € M"™*"™. We will take
A=[-1,1" Cc R™,

(ODE)

and consider the class of admissible controls
A={a:[0,00) = A | «f) is measurable} .

Define

P) Pla()] = =T

where T = T'(a(-)) denotes the first time the solution of our ODE hits
the origin 0: x(7") = 0. (If the trajectory never reaches the origin, we set
T = 0.)

OPTIMAL TIME LINEAR PROBLEM. We are given the starting
point 2 € R”, and want to find an optimal control ay(-) such that

Plaq()) = max Pla()].
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Then

Ty = —Plap(+)] is the minimum time to steer to the origin.

4.2.1. Linear systems of ODE.

Let us first briefly recall some terminology and basic facts about linear
systems of ordinary differential equations.

DEFINITION. Assume M € M™*". Let X(:) : [0,00) — M"*" be the
unique solution of the matrix ODE

X(t) = MX(t) (t>0)
X(0)=1.
We call X(-) the fundamental solution, and sometimes write

. thark
k!

X(t) =M =
k=0

THEOREM 4.2.1. (Solving linear systems)

(i) The unique solution of the homogeneous initial-value problem

(4.1) { (XiMX (t=>0)

18

(ii) Suppose that f : [0,00) — R™. Then the unique solution of the
nonhomogeneous initial-value problem

42) { (X:Mx+f (t > 0)

0) = a°.

is given by the variation of parameters formula
t
x(t) = X(1)a° + X(1) / X (s)E(s) ds.
0
4.2.2. Reachable sets and convexity.

DEFINITION. We define the reachable set for time ¢ > 0 to be

K(t,2%) = {z' € R"| there exists a(:) € A such that the
corresponding solution of (ODE) satisfies x(t) = 2'}.
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In other words, 2! € K (t,2°) provided there exists an admissible control
that steers the solution of (ODE) from 2 to ! at time t. Using the variation
of parameters formula, we see that ' € K(¢,2%) if and only if

(4.3) ot = X(t)2? 4+ X (t) /t X 1(s)Na(s)ds
0
for some control «a(+) € A.

The geometry of the reachable set is important:

THEOREM 4.2.2. For each time ¢t > 0, the reachable set K(t,2°) is
convex and closed.

Proof. 1. Let z!,2% € K(t,2°). Then there exist controls a!(-),a?(:) € A
such that

zt = X(t)2? 4+ X (t) /Ot X~ (s)Nal(s)ds
2% = X(t)2? 4+ X (t) /Ot X~1(s)Na?(s) ds.
Let 0 < 6 < 1. Then
0! + (1 — 0)2* = X(t)2" + X(¢) /Ot X (s)N(0a' (s) + (1 — 0)a’(s)) ds.

Since fal(:) + (1 — 0)a?(-) € A, we see that fz! + (1 — 0)z? € K(t,a).

2. We omit the proof that K(t,2°) is closed, as this requires some
knowledge of functional analysis. ([

We next exploit the convexity of reachable sets, to deduce nontrivial
information about the structure of an optimal control.

THEOREM 4.2.3. (Time optimal linear maximum principle) As-
sume that ag(+) is a piecewise continuous optimal control, which steers the
system from 20 to 0 in the least time Tj.

Then there exists a nonzero vector h € R™ such that

(M) h-X"Yt)Nag(t) = max{h X~ Yt)Na}

for each time 0 <t < T} that is a point of continuity of ag(-).
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INTERPRETATION. Note that the maximum on the right hand side of
(M) is over the finite dimensional set A = [—1, 1]™ of control values, and not
over the infinite dimensional set A of all admissible controls. And in fact,
since the expression h - X~!(t)Na is linear in a, the maximum will occur
among the finitely many corners of the cube A.

The significance is that if we know h, then the maximization principle
(M) provides us with a formula for computing ay(+), or at least for extracting
useful information. See the example below for how this works in practice.

We will see later that (M) is a special case of the general Pontryagin
Maximum Principle. O

Outline of proof 1. Since Ty denotes the minimum time it takes to steer
to 0, we have

0¢ K(t,z%) for all times 0 <t < T.
It follows that
(4.4) 0 € OK (T, 2°).

Since K (Tp, x°) is a nonempty closed convex set, there exists a support-
ing plane to K(Tp,z°) at 0: see the Math 170 notes. This means that there
exists a nonzero vector g € R", such that

(4.5) g-x <0 forall ze K(Tp, z°).

2. Given any control a(-) € A, define z € K(Tpy,z°) by

To
z = X(Tp)z" + X(Tp) ; X~ H(s)Na(s) ds.
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Note also that
To
0=X(Tp)z" + X(Tp) | X (s)Nag(s)ds.
0
Since g - x < 0, we therefore have

To
g- (X(TO)JUO + X(Tp) X~ (s)Na(s) ds)

0

To
<0=g- (X(Tg)xo + X(To) X H(s)Nag(s) ds) .

0

Define
h=X"(To)g;
so that hT = g7 X(Ty). Then

TO TO
/ RTX L (s)Na(s)ds < / hTX L (s)Nag(s) ds,
0 0

and therefore
To
(4.6) h-X"Ys)N(ag(s) — a(s))ds >0
0

for all controls «a(-) € A.

3. Now select any time 0 < t < Ty and any value a € A. We pick § > 0
so small that the interval [t, ¢ + §] lies in [0, Tp]. Define

a(s) =

a ft<s<t+946
ap(s) otherwise;

then (4.6) implies
1 t40
(4.7) 5/ h- X1 (s)N(a(s) — a) ds > 0
t

We sent 6 — 0, to deduce that if ¢ is a point of continuity of ag(+), then
(4.8) h- XY t)Nag(t) > h- X1 (t)Na

for all a € A. This implies the maximization assertion (M). O
REMARKS. (i) This outline of the proof needs more details, in particular
for the assertion (4.4) that 0 lies on the boundary of the reachable set.

(ii) If an optimal control ag(-) is measurable, but not necessarily piece-
wise continuous, the same proof shows that (M) holds for almost every point
time ¢ in the interval [0, Tp). O
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EXAMPLE. (Rocket railway car) For this problem, introduced on page
92, we have

. 0 1]

x(t) = [0 0| x(t) + H a(t)

forn =2,m =1 and

x(t) = E;Eg L A=[-11]

According to the maximum principle (M), there exists a nonzero vector
h € R? such that

(4.9) h-X"H(t)Nag(t) = max {h- X" (t)Na}

la]<1

for an optimal control a(-). We will now extract from this the useful in-
formation that an optimal control ag(-) takes on only the values +1 and
switches between these values most once.

We must first compute X (¢) = ™. To do so, we observe

0 1 0 110 1
0 2 .
M_I,M_[O 0],M_[0 oHo 0}_0,

and therefore M* = O for all k¥ > 2, where O denotes the zero matrix.
Consequently,

1 ¢
tM _ _
e —I-l—tM—[O 1].

Then

Thus (4.9) asserts
(4.10) (=thi + ha)ao(t) = max{(—thy + ha)a};

la]
and this implies that
ap(t) = sgn(—thy + ha)

for the sign function
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Therefore the optimal control ag(-) switches at most once; and if hy = 0,
then ag(-) is constant. (With this information, it is not especially difficult
to find optimal controls and trajectories: see page 140.) U

4.3. Pontryagin Maximum Principle

We turn now to general optimal control problems, and learn how to gener-
alize the maximization condition (M) from Theorem 4.2.3.

4.3.1. Fixed time, free endpoint problems.

The dynamics for a fixed time optimal control problem read

(ODE) (1) = f(x(t),at)) (0<t<T)
x(0) = a9,
where T > 0 and
A={a:[0,T] = A| a) is piecewise continuous}

for a given set A C R™. The payoff is
T
) Pla()] = [ r(x(t).a(t)di + o(x(T)).

Our goal is to characterize an optimal control ag(-) € A that mazimizes
Pla(-)] among all controls a(-) € A. This is a fixed time, free endpoint
problem.

. /)
0 \/T

Fixed time, free endpoint trajectories

DEFINITION. The control theory Hamiltonian is

’H(w,p,a) :f(x,a)-p—l-r(a:,a)‘
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for x,p € R",a € A. That is,

H(z,p,a) = Z fi(z,a)p; +r(x,a).

j=1
NOTATION. (i) We write
0 0
p1 h aT];i %
Ofn Ofn
Pn In R B
(ii) Since % = fifori=1,...,n, we have
(4.11) V,H =f.
Also, gTZ = 2?21 g—g(x, a)pj + (%Ti(a:, a) for i = 1,...,n. Consequently,
(4.12) VoH = (Vo f)Tp+ V,r.

Next is our first version of the Pontryagin Maximum Principle.

THEOREM 4.3.1. (Fixed time, free endpoint PMP) Suppose ay(+)
is an optimal control for the fixed time, free endpoint problem stated above,
and xo(-) is the corresponding solution to (ODE).

(i) Then there exists a function pg : [0,7] — R"™ such that for times
t

0 <t <T we have

(ODE) %o(t) = VpH (x0(t), po(t), ao(t)),
(ADJ) Bo(t) = =V H (xo(t), Po(t), o (1)),

(M) H (x0(t), po(t), ao(t)) = max H(xp(t), po(t). a).
and

(T) po(T) = Vg (xo(T)) .|

(ii) In addition,

(4.13) H (%0, po, o) is constant on [0, 7.
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TERMINOLOGY. (i) We call

71(t) )

the optimal state and costate at time t.
(ii) (ADJ) is the adjoint equation;
(iii) (M) is the maximization condition;

(iv) (T) is the terminal (or transversality) condition. O

REMARKS.

(i) To be more precise, (ODE), (ADJ) and (M) hold at times 0 < ¢t < T
that are points of continuity of the optimal control ag(-).

(ii) The most important assertion is (M). In practice, this usually allows
us to transform the infinite dimensional problem of finding an optimal con-
trol ap(-) € A into a finite dimensional problem, at each time ¢, involving
maximization over A C R™.

(iii) The costate equation (ADJ) and transversality condition (T) repre-
sent a sort of “back propagation” of information from the terminal time 7.
We can also interpret the costate as a Lagrange multiplier corresponding to
the constraint that xo(-) solves (ODE).

Note that we specify the initial condition x¢(0) = z° for (ODE) and
the terminal condition p(T) = Vg(x0(T)) for (ADJ). Hence even if ag(-) is
known, solving this coupled system of equations can be tricky.

(iv) Remember from Section 1.4.3 that if H : R"xR" — R, H = H(z,p),
we call

fr-ure
p=-V.H(x,p)

a Hamiltonian system of ODE. Notice that (ODE), (ADJ) are of this Hamil-
tonian form, except that now H = H(x,p,a) depends also on the control.
Observe furthermore that our assertion (4.13) is similar to (1.42) from The-
orem 1.4.1.

O

4.3.2. Other terminal conditions.
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For another important class of optimal control problems, the dynamics
are

(ODE)

where given initial and terminal values z° and z! are given, but the termi-
nal time T > 0 is not prescribed. This is a free time, fixed endpoint
problem, for which our goal is to maximize the payoff

T
(P) Pla()] = / r (x(t), alt)) d,

where z(-) solves (ODE). Our goal is to characterize an optimal control

Ozo(~) € A

. T~

N———

O ¢

Free time, fixed endpoint trajectories

DEFINITION. The extended Hamiltonian is
(4.14) |H(z,p,a,q) = f(z,a) -p+qr(,a) |
forx,pe R",a € A,q € R.

THEOREM 4.3.2. (Free time, fixed endpoint PMP) Suppose ay(+)
is an optimal control for the free time, fixed endpoint control problem and
xo(+) is the corresponding solution to (ODE), that arrives at the target point
at time 7. Let H be the extended Hamiltonian.

(i) Then there exists a function pg : [0, 7p] — R™ and a constant
(4.15) g =0or1,
such that for 0 <t < Ty we have
(ODE) Xo(t) = VpH (x0(t), o(t), a0 (t), 90) ,
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(ADJ) Po(t) = =VoH (x0(t), po(t), ao(t), qo) »
and
(M) H (x0(t), po(t), ao(t), q0) = max H (x0(t), po(t),a, qo)-

(ii) If go = 0, then
(4.16) po(-) is not identically 0 on [0, Tp].

(iii) Furthermore,

(T)

H (%o, po, @0,q0) =0 on [O,To].‘

REMARKS.

(i) So for the free time problem, we have the transversality condition
that H (x0, po, @0, qo) = 0 at Ty and thus H (x¢, po, @9, qo) = 0 on the entire
interval [0, Tp]. This generalization of our earlier Theorem 1.3.4 is stronger
than the corresponding assertion (4.13) for the fixed time problem.

(ii) But we for the free time problem, we must deal with an additional
Lagrange multiplier gg. We say the free time problem is normal if ¢y = 1;
it is abnormal if gy = 0. (The abnormal case is analogous to the existence
of the abnormal Lagrange multiplier 79 = 0 in the F. John conditions for
finite dimensional optimization theory. See the Math 170 notes for more on
this.) O

Most free time problems are normal, and a simple assumption ensuring
this follows.

LEMMA 4.3.1. Suppose that the controllability assumption
(4.17) max{f(r,0) - p} >0 (2,0 € R"p £0)
holds.

Then the associated free time, fixed endpoint control problem is normal.

Proof. If the problem were abnormal, then gy = 0, po #Z 0, and (T) would
assert

Igleaj( H(XO (t)7 Po (t)a a, qo) = I;leaj‘({f(x()(t), a) *Po (t)} =0

on [0,Tp]. This however contradicts (4.17). O
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EXAMPLE. Here is an example of an abnormal problem with n = 2,

m =1 and A = [—1,1]. The dynamics are
L2

(ODE) {7” L
To = 1

with the initial and terminal conditions

The goal is to maximize
T
Pla] = / adt.
0

Now the only admissible control is ag(-) = 0, which is therefore optimal,
and Ty = 1. The free time Hamiltonian is

H =pia® + p2 + qa.
Then (M) implies
H
0=—= =92y =
94 D100 + qo = qo

and hence this problem is abnormal. Furthermore (ADJ) tells us that po(-)
is constant. If we take
-1
Po = |: 0 :| )

then pg # 0 and the conditions (M),(T) of Theorem 4.3.2 hold. This example
of course fails to satisfy (4.17). O

EXAMPLE. Let us check that Theorem 4.3.2 accords with our previous
maximum principle for the time optimal linear problem, as developed in
Section 4.2. We have

H(xz,p,a,q) = (Mz+ Na)-p—q (x,peR" a€ A qeR).

Select the vector h as in Theorem 4.2.3, and consider the system

Po(t) = —M"po(t)

po(0) = h,
the solution of which is

po(t) = X~ T (t)h.
We know from condition (M) in Theorem 4.2.3 that
h- X Yt)Nag(t) = maj({h X 1(t)Na}.
ac
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But since po(t)” = hTX~1(t), this says
Po(t) - Nao(t) = max{po(t) - Na)},
Then
po(t) - (Mxo(t) + Naw(t)) — qo = r;lea}{po(t) - (Mxo(t) + Na)} — qo,

and this agrees with (M) from Theorem 4.3.2. O

Another sort of control problem has the dynamics

x(t) = £(x(t), (1))  (0<t<T)
1

ODE
( ) {X(O) =20 (7)==

for fixed initial and terminal values 2 and z! are given and a fixed terminal
time 7" > 0. This is a fixed time, fixed endpoint problem. The payoff
is again

T
(P) Pla()] = /0 r (x(t), a(t)) dt

THEOREM 4.3.3. (Fixed time, fixed endpoint PMP) Suppose ay(+)
is an optimal control for the fixed time, fixed endpoint control problem and
xo(-) is the corresponding solution to (ODE). Let H be given by (4.14).

(i) Then there exists pg : [0,7] — R™ and
(4.18) go=0or 1,
such that for all 0 < ¢ < T"

(ODE) %o(t) = VpH (x0(t), Po(t), 2o(?), q0)
(ADJ) Po(t) = —V.H (x0(t), po(t), ao(t), qo)
(M) H (x0(t), po(t), ao(t), q0) = max H(x0(t), po(t), a, qo)

(ii) Furthermore,

(4.19) H (%0, Po, 2, qo) is constant on [0, 7.

REMARKS.

(i) There is no transversality condition (T), since the fixed time, fixed
endpoint condition is too rigid to allow for any variations. As before, we
call the problem normal if ¢y = 1 and abnormal if ¢y = 0.
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(ii) We can deduce Theorem 4.3.3 from Theorem 4.3.2 by introducing a
new variable and rewriting the dynamics as

x(t) = f(x, a(t)) 0<t<T)
%(0) = 2°, x(T) = 7',

SRR | )

This gives a free time, fixed endpoint problem. Consequently there exist
qo and Ppo : [0,Tp] — R™*! satisfying the conclusions of Theorem 4.3.2. We

write
_ Po
pn+1

Then (ADJ) implies pC_,; is constant on [0, T]. Hence we may deduce from
(T) that H (%0, Po, @0, q0) = —pgﬂ is constant on [0, 7. O

for

4.4. Applications

HOW TO USE THE PONTRYAGIN MAXIMUM PRINCIPLE
Step 1. Write down the Hamiltonian

[ f(z,a)-p+r(z,a) for fixed time, free endpoint problems
f(z,a) -p+qr(z,a) for fixed endpoint problems,
and calculate
0H OH
dx; Op;
Step 2. Write down (ODE), (ADJ), (M) and, if appropriate, (T).
Step 3. Use the maximization condition (M) to compute, if possible,
ap(t) as a function of x¢(t), po(t).

Step 4. Now try to solve the coupled equations (ODE), (ADJ) and (T),
to find x¢(+), po(-) (and go for free time problems).

DEFINITION. If (M) does not uniquely determine ag(-) on some time
interval (where Step 3 therefore fails), we call that part of the trajectory of
xo(+) a singular arc. O

To simplify notation will mostly not write the subscripts “0” in the
following examples:
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4.4.1. Simple linear-quadratic regulator.

The dynamics for the simplest version of the linear-quadratic regulator
read

(ODE) {

T=2+«
2(0) = 2°

for controls « : [0,7] — R. Here n = m = 1. The values of the controls are
unconstrained; that is, A = R. The payoff is quadratic in the state and the
control:

T
(P) Pla()] = —/ 22+ a2 dt
0
We therefore have a fixed time problem, for
f=x+4a, r=-2>—d? g¢g=0.
So the Hamiltonian is

H = f(z,a)p+r(z,0) = (¢ + a)p — 2* — a*.

Then

W oo, Py

oy x+a, e p— 2.

Consequently the equations for the PMP read
OH

AD )= —— =22 —
(ADJ) p=—p-=2-p
(M) H (2(t), p(t), a(t)) = max{(z(t) + a)p(t) - 2*(t) — o}
(T) p(T) =

We start with (M), and compute the value of « by noting the (uncon-

strained) maximum occurs where %—Ij = 0. Since %Ii = p — 2a, we see that
p

4.20 o= _.

(4.20) ’

We use this information to rewrite (ODE), (ADJ):
. P
(4.21) =Ty
p=2r—p,
with the initial condition #(0) = z° and the terminal condition p(7T") = 0.

To solve (4.21), let us suppose that we can write

(4.22) p(t) =d(t)z(t)  (0<t<T),
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for some function d(-) that we must find. To find an equation for d(-), we
assume that (4.21) is valid and compute

p=dr+di
2x—p:dx+d<x+§>

: d
(2—d)x:dac+d<x+;>.

Cancelling the x, we discover that we should select d(-) to solve the Riccati
equation

(4.23) {i;f;id—%

Conversely, we check that if d(-) solves this Riccati equation and (4.22)
holds, then we have (4.21).

So we solve the terminal value problem for this nonlinear ODE, to get
the function d(-). Recalling then (4.22) and (4.20), we set

adﬂ:éﬂﬂm@) 0<t<T),

to synthesize an optimal feedback control, where z((-) solves (ODE) for
this control:

To = xg + %dl‘o
70(0) = 2°.

REMARK. We can convert the Riccati equation (4.23) into a terminal
value problem for a linear second-order ODE, by writing

where

4.4.2. Production and consumption.

Recall that for our production and consumption model on page 91, we
have the dynamics

(ODE) {m ot
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where the control « takes values in A = [0,1]. We assume z° > 0, and for
simplicity have taken the growth rate v = 1. The payoff is

T
(P) Pla(")] = / (1 — )z dt.
0
This fits within our fixed time PMP setting, for n = m =1 and
f:ag;7 r:(l—a)x, g:O.
Thus the Hamiltonian is

H = f(z,a)p+r(z,a) =azxp+ (1 —a)x =z +ax(p — 1);

and so SH SH
aip:am, %:1"_@(])—1)
Consequently,
. OH
(ADJ) p=—a-= 1—a(p—-1).
Furthermore, we have
(M) H(z(t), p(t), a(t)) = max {2(t) +az(t)(p(t) — D}
(T) p(T) = 0.

We now carry out the maximization in (M), to learn how to compute an
optimal control «(+) in terms of the other functions:

428 0= o

This follows since x(-) is positive on [0, 7.
We next use the above information to find z(-),p(-), and the idea is to
work backwards from the ending time. Since p(7') = 0, it must be that

p(t) < 1 for some interval [tg, T"]. Thus (4.24) implies a = 0 for to <t < T.
We now analyze the various equations above on this interval (when o = 0):

(ODE) i =0,

(ADJ) p=-—1.

It follows that p(t) =T —t for to <t < T and p(ty) = 1 for
to=T —1.

Next, we study the equations on the time interval 0 <t < tg:
(ODE) T = ax,
(ADJ) p=—-1—a(p-1).
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We see that p(t) > 1if t; <t <ty for some time t; < to. But then (4.24)
says a = 1 for t; <t < tg, and therefore
p=—1—(p—1)=p.
Since p(tg) = 1, it follows that p(t) = et > 1 for t; <t < tg. Consequently
t1 =0 and p(t) > 1 for 0 <t < tp.
So the optimal control is
1 0<t<T -1
ag(t) = ( )
0 (T-1<t<T).
This means that we should reinvest all of the output until the time tg = T—1,
and thereafter consume all the output.

REMARK. The formulas (ODE) and (ADJ) from the PMP provide us
with explicit differential equations for the optimal states and costates, but we
do not in general have a differential equation for the corresponding optimal
control. Indeed, the production/consumption example above has a “bang-
bang” control, which is piecewise constant with a single jump, and so does
not solve any differential equation.

However the next two applications illustrate that we can sometimes es-
tablish ODE also for the controls. The idea will be to try to eliminate p(-)
from the various equations. O

4.4.3. Ramsey consumption model.

For this example, z(t) > 0 represents the capital at time ¢ in some
economy and the control ¢(f) > 0 is the consumption at time ¢. Given an
initial amount of capital z°, we want to maximize the utility of the total
consumption over a fixed time interval [0,T], but are required to leave an

amount z' of capital at time T .
We model the evolution of the economy by the equation
r = — 0<t<T
opE) b= f@)-c  (0<t<T)
z(0) = 20, 2(T) = x!

for some appropriate function f : [0,00) — [0,00). So this is a fixed time,
fixed endpoint problem, which we assume is normal.

We wish to find an optimal consumption plan to maximize the payoff

T
®) Plet] = [ w(an,
where 1 : [0,00) — [0, 00), the consumption utility function, satisfies

' >0, ¢’ <0.
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We will not analyze this problem completely, but will show that we can
derive an ODE for an optimal consumption policy. The Hamiltonian is

H = (f(x) = c)p+1(c),

and therefore

(ADJ) p=—f"(@)p;

(M) H{(x(t), p(t), e(t)) = max{(f(z(t)) — c)p(t) + ¢ (c)}-

c>0

Now (M) implies for each time t that either

(4.25) c(t) =0
(4.26) ¥ (c(t)) = p(t), c(t) > 0.

We ignore for the moment the first possibility and therefore suppose (4.26)
always holds. This and (ADJ) now imply

W(e)e=p=—f(z)p=—f(2)¢'(c).
We thus obtain the Keynes-Ramsey consumption rule
W'(e) o
v )
Then (ODE) and (4.27) provide us with a coupled system of equations for
an optimal control ¢g(-) and the corresponding state x(-).

(4.27) ¢ =

REMARKS. (i) Our analysis of this problem is however incomplete, since
we have ignored the state constraint that z(-) > 0. If the consumption
plan ¢(-) computed above forces x(-) to start to go negative at some time ¢,
we are clearly in the case (4.25), rather than (4.26).

(ii) We have also not specified an initial condition for (4.27). This would
need to be selected so that zo(T) = x!. O

4.4.4. Zermelo’s navigation problem.

Let x = [z1 73] denote the location of a boat moving at fixed speed V
through water that has a current (depending on position, but not changing
in time) given by the vector field v : R? — R?, v = [v1 v2]T. We control the
boat by changing the direction in which it is pointing, determined by the
angle ¢ from due east. The dynamics are therefore

{a’:l =V cos€ + vi(x1,x2)

(ODE) . .
&9 = Vsin€ + va(x1, 22).
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How to we adjust the angle £(-) so as to steer the boat between two given
points 20, 2! in the least time?

This is a free time, fixed endpoint problem for which the control is £(-).
We assume the problem is normal, and so the Hamiltonian is

H(xz,p,&) = (Vcos€+ v1)p1 + (Vsin€ + va)p2 — 1.

Consequently
S — g Our o Ouy
(ADJ) 2?1 D gil D2 gil
P2 = —Plgg, — P2o-
Furthermore, the maximization condition (M) implies
OH .
0=— =V(—p1sin& + pacosf).
23
Therefore
(4.28) ¢ = arctan @,
b1
(4.29) siné = p727 €= _

1 1
(p} +13)2 (p} +13)2

For this problem, it turns out that we can eliminate the costates pi, p2
and so express the optimal dynamics in terms of z1, x5 and £. To do so, let
us use (4.28) and (ADJ) to compute

1 D2p1 — P2pP1
p2 2 p%
1+(H>

DP1 ( ovy Ova > D2 < ovy Ova >
=55 |Ps— D55 |-Pr—p2r— |
P% + p% O O0xa p% + p% 0xq ox1

Then (4.29) implies

£ =

© 9 Ovy . vy Ovg
2 _ 2
(4.30) & =sin §—ax1 + sin & cos ¢ <8x1 — 8x2> cos“ ¢

9u
81’2 '

REMARK. The equations (ODE) and (4.30) provide us with a coupled
system for the optimal control £y(-) and optimal state x¢(-). However we
do not have the initial condition for (4.30) and so must presumably rely
on numerical simulations to find a trajectory (if there is one) that passes
through the target point z! at some time Ty > 0. O
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4.4.5. Chaplygin’s navigation problem.

Here is another navigation problem. A boat takes a given time T to
move at constant speed V around a closed loop in the ocean. Assuming
that the sea water is flowing from west to east at constant speed v < V,
what is the shape of such a path that encloses the maximum area?

If x = [z1 22]7 denotes the location of the boat, its motion is determined
by the equations

(ODE) {;131 =Vcosé+wv

T9 = Vsing,

where, as in the previous example, £ is the angle from due east, as illustrated
below.

We assume the path of the boat is a simple, closed curve, traversed
counterclockwise. The area enclosed by the curve is

1 1 [T
(P) P[f()] = — 33‘1d$2 — .Z‘Qdﬂj‘l = — 1‘1172 — 33‘21‘1 dt.
2 2 Jo

So here n =2, m = 1 and we have a fixed time and fixed endpoint problem,
since the boat must begin and end its journey at some given point.

Chaplygin’s problem
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Assuming the problem to be normal, we see that the Hamiltonian is

H = (Vcos{+v)pr + Vsinéps + %Vsinf — %(Vcos{—i—v)

— <p1 — ﬂ) (Vecosé+v) + (m + %) Vsing.

2
Therefore the adjoint dynamics are
S (e
(ADJ) ?1_]72$n§
P2 = 5(Vcos{ +v).
Using (ODE) and (ADJ), we see that
N ) ) 1
— =0 - —=0.
p1+ 2 y D2 2
Consequently
T2 I
p1+?:a7 pQ_?:b

for appropriate constants a and b. Upon shifting coordinates if necessary,
we may assume a = b = 0; so that
T1

€2
4.31 p1+— = p2 — — =0U.
( 3 ) 1 2 07 2 9 O

We next compute the optimal control angle from the maximization con-
dition (M), by setting

. OH B xo . X1
0= ('375 =— <p1 - ?) Vsiné + (pg + ?) V cosé.
Then (4.31) implies
(4.32) x1cosé + xasiné = 0.

We now switch to polar coordinates, by writing
(4.33) x1 =rcosl, xo =rsind,
where 6 is the polar angle, as drawn. Then (4.32) tells us that
0 = cosfcos& + sinfsin € = cos(€ — 0).
Therefore £ — 6 is an odd multiple of %; and so, from the picture,
(4.34) 5:9+g'
So the optimal control is to steer at right angles to the polar angle 6.

We show next that the optimal path is an ellipse. To do so, we first
differentiate (4.33):

&1 = 17 cosf — rfsinb;

B9 = 7sin@ + ré cosé.
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This implies
7 = 41 c0s b + o sin 6.
Now use (4.34) to compute
v

7 — Vig = Z1c0860 + Z9sinf — %Vsing

= (Vecos&+v)cosh + Vsingsinh —vsing
= (Veosé+v)siné — Vsin€cos& —vsiné
=0.
Hence for some constant v, we have
r—ery =7,

where e = {;. Thus the motion lies on the projection into R? of the inter-
section in R3 of the cone z3 = r with the plane 3 = exs + . This is an
ellipse, since e < 1.

REMARKS. If v = 0, the motion of the boat is a circle. We have thus
in particular shown that among smooth curves of fixed length, a circle en-
closes the maximum area. (More precisely, we have shown that if there
exists a smooth minimizer, it is a circle.) Compare this assertion with the
isoperimetric problem discussed on page 25. O

4.4.6. Optimal harvesting.
A simple ODE model for the population = of, say, fish in a lake is

=213,

where v > 0 is the growth rate and k > 0 is the long term carrying capacity.
As t — oo all positive solutions converge to the equilibrium level k.

Suppose now that we continually harvest the populations:

= (%)
z=~x|l—-—)—qax
v i qox,

where 0 < « < 1 represents our fishing effort and ¢ > 0 its effectiveness.
Thus h = gax is the harvest amount. The corresponding economic payoff
over a given time period [0, 7] is therefore

T
Pla()] —/O ph — Oavdt

where the constant p > 0 is the fixed price for fish and the constant § > 0
represents a cost rate for our fishing efforts. We suppose the initial fish
population is #°, and we also require that after the fishing season is over,
the population of fish in the lake should be restored to a prescribed level z!.
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We rescale and make various simplifying choices of the parameters, to
reduce to the dynamics

(ODE) t=2z(1—-2x)—qax
2(0) = 2% 2(T) = 2%
The payoff functional is

T
(P) Pla(1)] = /0 (x — O)adt.
We will assume

1
(4.35) 0<6<1, 7>

We say that a control «(-) is admissible if it satisfies the constraints 0 <
a(-) <1 and the corresponding solution z(-) of the differential equation in
(ODE) with x(0) = 29 satisfies the terminal condition z(T') = .

We wish to characterize an optimal fishing effort that maximizers the
payoff, subject to the dynamics (ODE). This is a fixed time, fixed endpoint
problem.

We assume our problem is normal, and consequently the Hamiltonian is
H = (z(1 —2) — gax)p + (z — 0)a.
Hence the adjoint dynamics are
(ADJ) p=—(1—-2z—qga)p—«
and the maximization condition is

0D H@(®).p(t),a(t) = max {a(-ap(t)a(t) + 2(t) - 0)}

Equilibrium solutions. Let us first look for equilibrium solutions of
the above, that is, solutions of the form z(-) = z.,p(:) = p«, a(:) = a4 for
constants T, px, ax with 0 < a, < 1. This will be an algebra execise. In this
case, (ODE) and (ADJ) imply

(4.36) 1—ze—qas =0, (1—2z,—qa,)ps+ asx =0;
and, since 0 < a, < 1 solves (M), we must have
(4.37) —qps«Tyx + 2 — 0 =0.

The two equations (4.36) give as = p«xs. Plugging this into (4.37) yields
(s = I*ng. Using this back in (4.36) and simplifying, we find
140 1-6 1-6

4.38 = Cope=——" =Y
(4.38) v 2 - T uarey 2
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Owing to (4.35), we have 0 < a, < 1, as required: we can interpret a(-) = a.
as a sustainable fishing policy. Note also, for future reference, that

x4 gives the maximum of the quadratic function (z — 0)(1 — z).

Most rapid approach path. We propose now to employ the constants
T4, Ps, a5 to build a general, nonequilibrium solution of our harvesting prob-
lem. To be specific, let us suppose 2° > z, and 2! > x,. We now find, if we
can, the first time 0 < t; < T so that the solution of (ODE) with x(0) = z°
and a =1 on the time interval [0, ¢;] satisfies

x(t1) = x4

We also find, if possible, a time ¢t; < t9 < T so that the solution of solution
of (ODE) with 2(T) = 2! and a = 0 satisfies

x(te) = x4

(We assume that the values of x(+) are between 0 and 1, in appropriate units.
Thus the fish population will rise if « = 0.)

/X
Xx

1 ax 0

Optimal harvesting

We claim now that the optimal control is
1 (0<t<ty)
ag(t) = Qa. (t1 <t <tg)
0 (tp<t<T).

To see this, consider another admissible control « : [0,7] — [0,1] and
let z(-) denote the corresponding solution of (ODE).
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. A4
N ——

¢ @ 4
0 tl t2 T
Another harvesting plan
Now
T T _ 5
Pla(-)] :/ (m—@)adt:/ (z —0) <W> dt.
0 0 qr

The part of integrand that involves & is a null Lagrangian, and consequently
that part of the payoff depends only upon the fixed boundary values z° and
x!. That is,

T, _ 1_ 1 0_ 0
/ x eidt: x- —0Ologx oz flog x e
0o 4T q q
and hence
1 (T
Pla()] = q/ (x—0)(1—x)dt —C.
0
Let zo(-) be the dynamics corresponding to ap(:). Since ap = 1 on

(0,t1), we have x(t) > zo(t) > x, on [0,t1]; see the illustration. Since z,
gives the maximum of the quadratic (z — 0)(1 — x), it follow that

/Otl(xo _0)(1 = ) dt > /Otl(;p _ 01— x) dt.

Similarly, z(t) > zo(t) > zx on [t2,T], and consequently

T T
/(xo—Q)(l—xo)dtz/ (x—0)(1 —z)dt.

to to
Furthermore,

/tg(xo —0)(1 — 20) dt > /tQ(ac —0)(1 - 2) dt,

t1 t1
since x((-) = x4 on this interval and x, gives the maximum of the integrand.
Hence

Plag(1)] = Pla(-)].
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ECONOMIC INTERPRETATION. Observe that on [t1,t2] we have a
singular arc (see page 106), since the maximization condition (M) does not
determine there the value of the optimal control.

This example, adapted from Mesterton-Gibbons [MG], is an instance
of what economists call a most rapid approach path. It is optimal to
move as quickly as possible to where x = x, and then to stay on this path,
sometimes called a turnpike, as long as possible. ([l

REMARK. There are many more applications of the PMP discussed in
the texts listed in the References. See in particular Kamien—Schwartz [K-S],
Lee-Markus [L-M] and my old online lecture notes [E]. O

4.5. Proof of PMP

We present next a reasonably complete discussion of the ideas behind the
derivation of the Pontryagin Maximum Principle.

4.5.1. Simple control variations.

Recall that the response x(-) to a given control «(+) is the unique solution
of the system of differential equations:

(ODE) {X(ﬂ =f(x(t),at))  (t=0)
x(0) = z°.

We investigate in this section how certain simple changes in the control affect
the response.

DEFINITION. Fix a time s > 0 and a control parameter value a € A.
Select 0 < € < s and define then the modified control

) a if s—e<t<s
o g
: a(t) otherwise.

We call a.(-) a simple (or needle) variation of a(-).

Let x.(-) be the corresponding response to our system:

(ODE,) {Xs(t) - f (g%(t), as(t))  (t>0)

We want to understand how our choices of s and a cause x.(-) to differ from
x(+), for small € > 0.
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NOTATION. Define the matrix-valued function A : [0, 00) — M"™*" by
A(t) = Vaf(x(1), a(t)).
So the (7, 7)-th entry of A(¢) is

Sij (x(®),a(t)  (i=1,...,n).

]

We first quote a standard perturbation assertion for ordinary differential
equations:

LEMMA 4.5.1. Let y.(+) solve the initial-value problem:

ye(t) = f(ye(t),a(t))  (t=0)
y-(0) = 2° + e3° + o(e).

Then
(4.39) yv:(t) =x(t) +ey(t) +o(e) ase—0,
uniformly for ¢ in compact subsets of [0, 00), where
v(t) = A(t)y(t t>0
0 (0 = Ay (20
y(0) ="
NOTATION. We write
o(e)
to denote any expression g. such that
lim & = 0.
e—=0 €
In words, if € — 0, then g. = o(¢) goes to zero “faster than £”. O

Returning now to the dynamics (ODE.), we establish

LEMMA 4.5.2. Assume that s is a point of continuity for the control a(-).
Then we have

(4.41) x:(t) =x(t) +ey(t) + o(e) ase—0,
uniformly for ¢ in compact subsets of [0, 00), where

Y =0  (0<t<s)
and

(4.42) {Y(t) =AQ)y(t) (t=59)
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for
(4.43) y* = £(x(s), 0) — £(x(s), a(s)).
NOTATION. We will sometimes write
y(t) =Yt s)y®  (t=5)
when (4.42) holds. O

Proof. Clearly x.(t) = x(t) for 0 <t < s—e. For times s —e <t < s, we
have

t
x:(t) —x(t) = /_ f(x:(r),a) — £(x(r), a(r)) dr.
Thus
x:(s) — x(s) = [f(x(s),a) — £(x(s), a(s))]e + o(e).

On the time interval [s,00), x(-) and x.(-) both solve the same ODE,
but with differing initial conditions given by

x:(s) = x(s) + ey’ + o(e),
for y* defined by (4.43). According then to Lemma 4.5.1, we have
Xe(t) = x(t) +ey(t) +o(e)  (t=s),
the function y(-) solving (4.42). O

4.5.2. Fixed time problem.

Terminal payoff problem. We return to our usual dynamics

{ﬂﬂ=ﬂﬂﬂﬂ@ﬁ 0<t<T)

(ODE) () — 2

and introduce the terminal payoff functional

(P) Pla()] = g(x(T)),
to be maximized. So for now we are taking the running payoff r = 0.

We assume that ag(+) is an optimal control for this problem, correspond-
ing to the optimal response xo(-). The control theory Hamiltonian is

H(.’E,p, a) = f(x7 a) D,
and our task is find pg : [0,7] — R™ such that (ADJ), (T) and (M) hold.
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We reintroduce the function A(:) = V,f(x¢(:),a(:)) and the control
variation ae(-), as in the previous section. We now define py : [0,7] — R to
be the unique solution of the terminal-value problem

{po<t> = -AT(t)po(t) (0<t<T)
po(T) = Vg(xo(T)).

This gives (ADJ) and (T), and so our goal is to establish the maximization
principle (M).

(4.44)

The main point is that pg(-) helps us calculate the variation of the
terminal payoff:

LEMMA 4.5.3. Assume 0 < s < T is a point of continuity for ag(-). Then
we have
d

(4.45) -

Plac()]le=0 = [f(x0(s), @) — £(x0(s), a0(5))] - Po(s)-
Proof. According to Lemma 4.5.2,

Ploc(+)] = g(x<(T)) = g(x0(T) + ey (T') + o(¢)),
where y(-) satisfies (4.42) for

y* = f(x0(s),a) — f(x0(s), ao(s))-

Thus
(4.46) 4 Plac()lezo = Valxo(T)) - y(T).
On the other hand, (4.42) and (4.44) imply
S Bo(t) ¥ (1)) = Bolt) - ¥(1) + pol) - ¥(0)
= —AT(Opo(t) - ¥(1) + po(t) - AlD)y (1)
= 0.
Hence

Vg(x0(T)) - y(T) = po(T) - y(T) = po(s) - y(s) = Po(s) - y*.

Since y* = f(x0(s),a) —f(x0(s), ao(s)), this identity and (4.46) imply (4.45).
O

THEOREM 4.5.1. (PMP with no running costs) There exists a func-
tion pg : [0,7] — R™ satisfying the adjoint dynamics (ADJ), the maximiza-
tion principle (M) and the terminal condition (T).



4.5. Proof of PMP 123

Proof. The adjoint dynamics and terminal condition are both in (4.44).
To confirm (M), fix 0 < s < T and a € A, as above. Since the mapping
e +— Plag(+)] for 0 < e < 1 has a maximum at ¢ = 0, we deduce from Lemma
4.5.3 that

d%P[aa(N = [f(x0(s), a) — £(x0(s), a0(s)] - Po(s).

Hence
H(XO(S)’ pO(S)v a’) = f(XO(S)v a’) ) pO(S)
< f(x0(s5), 20 (s)) - Po(s) = H(xo(s), Po(s), ao(s))

for all a € A and each time 0 < s < T that is a point of continuity for ag(-).
This proves the maximization condition (M). O

General payoff problem. We next extend our analysis, to cover the
case that the payoff functional includes also a running payoff:

T
) Plo()] = [ rlx(s).as)) ds +g(x(7).
The control theory Hamiltonian is now
H(x,p,a) =f(xz,a) p+r(xz,a)

and we must manufacture a costate function po(-) satisfying (ADJ), (M)
and (T).

Adding a new variable. The trick is to introduce another variable
and thereby convert to the previous case. We consider the function z,4; :
[0,7] — R given by

s (t) = r(x(),0t) (0t T)
anrl(O) =0,
where x(-) solves (ODE). It follows that

(4.47)

T
i (T) = /0 r(x(1), a(t)) dt.

Introduce next the new notation
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z1(t) fi(@,e)
so=[ 0| | R [fE0] |
(4.48) (t) = |:$n+1(t):| - xn(t) ’ f( ’ ) [T(x7a):| fn(xva’)
xn+1(t) T($, a)
and
(4.49) 9(z) = g() + Zn41.

Then (ODE) and (4.47) produce the dynamics
k() = F(x(D),at)  (0<t<T)
%(0) = 2°.

Consequently our control problem transforms into a new problem with no

(ODE)

running payoff and the terminal payoff functional
Pla(-)] = g(x(T)).
THEOREM 4.5.2. (PMP for fixed time, free endpoint problem)

There exists a function pg : [0,7] — R” satisfying the adjoint dynamics
(ADJ), the maximization principle (M) and the terminal condition (T).

Proof. We apply Theorem 4.5.1, to obtain pg : [0,T] — R""! satisfying
(M) for the Hamiltonian

H(z,p,a) =f(z,a) - p.
Also the adjoint equations (ADJ) hold, with the terminal transversality
condition

po(T) = Vg(xo(T)).
But f does not depend upon the variable z, 1, and consequently the last
equation in (ADJ) reads

‘n+1 oH
Since amag =1, we deduce that
n+1
0 _
pn+1(t) =1

As the last component of the vector function f is 7, we then conclude from
(8.11) that
H(z,p,a) =f(z,a) -p+r(z,a) = H(z,p,a).
Therefore
pi(t)
po(t) = |
P (t)
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satisfies (ADJ), (M) for the Hamiltonian H. O
4.5.3. Multiple control variations.

Proving the PMP for the free time, fixed endpoint problem is much
more difficult, since the result of a simple variation as above may produce
a response X (-) that never hits the target point 2'. We consequently need
to introduce more complicated control variations, discussed in this section.

DEFINITION. Let us select times 0 < s1 < s9 < --- < Sy, numbers

A, ..., An > 0, and also control parameters aq,aso,...,ay € A. Write
a if sp — e <t<s k=1,...,N

(450) a.()=3" e e St | )
a(t) otherwise,

for e > 0 taken so small that the intervals [sp — Age, sk| do not overlap.

This is called a multiple variation of the control af(-).

We assume for this section that x(-) solves

{sc(t) =f(x(t),a(t)) (0<t<T)

(4.51) () —

for some piecewise continuous control a(-), and that x.(-) is the response to

ae(+):

(4.52)

x

Xe(t) = £(xc(t), ae(t)) (0<t<T)
x-(0) = 20.

NOTATION. (i) Define

Yy = f(xo(sk), ar)) — £(xo(sk), a0 (sk))
fork=1,...,N.
(ii) As before, set A(-) = Vo f(x0(:), ao(-)) and write

yt) =Yt s)y”  (t>5s)

where y® € R" is given.

Suitably modifying the proof of Lemma 4.5.2, we can establish
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LEMMA 4.5.4. We have
(4.53) xX:(t) = x(t) +ey(t) +o(e) ase—0,
uniformly for ¢ in compact subsets of [0, 00), where

y(t)=0 (0<t<sy)
y(t) = 225l A Y (¢, sk)y** (Sm <t < Smy1, m=1,...,N —1)
y(t) = Sil MY (Esy™ (s <),

DEFINITION. The cone of variations at time T is the set
N

K(T) = {ZAkY(T, sy | N =1,2,...,
k=1

AL >0, a € A, 0<81§-”§SN<T}.

Observe that K(T') is a convex cone in R", which according to Lemma
4.5.4 comprises all changes in the state x(T'), up to order e, that we can
effect by multiple variations of the control «(-).

4.5.4. Fixed endpoint problem.

We turn now to the free time, fixed endpoint problem, characterized by
the constraint
x(T) = ',
where T' = T'[«a(+)] is the first time that x(-) hits the given target point. The
payoff functional is

Adding a new variable. As before, we introduce the function x,41 :
[0,7] — R defined by (4.47) and recall the notation (4.48), (4.49), with

9(%) = Tpt1.
Our problem is therefore to find controlled dynamics satisfying

(ODE) {{«(t) =f®(H)a()) 0<t<T)
%(0) = zY,

and maximizing
(P) 9(x(T)) = znia(T),

T being the first time that x(7") = z!. In other words, the first n components
of X(T') are prescribed, and we want to maximize the (n+ 1)-th component.
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We assume that ag(-) is an optimal control for this problem, corre-
sponding to the optimal trajectory xo(-) and the time Tp; our task is to
construct the corresponding costate po(-), satisfying (ADJ) and the maxi-
mization principle (M).

Using the cone of variations. Our program for building the costate
depends upon our taking multiple variations, as in the previous section, and
understanding the resulting cone of variations K = K(Tj).

Let K° denote the (perhaps empty) interior of K. Put
" =10---01)7 e R
Here is the key observation:
LEMMA 4.5.5. We have
(4.54) et ¢ KO

Proof. 1. If (4.54) were false, there would exist n + 1 linearly independent
vectors z', ..., 2" € K such that

n+1
6n+1 — Z )\kzk
k=1
with constants A\ > 0 and
Zk = Y(T(), Sk)gsk
for appropriate times 0 < 51 < §1 < -+ < s$p+1 < Tp, where

gt = £(X(sp), ar)) — £(X(sk),alsp)) (k=1,...,n+1).

2. We will next construct a control a.(-), having the multiple variation

form (4.50), with corresponding response x.(-) = [x.(-)7 25, (-)]” satisfying
(4.55) x.(Tp) = «*

and

(4.56) 541 (To) > iy (To).

This will be a contradiction to the optimality of the control ap(+).

3. Introduce for small 1 > 0 the closed and convex set

n+1
C—{z—Z)\kzk\OS)\kSn}.

k=1

1 n+1

Since the vectors z*,..., 2 are independent, C' has an interior.
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Now define for small € > 0 the mapping
(4.57) ®°:C - R

by setting
®°(2) = x(To) — %0(70)

for z = ZZI% A\p2¥, where %.(-) solves (4.52) for the control a.(-) defined by
(4.50).

We assert that if p,n,e > 0 are small enough, then we can solve the
nonlinear equation

(4.58) D (2) = pe" Tt =1[0---0p)
for some z € C. To see this, note that
|@°(2) — 2| = [X=(Tb) — %0(T0) — 2|
=o(|z])

< |z — pe™ for all z € 9C.

We now apply the topological theorem from Appendix F, to find a point
z € C satisfying (4.58). Then

}_CE(TO) = )_(o(To) + ,ue"“,

and hence (4.55), (4.56) hold. This gives the desired contradiction, provided
et e KO (]

Existence of the costate.

THEOREM 4.5.3. (PMP for free time, fixed endpoint problem)
There exists a function pg : [0,7p] — R™ and a number

g =0or1l

satisfying the statements (ADJ), (M) and (T) of the free time, fixed endpoint
PMP.

Proof. 1. Since e, 1 ¢ K9 according to Lemma 4.5.5, there exists a nonzero
vector w € R*! such that

(4.59) w-z<0 forall z € K
and

(4.60) W+ epy1 = Wpyp > 0.
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Separating e"*! from K

Let po(+) solve (ADJ), with the terminal condition

po(To) = w.
Then

(4.61) potH(t) = w1 >0 (0<t < Tp).

Fix any time 0 < s < Tp, any control value a € A, and set

7° = £(Xo(s), a) — £(Xo(s), ao(s))-
Now solve

{ym =AWy(Et) (s<t<Ty)

so that as before
0> w-y(To) = po(To) - y(To) = Po(s) - ¥(s) = Po(s) - y°.

Therefore

and then
(4.62) <f

for the Hamiltonian

2. We now must address two situations, according to whether

(4.63) Wna1 >0
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or

(4.64) Wni1 = 0.

When (4.63) holds, we can divide po(-) by wy+1, to reduce to the case that
qo0 = p2+1 =1

Then (4.62) provides the maximization principle (M). If instead (4.64) holds,
we have an abnormal problem, for which

Go = Prs1 =0.

en+1

w

An abnormal problem

REMARK. We have not proved the condition (T) that
H(xo(t), po(t), ao(t)) =0 (0 <t <Tp)

for the free time, fixed endpoint problem. This is in fact rather subtle: see
the book [L-M] of Lee and Markus for details. For more advanced students,
I recommend the book of Bressan and Piccoli [B-P], which provides a fully
rigorous and detailed proof of the PMP. O



Chapter 5

DYNAMIC
PROGRAMMING

5.1. Hamilton-Jacobi-Bellman equation

We next show how to use value functions in optimal control theory, within
the context of dynamic programming. This approach depends upon the
mathematical idea that it is sometimes easier to solve a given problem by
incorporating it within a larger class of problems.

We want to adapt some version of this insight to the vastly complicated
setting of control theory. For this, fix a terminal time 7" > 0 and then look
at the controlled dynamics

x(s) = f(x(s), a(s)) (0<s<T)
x(0) = 29,

with the associated payoff functional
T
Pla()] = [ r(x(s).a() ds-+ g(x(T)

for the free endpoint problem.

The new idea is to embed this into a larger family of similar problems,
by varying the starting times and starting points:

(ODE) {"‘@ =f(x(s),a(s)) (t<s<T)

x(t) = =,

131
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T
() Py ifo()] = / r(x(s), a(s)) ds + g(x(T)).

We will consider the above problems for all choices of starting times 0 < t <
T and all initial points z € R".

5.1.1. Derivation.

DEFINITION. For z € R”, 0 <t < T, we define the value function
v:R™ x [0,T] — R to be the greatest payoff possible if we start at z € R"
at time ¢. In other words,

v(z,t) = sup Ppila()]
a()eA

forx e R",0<t<T.
REMARK. Then
v(z,T) =g(x) (z€R"),

since if we start at time T" at the point x, we must immediately stop and so
collect the payoff g(z). O

Our task in this section is to show that the value function v so defined
satisfies a certain nonlinear partial differential equation. Our derivation will
be based upon the reasonable principle that it is better to act optimally from
the beginning, rather than to act arbitrarily for a while and then later act
optimally. We will convert this philosophy of life into mathematics.

To simplify, we hereafter suppose that the set A of control parameter
values is closed and bounded.

THEOREM 5.1.1. Assume that the value function v is a continuously
differentiable function of the variables (z,t¢). Then v solves the Hamilton—
Jacobi—Bellman partial differential equation

(HJB) @(m, t) + max {f(z,a) - Vyv(z,t) +r(zr,a)} =0
ot acA

for x € R™,0 <t < T, with the terminal condition

(5.1) v(z, T) = g(x) (x € R").

DEFINITION. The PDE Hamiltonian is

H(z,p) = max H(z,p,a) = max {f(z,a) -p+r(xz,a)}
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where z,p € R". Hence we can write (HJB) as
ov

a—#—H(x,va):O in R" x [0,7].

O
Proof. 1. Let z € R", 0 <t < T, and note that, as always in this course,
A={a(-):[0,T] - A| a(-) is piecewise continuous}.

Pick any parameter a € A and let € > 0 be so small that t+¢ < T. Suppose
we start at x at time ¢, and use the constant control

a(s) =a

for times t < s < t 4+ e. The dynamics then arrive at the point x(t + ¢).
Suppose now that we switch to an optimal control (assuming it exists) and
employ it for the remaining times t + ¢ < s <T.

What is the payoff of this procedure? Now for ¢ < s <t + ¢, we have

{x<s> = f(x(s), a)

2
(5:2) x(t) = x.

The payoff for this time period is ftt+5 r(x(s), a)ds. Furthermore, the payoff
incurred from time ¢t +¢ to T' is v(x(t +¢),t +¢), according to the definition
of the payoff function v(-). Hence the total payoff is

t+e
/ r(x(s),a)ds + v(x(t+¢),t +¢).
t
But the greatest possible payoff if we start from (z,t) is v(x,t). Therefore

/t+€ r(x(s),a)ds + v(x(t +¢),t +¢) < v(x, 1).

2. Next rearrange (5.5) and divide by € > 0:

v(x(t+e),t+¢e)—v(x,t) i 1/;+E r(x(s),a)ds < 0.

9 9

Hence

%(w,t) + Vau(x(t),t) - x(t) + r(x(t),a) < o(1),

as € — 0. But recall that x(+) solves (5.2). We employ this above and send
e — 0, to discover

g:(x,t) +f(z,a) - Vyu(z,t) + r(z,a) <0.
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This inequality holds for all control parameters a € A, and consequently

(5.3) max {g::(m,t) +f(z,a) - Vyu(z,t) +r(z, a)} <0.

a€cA

3. We next demonstrate that in fact the maximum above equals zero.
To see this, suppose ag(+), Xo(:) are optimal for the problem above. Let us
utilize the optimal control ag(-) for ¢ < s <t + e. The payoff is

t+e
/t r(xo0(s), ao(s))ds

and the remaining payoff is v(xo(t+¢),t+¢). Consequently, the total payoff
is

t+e
/ r(xo(s),a0(s))ds +v(xo(t +¢),t +¢) = v(z,t).
t
Rearrange and divide by e:

U(Xo(t +€),t+€) - U(Sﬂ,t) + 1 /tJFE T‘(Xo(S),OZO(3>) ds = 0.

€ €
Let € — 0 and suppose ag(t) = ap € A. Then

Z:(a?,t) + Vyo(z,t) - f(x,a0) + r(x,a0) = 0.

This and (5.3) confirm that v solves the Hamilton-Jacobi-Bellman PDE. O

REMARK. Dynamic programming applies as well to free time, fixed end-
point optimal control problems. To be specific, let us suppose that we are
required to steer from a point x € R™ to the origin under the dynamics

(ODE) {5‘(8) =f(x(s),a(s)) (0<s<T)
x(0) =z, x(T) =0,

S0 as to maximize the payoff
T
(P) Pyl()] = /0 r(x(s), o(s)) ds.

Here the terminal time T is free.

The corresponding value function is

v(z) = sup Pla(')] (x € R").
a()eA
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Arguing as above, we discover that if the value function v is continuously dif-
ferentiable, it solves the (stationary) Hamilton-Jacobi-Bellman equa-
tion

(HJB) max {f(z,a) - Vu(z) + r(z,a)} =0

for z € R™\ {0} and
v(0) = 0.

5.1.2. Optimality.
HOW TO USE DYNAMIC PROGRAMMING

For fixed time optimal control problems as in Section 5.1.1, we carry out
these steps to synthesize an optimal control:

Step 1: Try to solve the HJB equation, with the terminal condition
(5.1), and thereby find the value function v.

Step 2: Use the value function v and the Hamilton—Jacobi—Bellman
PDE to design an optimal control ag(-), as follows. Define for each point
y € R™ and each time 0 < s < T,

a(y,s) € A

to be a parameter value where the maximum in HJB is attained at the point
(y,s). In other words, select a(y, s) € A so that

G4)  Ues) + Eyra(y: ) - Varly,5) + (g, aly.5)) = 0.

Step 3: Next, solve the following ODE, assuming a(-) is sufficiently
regular to do so:

(5.5) Xo(s) = f(x0(s), a(x0(s),5)) (t<s<T)
' Xo(t) = .
Step 4: Finally, define the optimal feedback control
(5.6) ap(s) = a(xe(s),s) (t<s<T),
so that we can rewrite (5.5) as
Xo(s) = f(xo(s),a0(s)) (t<s<T)
Xg(t) =X.

In particular, if the state of system is y at time s, we use the control which
at time s takes on a parameter value a = a(y, s) € A for which the maximum
in HJB is obtained.
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THEOREM 5.1.2. For each starting time 0 < ¢ < T and initial point
x € R™, the control ag(-) defined by (5.5) and (5.6) is optimal.

Proof. We have
T
Py tlao(-)] =/t r(xo(s), ao(s)) ds + g(xo(T)).

Then (5.4) and (5.6) imply

T v
Py tlao(-)] = /t <_gt(xo(8),5) — f(x0(s), ao(s)) - Vav(xo(s), 3)) ds + g(xo(T))
T 9
-- gt(xo(s), s) + Vav(Xo(s), s) - Xo(s) ds + g(xo(T))
T d
= _/t gv(xo(s),s) ds + g(xo(T))
= —v(x0(T), T) + v(x0(t), t) + g(x0(T))
= v(z,t)
= sup Px’t[a(-)].
a()eA
Hence ag(-) is optimal, as asserted. 0
REMARKS.

(i) Notice that v acts here as a calibration function that we use to es-
tablish optimality.

(ii) We can similarly design optimal controls for free time problems by
solving the stationary HJB equation. U

5.2. Applications

Applying dynamic programming is usually quite tricky, as it requires us to
solve a nonlinear PDE and this is often very difficult. The main hope, as
we will see in the following examples, is to try to guess the form of v, to
plug this guess into the HJB equation and then to adjust various constants
and auziliary functions, to ensure that we have an actual solution. (Alter-
natively, we could compute the solution of the terminal-value problem for
HJB numerically.)

To simplify notation will not write the subscripts “0” in the subsequent
examples.
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5.2.1. General linear-quadratic regulator. For this important prob-
lem, we are given matrices M, B, D € M"*" N € M"™*™_ (C € M™*™; and
assume
B,C, D are symmetric,
with
B,D >0, C 0.
In particular, C' is invertible.
We take the linear dynamics
(ODE) Xx(s) = Mx(s) + Na(s) (t<s<T)
x(t) =z,
for which we want to minimize the quadratic cost functional
T
/ x(s)T Bx(s) + a(s)T Ca(s) ds + x(T)T Dx(T).
t
So we must maximize the payoff

T
(P)  Puia(l)] = —/t x(s)T Bx(s) + a(s)TCa(s) ds — x(T)T Dx(T).

The control values are unconstrained, meaning that the control parameter
values can range over all of A = R™.

We employ dynamic programming to design an optimal control. To
carry out this plan, we first figure out the structure of the HJB equation
% + maxgepm {f - Voo +7r =0 inR” x [0,7]
v=g onR"x{t=T},
for
f=Mz+ Na, r=—2" Bz — a"Ca, g= —2"Dx.
We rewrite the PDE as

(5.7) (89: + mﬁx{(Vv)TNa —a’Ca} + (Vo)TMz — 2" Bz =0,
acR™

and note that we have the terminal condition

(5.8) v(z,T) = -z Dz

To compute the maximum above, define
Q(a) = (Vv)I'Na — o’ Ca,
and solve

Q

n

i=1
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Then (V,v)TN = 2a”C, and thus 2Ca = N7V, v, since C is symmetric.
Therefore
1

(5.9) a= 50_1NTVQCU.

This is the point at which the maximum in HJB occurs, which we now insert
into (5.7):

0 1
(5.10) ({7: + (Vo) 'NCT'NTVu + (Vo) Mz — 2" Ba = 0.
Solving the HJB equation. Our task now is to solve this nonlinear PDE,
with the terminal condition (5.8). We guess that our solution has the form

(5.11) v(z,t) = 2T K(t)x

for some appropriate symmetric n x n-matrix valued function K (-) for which
(5.12) K(T)=-D.

Let us compute

(5.13) % =T K(t)x, V.v=2K(t)z.

We now insert our guess v = 27 K (t)z into (5.10), to discover that
tT{K(t)+ K(t)NC'NTK(t) + 2K (t)M — B}z = 0.
Since
20T KMz = 2T KMax + [zT KMx)T
=2T'KMz + 2" M Kz,
the foregoing becomes

eT{K + KNC'NTK + KM + MTK — B}z = 0.

This identity will hold provided K (-) satisfies the matrix Riccati equa-
tion

(R) K(t)+ K¢)NC!NTK(t)+ K(t)M + MTK(t) = B

on the interval [0, 7.

In summary, once we solve the Riccati equation (R) with the terminal
condition (5.12), we can then use (5.9) and (5.13) to construct the optimal
feedback control

ag(t) = CTINTK (t)xo(t).
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5.2.2. Rocket railway car. In view of our discussion on page 98, the
rocket railway problem is actually quite easy to solve. However it is also
instructive to see how dynamic programming applies.

The equations of motion are

. 0 1 0
= —-1<a<
X [0 O]X+[1] a, 1<a<1

for n =2, and
T
P,la(-)] = — time to reach the origin = —/ 1dt =-T.
0

Then the value function v(x) is minus the least time it takes to get to
the origin from the point 2 = [z] 2»]”; and the corresponding stationary
HJB equation is

max{f - Vuo+7r}=0
acA

for
A=[-1,1], f= [ﬂ . or=—1
a
Therefore
ov ov
max< ro— +a=—— —1, =0;
la|<1 71 Oz

and consequently the Hamilton-Jacobi-Bellman equation is

v ov | _ : 2
(1LIB) {x26901 + =1 in R*\ {0}

2

v(0) = 0.

Solution of HJB equation. We introduce the regions
I:={(x1,22) | x1 > —%x2]x2|},
Il = {(z1,72) | 71 < —%$2’$2|},

and define

1
—xg — 2 SR in Region I
(5.14) v(r) = 2 (931 - 2982); Tesion
To — 2 (—xl + %x%) 2 in Region II.
We could have derived this formula for v using the ideas in the next example,
but for now let us just show that v really solves HJB.

In Region I we compute

1 1
ov 23\ 72 oo 23\ ?
_— = — —— - = _1 — & .
a$1 <x1 + 9 ) , 8$2 <$1 + 9 xo;
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and check that there

Hence in Region I we have

1
AN
= —T2 | T1 + o +

ov n
To—o
28%1

1
v ANE
1 =2 = 1.
s +x2(m1+2> ]
This confirms that our HJB equation holds in Region I, and a similar cal-
culation holds in Region II, owing to the symmetry condition

v(—z) =v(z) (xeR?).
Now let I' denote the boundary between Regions I and II. Since

ov {< 0 in Region I

dz2 | >0 in Region II
and
ov
— =0 r
e on l,

our function v defined by (5.14) does indeed solve the nonlinear HJB partial
differential equation.

GEOMETRIC INTERPRETATION. It is in fact easy to find optimal
trajectories for this problem. Indeed, when o = +1, then

d 1

- <x1 T 2(x2)2> = 3 F z2(£1) = 0.

Thus any solution of (ODE) moves along a parabola of the form z; = %% +C

when o = 1, and along a parabola of the form z; = —? + C when o = —1.
Since we know from the PMP that an optimal control changes sign at most
once (see page 98), an optimal trajectory must move along one such family
of parabolas, and change to the other family of parabolas at most once, at
the switching curve I' given by the formula x; = —%]xg\xg. The picture
illustrates a typical optimal trajectory.
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Optimal path for rocket railway car

So we did not need to invoke the full majesty of dynamic programming
to solve this simple problem, but the next example will build upon these
ideas. ([

5.2.3. Fuller’s problem, chattering controls. We take the same equa-
tions of motion as in the previous example

. 01 0
= —1<a<
b'e [O O}X—FL]&, 1<a<l,

but make a simple change in the payoff functional (which will have a pro-
found effect on optimal controls and trajectories). So let us now take

Thus

and the stationary HJB equation for the value function

v(@) = sup Pyla()]
a()eA
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1S now

v
1‘287501 +
(HIB) {U(O) = 0.

v

0o

= 1a% in R?\ {0}

Solving the HJB equation. Using the definition of the value function,
we can check that it satisfies the two symmetry conditions:

(5.15) v(—x) = v(z) (z € R?)
and
(5.16) v(N2zy, Arg) = No(zy, 29) (x € R\ > 0).

To verify (5.16), suppose that x = [z1z]”

starting at the point 20 = [2§ 29]7, corresponding to an optimal control a.
Then if A > 0 and we start instead at the point 2 = [A\2z{ Az9]T, optimal

trajectories and control are

xa(t) = [N () Aza()]7, aa(t) = alf).

is an optimal trajectory

Since

L N 2/ 5
Plaa()] = —5 ; (zy)7dt = == ; (1)7(x)dt = N’ Pla()],
the scaling identity (5.16) holds.
Now (5.16) and the previous example suggest that the optimal switching
should occur on the boundary I" between two regions of the form

I:= {(x1,72) | 11 > —Bwa|zal},
I := {(x1,22) | ©1 < —fBxa|xal},

for some as yet unknown constant 8 > 0.

Still motivated by the previous example, we look a function v for which
the scaling symmetry (5.16) holds,

(5.17) 88;2 < 0 in Region I, 88;2 =0onT,
and v solves the linear PDE
ov ov 1

:cga—xl " 9m 5(331)2 in Region I.

In view (5.16), let us start by looking for a particular solution of (5.18)
having the polynomial form

(5.18)

v = Az} + Bxias + Calay.
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If we plug this guess into (5.18) and match coefficients, we discover that
1 1 1

3 2
v = —Exg — §$1$2 — §$1$2
is a solution. Now the general solution of the linear, homogeneous PDE
0 0
dw ow _

T2 =
6301 81‘2

1
w:f<x1+2:c%>.

Hence the general solution of (5.18) is
1 1

1 1
v=——a) — gxla;% — 53:%372 +f (CEl + 2:1;%) )

In order to satisfy the scaling condition (5.16), we take f to be homogeneous

has the form

and so have

5
1 1 1 1 2
(5.19) v= —Bxg - gaclxg - ix%acg -7 <x1 + 258%)

for another as yet unknown constant + > 0.

We want next to adjust the constants 3,y so that 88—52 =0on I'. Now

v 1 1 5% 1 2
(5.20) pr —gxg — 173 — gx% —5 (ml + 2:6%) Ta.
Therefore on I'y = {z1 = —f3, 2o > 0}, we have
3
w1 1., 5y 1) 2
21 - = S - P A - .
(5.21) e :%[ S48 - (=p+5) |
and on I'_ = {x; = Bz3, 22 < 0}, we have
3
w1 1., 5y 1\ 2
22 A Y Y L ).
(5.22) . leg =358+ 5 |B+3
Consequently, we need to select 3,7 so that
_log_1g2_ 5y (_ g 1\5 _
gt B—3b 2(5""2() =0

(5.23)
0.

-8 3 (B4

Solving each equation for 7, we see (5.23) implies

O A B U S AL A N DA
¢>(6)—<5+2) <3+ﬁ 252> <ﬁ+2> <3+5+2ﬁ)—o.

Since

Njw

¢(0) <0, ¢(3) >0,
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there exist 0 < 8 < % such that ¢(8) = 0. We can then find v > 0 so
that 3, solve (5.23). A further calculation confirms that for these choices,
£v < 0 within Region I.

Using (5.15) to extend our definition of v to all of R?, we have (at last)
found our solution of the stationary HJB equation.

GEOMETRIC INTERPRETATION. Optimal trajectories for Fuller’s
problem are more interesting than for the rocket-railway car.

X2

X1

Part of an optimal path for Fuller’s problem

As before, a solution of (ODE) moves along a parabola of the form

2

xry = % +C (drawn in green)

when a = 1, and along a parabola of the form

2
x1 = —% + C (drawn in red)

when o« = —1. Furthermore, the optimal control switches from 1 to —1
(or vice versa) at the (blue) switching curve I' given by the formula z; =
—B|z2|w2.

But since 0 < 8 < %, such a trajectory will hit I' infinitely many times.
Consequently, the optimal control ag(-) will switch between +1 infinitely
often before driving the state to the origin at a time T' < co. We call ag(-)
a chattering control. ([
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CLOSING REMARKS. Our detailed discussion of Fuller’s problem illus-
trates how difficult it can be to find an explicit solution of an HJB equation,
if this is even possible.

In fact, there are not so many optimal control problems for which ex-
act formulas can be had, using either the Pontryagin maximum principle
or dynamic programming. (See the old book of Athans and Falb [A-F] for
an extensive discussion of various solvable engineering control problems.)
Designing optimal controls is an important, but highly nonlinear and infi-
nite dimensional undertaking, and it is not surprising that exactly solvable
problems have been named after the researchers who found them.

It is therefore essential to turn to computational methods for most op-
timal control problems, and indeed for optimization problems in general. 1
therefore strongly recommend that students take subsequent classes (mostly
offered in engineering) on computational techniques for optimization, with
the hope that their understanding the optimization theory from Math 170
and 195 will make the algorithms and software packages from these courses
more understandable. O






APPENDIX

A. Notation

R™ denotes n-dimensional Euclidean space, a typical point of which is the

column vector
T

Tn
To save space we will often write the corresponding row vector
T
x =[x zp]".

If x,y € R™, we define
n n 1/2
w'yzzl‘iyz'zljy, $|:(fﬂ'$)é:<2$?>
i=1 '

B. Linear algebra

Throughout these notes A denotes a real m x n matrix and AT denotes its

transpose:
ail ... Gip ail ... Qmi
A= AT =
Aml -+ Omn aln  --- Gmn
Recall the rule
(AB)T = BT AT,

147
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We write

MnXm

for the space of all real m x n matrices.

An n x n matrix A is symmetric if A = AT, and a symmetric matrix
A is nonnegative definite if

n

y" Ay = Z aijyiy; > 0 for all y € R™.
ij=1

We then write A > 0. We say A is positive definite if

n
y Ay =" ayyy; >0 forally € R
Q=1

and write A > 0.

C. Multivariable chain rule
Let f:R" - R, f = f(z) = f(z1,...,2,). Then we write

of

a.%'k
for the k-th partial derivative, k =1,...,n . We likewise write

0% f o (of
=— (= kil=1,...
aazk&rl 61’l <8xk> ( ’ ’ 7n)’

9%f _  0%*f
Oxp0x; — Oz 0xy

and recall that

if f is twice continuously differentiable.

The gradient Vf is the vector
of

dz1
V=1 :
of
Oxn
and the Hessian matrix of second partial derivatives V2 f is the symmetric

n X n matrix

- oy 2f T
871:% T 0x10zy,
ViE=| L
af 0% f
| 0210x, T 022 |
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The chain rule tells us how to compute the partial derivatives of com-
posite functions, made from simpler functions. For this, assume that we are
given a function

f:R" =R,
which we write as f(x) = f(x1,...,zy,). Suppose also we have functions

giy--sgn :R™ =R
so that ¢;(y) = gi(y1,...,ym) fori=1,... n.

NOTATION. We define g : R™ — R™ by

a1
g=1:
gn
The gradient matrix of g is
T 9g dg
(Vo) By Bum
Vg = : =1 : .o
T Ogn 9gn
(Van) G
This is an n X m matrix-valued function. O

We now build the composite function h : R™ — R by setting z; = ¢;(y)
in the definition of f; that is, we define

hy) = f(gw)) = fla1(y): 92(y), - - gn(y))-

THEOREM. (Multivariable chain rule) We have

oh " af dgi
@(y) = ; o2, (g(y))ayk (y) (k=1,...,m).

In matrix notation, this says
Vh = (Vg)l'Vf.
EXAMPLE. We use the chain rule to prove the useful formula
V() =2(Ve)'e
where g : R" — R".

To prove this, we compute that

e = i = k-th ent f(V .
26,xklgl ;_19 Dy entry of (Vg)' g
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D. Divergence Theorem

If U € R™ is an open set, with smooth boundary oU, we let

141

Vn,
denote the outward pointing unit normal vector field along OU. Then |v| =1
along OU.
Assume also that h : U — R"”, written
hi
h=|:],
hn

is a vector field. Its divergence is

" 9h;
divh=V -h= .
iv \V4 ;axi

THEOREM. (Divergence Theorem) We have

/divhdx:/ h-vdS.
U oU

The expression on the right is an integral with respect to (n — 1 dimen-
sional) surface area over the boundary of U.

E. Implicit Function Theorem

Assume for this section that
RS R
is continuously differentiable. We will write f = f(z,y).

THEOREM. (Implicit Function Theorem) Assume that f(zo,yo) =0
and

gi(ﬂﬁo?yo) # 0.

(i) Then there exist € > 0 and a continuously differentiable function
g:(zo—¢e,z0+¢) >R

such that
f(z,g(z)) =0 (xo—e<x<xo+€).
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(ii) Furthermore, for every solution of f(z,y) = 0 with (x,y) sufficiently
close to (zo, o), we have

y=g(z).

{f>0}

(x0,Y0)
graph of g

{f<0}

X0 X

Implicit Function Theorem (if %(5007 yo) > 0)

F. Solving a nonlinear equation

THEOREM. Let C denote a closed, bounded, convex subset of R™ and
assume p lies in the interior of C. Suppose ® : C — R" is a continuous
vector field that satisfies the strict inequalities

|®(x) — x| < |z — p| for all x € 0C
Then there exists a point € C such that
®(z) =p.
Proof. 1. Suppose first that C' is the unit ball B(0,1) and p = 0. Squaring
the inequality |®(z) — z| < |z|, we deduce that
®(z)-2>0 for all z € 0B(0,1).
Then for small ¢ > 0, the continuous mapping
V(z):=z—tP(x)

maps B(0, 1) into itself, and hence has a fixed point 2 according to Brouwer’s
Fixed Point Theorem. Then ®(z) =0 = p.
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2. For the general case, we can always assume after a translation that
p = 0, so that 0 belongs to the interior of C. We introduce a nonnegative
gauge function p : R™ — [0, 00) such that p(Az) = Ap(z) for all A > 0 and

C={xeR"|p(x) <1}.

We next map C onto B(0, 1) by the continuous function

_ plz)
2=
Define ( ) | ‘
_PY & (1Y
Tl = ly| ® (p(y)y>'

Then the inequality |®(z) — z| < |z| implies
P(y) —y| <1 for all y € 0B(0,1).

Consequently the first part of the proof shows that there exits y € B(0,1)
such that ¥(y) = 0. And then

x:—‘m yel

P(y)
satisfies ®(z) = 0 = p. O



EXERCISES

Some of these problems are from Kamien-Schwartz [K-S] and Bressan—
Piccoli [B-P].

1. This and the next few problems provide practice for solving certain
ODE. Find the general solution of

Y = a(z)y + b(z).
(Hint: Multiply by eA(®) for an appropriate function A.)
2. (a) If y satisfies

y = a(x)y + b(z),

what ODE does z = y? solve?
(b) Use (a) to solve Bernoulli’s equation

Y = a(x)y + b(z)yP.

3. Find an implicit formula for the general solution of the separable
ODE

where b > 0.
4. Assume y1,y2 both solve the linear, second-order ODE

Ly =y" +b(x)y + c(x)y = 0.

Find the first-order ODE satisfied by the Wronskian w = yhy; —
/
Y1Y2.

153
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5. (a) Find two linearly independent solutions yi, y2 of the constant
coefficient ODE

Ly =ay’ + by +cy = 0.

where @ > 0. (Hint: Try y = . What if X is a repeated
root of the corresponding polynomial?)
(b) Find two linearly independent solutions yi, ys of Euler’s equa-
tion
Ly = az?y" + bxy' + cy = 0.
6. If y1 solves
Ly =y" +b(z)y + c(z)y = 0,
find another, linearly independent solution of the form y» = zy;.
(Hint: Show w = 2z’ satisfies a first-order linear ODE.)
7. Write down the Euler-Lagrange equations for the following La-

grangians:
(a) e
(b) 2* +y?
(c) sin(zyz)
(d) ya*.
8. Give an alternate proof that
L= a(y)>

is a null Lagrangian, by observing I[y(-)] = fol L(y,vy') dz depends
only upon the values taken on by y(-) at the endpoints 0, 1.
9. Compute (E-L) for

1
/ a(z,y) + bz, y)y dz
0

and show that it is not a differential equation, but rather an im-
plicit algebraic formula for y as a function of x.

10. (Discrete version of Euler-Lagrange equations) Let A > 0 and de-
fine x, = kh for k=0,..., N+ 1. Consider the problem of finding
{yx}2_, to minimize

N
Z L (xk, Yk Lﬂf“) h,

k=0

where 39 = 4°, yn41 = y1 are prescribed. What algebraic con-
ditions do minimizers satisfy? What is the connection with the
Euler-Lagrange equation?
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11. Assume )
Iy()] = / Lie.y. o, y") do

for L = L(z,y,z,u). Derive the corresponding Euler-Lagrange
equation for extremals.

12. Show that the extremals of

b
/ (y')Qe_y dx
a
are linear functions.

13. Find the extremals of

1
| @+ 100y o
0

subject to y(0) = 1,y(1) = 2.
14. Find the extremals of

T
/ e M(a()? + ba?) dt,
0

satisfying x(0) = 0,z(T) = c.

15. Assume ¢ > 0. Find the minimizer of

T
/ e M(c(#)? + dx) dt,
0

subject to z(0) = 0,z(T) = b.

16. Find the minimizer of

1 /N2
/ (y) —J}dex,
0o 2

where y(0) =1 and y(1) is free.

17. Consider the free endpoint problem of minimizing

b
Iy()] = / Lz, y.y) dz + g(y(b))

subject to y(a) = y°, where g : R — R is a given function. What
is the transversality condition satisfied at x = b by a minimizer

Yyo(+)?
18. Assume yo(-) minimizes the functional
1 b 11\2
Ol =5 [ WP ds
over the admissible class

A=A{y:[a,b] > R[y(a) =0,y(b) = 1}.
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What additional boundary conditions does yo(-) satisfy?

19. Give a different proof of Theorem 1.3.4 by rewriting

_ 1
140

j(0) /OTL (25 0(5), (1 + 0)io(s)) ds

and then computing %(O).

/0 1(rb>2 dt,

subject to z(0) = 0,z(1) = 2 and fol zdt =b.

20. Find the minimizer of

21. Find a minimizer of I[y(-)] = [;(y)? dz over the admissible class

A={y: 0.7 > R y(0) = y(m) =0, [ 4P do =1}

22. Suppose I[y(-)] = ff L(z,y,y") dr and the admissible class is
A=A{y:]a,b] > R[y(a) =0,y(b) =0, ¢(x) <y(z) (a <z <b)}

for some given function ¢.
(a) Show that if yo(-) € A is a minimizer, then

oL " oL

(b) Show that

oL " oL
- (azj(xay()?y(l))) + aiy(xay()?y(,)) =0

in the region {a <z <b | ¢(z) < yo(x)} where yo(-) does not
hit the constraint.

23. Let I[x(-)] = fOT |x| dt for functions belonging to the admissible

class
A={x:[0,T] - R" | x(0) = A,x(T") = B},

where A, B € R™ are given. Show that the graph of a minimizer
xo(+) is a line segment from A to B.

24. For each Lagrangian L : R" x R" — R write out the Euler—

Lagrange equation, the Hamiltonian H and the Hamiltonian dif-
ferential equations:

(a) L= 2ol — W(x)

(b) L= Zv[*+b(z)-v.
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25.

26.

27.

28.

29.

30.

31.

Assume that the matrix function G, whose (4, j)-th entry is g;;, is
symmetric and positive definite. What is the Hamiltonian corre-
sponding to the Lagrangian

E gzg Uz'U]

1,j=1
Show that
m
= 5\”’2 +qu - A(z)

is the Lagrangian corresponding to the Hamiltonian
1
H=—|p—qA(x)].
5, 1P — dA(z)]

If x:[0,1] = U is a curve and z = y(x) is its image under the
coordinate patch y : U — R!, show that the length of the curve z

[ (Z (X))t

Compute explicitly the Christoffel symbols I‘fj for the hyperbolic
plane. Check that the ODE given in the text for the geodesics is
correct.

in R is

Suppose

b 92L 9
92 (z,y0,y0)C* dx >0

for all functions ¢ such that ((a) = ((b) = 0. Explain carefully
why this implies

82

5% 2(a: Y0,9p) >0 (a <z <b).
Assume y(-) > 0 solves the linear, second-order ODE

y" 4+ b(x)y + c(x)y = 0.
Find the corresponding Riccati equation, which is the nonlinear,
first-order ODE that w = % solves.

What does the Weierstrass condition say about the possible values
of y(- ) for minimizers of

(a) [, ((y)? = 1)*do
1

b
(b) fa 1+(y’)2 dx
subject to given boundary conditions?
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32

33.

34.

35.

36.

. Derive this useful calculus formula, which we used in the proof of
Theorem 2.3.1:

4 { ro@ a@ g

o’ ( [ s dt) - [ Fanis fa g @.

(Hint: Define F(z,y) = [? f(x,t)dt; so that fag(x)f(:c,t) dt =
F(z,g(x)). Apply the chain rule.)

Suppose that y(-) is an extremal of I[-], the second variation of
which satisfies for some constant v > 0 the estimate

b b
/ A(w')? + 2Bww’ + Cw?dx > ’y/ (w')? + w? da

for all w : [a,b] — R with w(a) = w(b) = 0. Use a Taylor expansion
to show directly that y(-) is a weak local minimizer; this means
that there exists 6 > 0 such that

Ily] < Iy]
for all admissible g satisfying max, ;) {|ly — 9| + [y — 7|} < 6.
Show that for each [ > 0 the function y(-) = 0 is a strong local

minimizer of
l "2 2 4
/ W) + LY gy
0 2 2 4

for

A={y:[0,l] = R[y(0) =y() = 0}.
Assume that (y,z) — L(z,y,2) is convex for each a < = < b.
Show that each extremal y(-) € A is in fact a minimizer of I]-],
for the admissible set

A={y:[a,t] > R|y(a) =y’ yb) =y'}.
(Hint: Recall that if f: R™ — R is convex, then

f@) = f(x) + V() (& — )
for all z.)

A function f : R™ — R is strictly convex provided
flx+(1-0)z) <0f(x)+ (1—0)f(z)

ife#2zand 0 <6< 1.

Suppose that (y,z) — L(z,y,z) is strictly convex for each
a <z < b. Show that there exists at most one minimizer yo(-) € A
of IT-].
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37. Explain carefully why

1
Myl = [ yds
does not have a minimizer over the admissible set
A={y:[0,1] = R | y(-) is continuous, y > 0,y(0) = 0,y(1) = 1}.
38. Write down the Euler-Lagrange PDE for the following Lagrangians:
2 2
(a) 2: +b(z)- 2
2P
(b) 5 (1 Slp < 00)
(c) (1+2*)2 + F(y).
39. Write down the Euler-Lagrange PDE for these functionals:
2
(@) ITu] = [, Y2 4 F(e,u) da
(b) I[u] = 5 Jyr Soimr awi(@) gt s d.

40. Use the Divergence Theorem to give another proof that

L=z -b(x)f(y)+ F(y)divb,

is a null Lagrangian, where F’ = f.
(Hint: L(z,u, Vu) = div(F(u)b).)
41. Derive the 4-th order Euler-Lagrange PDE satisfied by minimizers

of

M) = 3 [ (dw?ae.

subject to the boundary conditions ©u = g on JU. What is the
transversality condition on QU for a minimizer?

42. Consider the system of PDE
—A’U,l = U
—AUQ = 2’11,1,

for the unknown u: R? = R? u = [Zl} .
2

Show that this problem is variational. This means to find
a Lagrangian function L : R? x R? x M?*?2 — R so that the

two PDE above are the Euler-Lagrange equations for I[u(:)] =
Jge2 L(z,u, Vu) dz.

43. A system of two reaction-diffusion equations has the form

{—a1AU1 = fi(u1,uz)

—aAuy = f2(u17u2)-
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44.

45.

46.

47.

48.

Under what conditions on the functions fi, fo : R? — R is this
system variational?

Consider the dynamics

{z(t) =alt) (0<t<1)
x(0) = g

and payoff functional

Pla()] = / j(t)] dt.

(a) Suppose A = {—1,1}. If |zg| > 1, describe an optimal control
that minimizes Pla(-)]. Explain why an optimal control does
not exist if |zg| < 1.

(b) Suppose instead that A = {—1,0,1}. Explain why an optimal
control exists.

Consider the problem of reaching the origin in least time, when

i‘lzl‘g
To = —I1 + q,

cost sint
—sint cost|
(b) Show that an optimal control ag(-) is periodic in time.

the dynamics are

where |a| < 1.

(a) Check that X(t) = [

Use the maximum principle to find an optimal control for the linear
time optimal problem with dynamics

Tr=x2+0a1 Jou| <1
To=—-x1+as |ag| <1

Write down (ODE), (ADJ), (M) and (T) for the fixed time, free
endpoint problems with n =m =1 and

(a) f=(?+a)? -2t A=[-1,1],r = 2ar,g = sinx

(b) f=2%a,A=1[0,2],r =a®>+ 22,9 =0.

Write down the equations (ADJ), (M) and (T) for the fixed time,
free endpoint problem corresponding to the dynamics

&1 = sin(z1 + axg)
&9 = cos(axy + 2),
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where 0 < a < 1, with the payoff

Pla()] = /OT ot + (zy9)? dt + (x1(T))*.

49. Consider the variational problem of minimizing

for L = L(z,v), over the admissible class

A={x:[0,T] = R" | 2(-) is continuous and piecewise

continuously differentiable, x(0) = 2°, x(T) = z'}.

(a) Show how to interpret this as a fixed time, fixed endpoint
optimal control problem.
(b) If x¢ is a minimizer, show that (M) implies pg = V,L(x0, Xo).
(¢) Show that (ADJ) implies the Euler-Lagrange equations.
50. Use the free time, fixed endpoint PMP to give a new proof of
Theorem 1.3.4 for a Lagrangian L = L(z,v). In particular, explain
what condition (T') says for the variational problem.

51. Solve the linear-quadratic regulator problem of minimizing

T 2
/ 22 1 a2di 4 D)
; 2

for the dynamics

T=r+a«
z(0) = 29
with controls a : [0, 7] — R.

52. Assume that a function z : [0,7] — R is given and we wish to
minimize

T
/ (x —2)% + a2 dt,
0
where A =R and

Show
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53.

54.

55.

56.

o7.

98.

is an optimal feedback control, where d(-) and e(-) solve

d=2-2d—L1a? d(T)=0

e=-2z—(1+9%)e, e(T)=0.
(Hint: Assume PMP applies and write down the equations for x
and p. Look for a solution of the form p = dx + e.)

Find explicit formulas for the optimal state xo(-) and costate po(-)
for the production and consumption model discussed on page 108.
Show that H(xo,po,ap) is constant on the interval [0,7], as as-
serted by the PMP.

How does our analysis of the Ramsey consumption model break
down if we drop the requirement that x(7) = z!?

Use the PMP to solve the problem of maximizing
2
Pla(-)] = / 21 — 3o+ o dt,
0

where

z(0) = 0.
Use the PMP to find a control to minimize the payoff

{:i::x+a, 0<a<?

1
Pla() = 1 [ atat

for the dynamics

TI=x+«
z(0) =1, z(1) =0,
where A = R.

Assume that the matrices B,C, D are symmetric and that the
matrix Riccati equation

K+KNC'NTK+KM+MT"K=B (0<t<T)
K(T)=-D

has a unique solution K(-). Show that K () is symmetric for each

time 0 <t <T.

Apply the PMP to solve the general linear-quadratic regulator
problem, introduced on page 137. In particular, show how to solve
(ADJ) for the costate po(-) in terms of the matrix Riccati equation.
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59. This exercise discusses the infinite horizon problem:
t=—-z4+a (t>0)
z(0) =z,
where A =R and
o0
Pola()] = / 2 4o di
0
Define
v(z) = inf Pyla(-)].
()
(a) Derive the HJB equation for v.
(b) Solve this equation and design an optimal feedback control.
60. Use dynamic programming to solve the tracking problem of mini-
mizing
T
| O =P + oo ar
for the dynamics
x(t) = Mx(t) + Na(t) 0<t<T)
x(0) =0,

where z : [0,7] — R" is given. Here M € M"*" N € M"™*™ and
A=Rm
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