Discussion for midterm 2 Worksheet Answers
Some past exam problems
Date: 11/3/2021

MATH 53 Multivariable Calculus

. Find the maximum and minimum values of the function (z+41)2+4%2 on the ellipse 22432 /4 =
1, and say at what points these values occur.

. Find the area of the region enclosed by the curve 22 +zy+y? = 1. (Hint: use the substitution

T=u+vV3,y=u—vV3)

. Compute fC F. dr’, where C' is the unit circle oriented counterclockwise, and F is the vector
field

—

F = (—y® 4 sin(sinz), 23 + sin(siny)).
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. Calculate the volume of the region consisting of all points that are inside the sphere 2 4 y2 +
2?2 = 4, below the cone z = \/22 + 32, and above the cone z = —/x2 + y2.

. Compute



Solution:

1. Let f(x,y) = (x+1)2+y? and g(z,y) = 22 +y%/4. Then our Lagrange multiplier
equations V f = AVg, together with our constraint equation, become
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So either y = 0 or A\ = 4. If y = 0, then x = +1, and we have f(1,0) = 4
and f(—1,0) = 0. If A = 4, then we get 2(x + 1) = 8z, so « = 1/3. Then
y = +£4/32/9 = +4+/2/3. We have f(1/3,4+4+/2/3) = 32/9. So the maximum
of f is 32/9, attained at (1/3,4+4+/2/3), and the minimum of f is 0, attained at
(—1,0).

2. Applying this substitution gives the region enclosed by 3u? + 3v? = 1, or equiv-
alently u? + v? = 1/3. The Jacobian of this transformation is 2v/3. So our area
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3. Write F = (P,Q), and let R be the inside of the circle. We have P, = —3y? and
Q2 = 322, so by Green’s theorem, we have
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4. This is easiest to solve by rewriting the region as 0 < x < 4, —/z < y < /x.
The integral is then

/04 /_\/;ySin(xQ)dydw - /04 S(VEP ~ (Vo)) sina?)dr = /04 0dz = 0.

5. By sketching this out, you can see that it’s the region given in polar coordinates
by 0<p<2,0<6<2nm and 7/4 < ¢ < 37w/4. So the volume is
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Note: These problems are taken from the worksheets for Math 53 in the Spring of 2021 with Prof. Stankova.



