16.5-7: Surface Integrals

Wednesday, April 27

Vector Field Identities
Prove:

1. curl(curl F) = grad(div(F)) - V?F

curl(curl(F)) = curl((Ry — Q., P, — R;, Q2 — Py))
= <(Qz - Py)l} - (Pz - Rw)zv (Ry - Qz)z - (Qa: - Py)m (Pz - Rx)a: - (Ry - Qz)u>
=(Quy — Pyy = Poo + Rz, Ry — Qo — Qoo + Pyoy Py — Ruw — Ry + Qy)
= (Pox + Quy + Raz, Pya + Qyy + Ryz, Py + Qoy + R..) — VPF
=V(P,+Qy +R.,) - V*F
=V(V-F) - V?F.

2. curl(fF) = f cwrl(F) + (Vf) xF

=(fyR+ Ry — [2Q — fQ=, [P+ [P — fuR— [Ra, [oQ — fQu — [y P — [Fy)
f<Ry_Q27Pz_RxaQac_Py>+<fyR_szasz_foafo_fyP>
— J(V x F) + (V) x F.

Surface Area

w= [ wentaas [\ () (5) o

Find a parametric representation for the part of the sphere 22412422 that lies above the cone z = /22 + 32.
Bonus: find its area.
In spherical coordinates: the domain 0 < 6 < 27, 0 < ¢ < 7/4.



Surface Integrals

//sf(f”’y’z)dsz//Df(r(u,v))lrr><rv|dA
//f:cy, ) dA = / fzyg:z:y\/<g;)+(gz>2+ldA
// HdS = //F NdS = // (ru x1,)dA

Find [[g 2 dS where S is the triangular region with vertices (1,0,0), (0,—2,0),(0,0,4).

(16.7.11) The vertices satisfy the equation 4z — 2y + z = 4, so go with the function z = 4 — 42 + 2y. Then

[[ o= [f ¢ L (Z) 10

:/ / V21 dydx
=0 Jy=2x—-2

= \/>/ z(2—2z)d
=21 21‘72562 dx
= V21[a? 29133/3]
=V/21/3.



