
16.5-7: Surface Integrals
Wednesday, April 27

Vector Field Identities

Prove:

1. curl(curl F) = grad(div(F)) - ∇2F

curl(curl(F)) = curl(〈Ry −Qz, Pz −Rx, Qx − Py〉)
= 〈(Qx − Py)y − (Pz −Rx)z, (Ry −Qz)z − (Qx − Py)x, (Pz −Rx)x − (Ry −Qz)y〉
= 〈Qxy − Pyy − Pzz +Rxz, Ryz −Qzz −Qxx + Pyx, Pzx −Rxx −Ryy +Qzy〉
= 〈Pxx +Qxy +Rxz, Pyx +Qyy +Ryz, Pzx +Qzy +Rzz〉 − ∇2F

= ∇(Px +Qy +Rz)−∇2F

= ∇(∇ · F)−∇2F.

2. curl(fF) = f curl(F) + (∇f)× F

∇× (fF) = 〈(fR)y − (fQ)z, (fP )z − (fR)x, (fQ)x − (fP )y〉
= 〈fyR+ fRy − fzQ− fQz, fzP + fPz − fxR− fRx, fxQ− fQx − fyP − fPy〉
= f〈Ry −Qz, Pz −Rx, Qx − Py〉+ 〈fyR− fzQ, fzP − fxR, fxQ− fyP 〉
= f(∇× F) + (∇f)× F.

Surface Area

A(S) =

∫∫
(u,v)∈D

|ru × rv| dA =

∫∫
D

√
1 +

(
∂z

∂x

)2

+

(
∂z

∂y

)2

dA

Find a parametric representation for the part of the sphere x2+y2+z2 that lies above the cone z =
√
x2 + y2.

Bonus: find its area.
In spherical coordinates: the domain 0 ≤ θ ≤ 2π, 0 ≤ φ ≤ π/4.
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Surface Integrals ∫∫
S

f(x, y, z) dS =

∫∫
D

f(r(u, v))|rr × rv| dA

∫∫
S

f(x, y, z) dA =

∫∫
D

f(x, y, g(x, y))

√(
∂z

∂x

)2

+

(
∂z

∂y

)2

+ 1 dA

∫∫
S

F · dS =

∫∫
S

F ·N dS =

∫∫
D

F · (ru × rv) dA

Find
∫∫

S
x dS where S is the triangular region with vertices (1, 0, 0), (0,−2, 0), (0, 0, 4).

(16.7.11) The vertices satisfy the equation 4x− 2y + z = 4, so go with the function z = 4− 4x+ 2y. Then

∫∫
S

x dS =

∫∫
x,y

x

√(
∂z

∂x

)2

+

(
∂z

∂y

)2

+ 1 dA

=

∫ 1

x=0

∫ 0

y=2x−2
x
√

21 dy dx

=
√

21

∫ 1

x=0

x(2− 2x) dx

=
√

21

∫ 1

x=0

2x− 2x2 dx

=
√

21[x2 − 2x3/3]10

=
√

21/3.
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