11.2: Intro to Series

Wednesday, Febrary 19

Speed Round
1. In(a) + In(b) = In(ab)

2. gotb — ga. b

3. limg_, 822 =1

4. e =14z +2%/2'+23/3! + ...

5. sinz =z —2%/3! + 25/5! — 27 /7 + ...
6. cosz =1—a2/2 +2%/4! — 26/6! + ...
7. lim, o e™/nl =0

8. lim, o e"/n° = oo

9. limy, 00 In*(n)/y/n =0

10. lim,_s0(—1)" DNE

11, limy, oo 25322 = 0

12. 30 (2i+1)=3+5+7=15
13. 20, (4) =1/2+1/4+1/8+1/16 = 15/16
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14. lim, 3,1,3 +n =00

—n2+Inn

. n_ . 100
15. lim,, o & t:,b =0

n

16. lim, o (3)" =0

17. Ty L + S2I0) _ g

n2

3n +7’L2

]-8' limn%oo nl10042n

=0

Geometric Series
Proof of main result:
Sp=14+x+2>+...+2"

xS, =x+a2+... +z" + "
(1-2)S, =1— 2"

17In+1
S =
" l1—2
. ) mn-&-l
Jm = g T
1
1+x+z2+...:17 (Provided |z| < 1)
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Extension, which holds for all a provided |r| < 1:

(o] o0 a
E ar™ = E ar™ 1 = T
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n=0 n=1

1. Find i 4%
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1—1/4

3/d
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2. Find the limit of 5 —5/245/4 —5/8 + ...
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Harmonic Series

1
Big picture: Z diverges even though lim — = 0.
e 1 n—,oo N

Fun Fact: If you added one term of the harmonic series per second starting 13.8 billion years ago, your
running sum today would be about 41.2.

Test That Doesn’t Merit Any Name Better Than “Test For Divergence”

If lim,, 0 @y, # 0 or lim,_, a,, does not exist, then > °° | a,, diverges.

Practice Problems

Decide whether the following series converge using one of the three tests above. If they converge, find the
limit.

1
— diverges (Harmonic series)
3n

oo
oo
Z diverges (This is getting ahead in the material, but Y 3n+1 >3 3n+3 =3, n+1>

n+1
=1
which diverges since it contains all but the first term of the Harmonic series.)



277/

converges.

n=1

12" & i
; T ; 1/3) +Z 2/3)"
=1/3Y (/3" +2/3> (2/3)" !
n=1 n=1
1 1

=1/3(1—173 1/3) +2/3(3 72/3)

= 1/3(3/2) +2/3(3)
=5/2

oo

. Z 2% converges (GS)

223 Z 1/2)" = (5/2)(2) = 5

(o)
) Z Inn diverges (lim,,_ o Inn # 0)

n=1

o0
1 1
. E nln + diverges (The limit of the sequence is not zero)
nn

e on
. Z < ) diverges (Because the part with the Harmonic series diverges, the entire sum diverges)

n=1

0o n
. Z ( > converges.

n=1

n=1 n=1
VB
3 2
V31— vz
V2
Va- 2
V2 VB+V2
Va2 V3+ 2
=2+V6
(The limit of the sequence is not zero)
(Again getting ahead in the material: the function “looks like” 1/2n as n — oo,
(; functlon diverges like the Harmonic series)
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11. Z — converges
en

n=1

S =1/ = Ta /e =7/ - 1)

(The limit of the sequence is not zero)

13. Z — + 5, converges

n=1
1 1
T31-1/3  21-12
=1/2+1
=3/2

True/False

If false, find a counterexample.
1. If ZZOZI an converges, then lim, ., a, = 0. True.
2. If {a,} converges, then Y > | a, converges. False: a,, = 1.

If lim,, o0 @y, = 0, then Y | a, converges. False: a,, = 1/n.

If lim,, o0 @y, converges, then lim,,_, o @, = lim,, 00 @n43. True.

If Zzo:l an converges, then 220:10 an converges. True.

If >°° | a, converges, then Y~ | a, = > .- a,. False-pretty much any series will do.

If >°° | a, diverges, then Y0 | ¢ - a, diverges for any ¢ # 0. True.

If > ay and > 07 | b, diverge, then )y~

® N o ot ®w

ne1 On + by diverges. False: b, = —a, will give a, +b, = 0.

Bonus
1. Write 1.027027027. . . as a rational number.1 4+ 27/999 = 1+ 1/37
2. Write 1/33 as a repeating decimal. 0.0303030303 ...

3. Write to as many decimal places as you can. 0.0030090270812437 ..

0. 997

4. Sketch the graphs of —,1+x + % +. O and 1 +z + 2%+ ...+ 2% (you can plug in the points
r=0and x=1to help Wlth your Sketches) They are all very close for the range 0.05 < = < 1.

5. What is 1/(1 + z) written as an infinite series?
1/Q42)=1—-z+2? —2® 42" — 25+ ...

This series also converges for |z| < 1.



