x+1 ifx=sl
g2, flxy =4 1/x if1<x<3
Jx—=3 iffx=3
x+2 ifx<0
? In other 83 fl) =3¢ fosx=1
ontinnous 2—x ifx>1
3
44, The gravitational force exerted by the planet Earth on a unit
—— mass at a distance r from the center of the planet is

- function is

. GMr .
omain. 7 if r<R
) ' F(r) =
- 1 : oM
x—1 — if r=R
¥
, e
LI : where M is the mass of Earth, R is its radius, and G is the grav-
itational constant. Is F a continuous function of r?
X
x or what value of the constant ¢ is the function f continuous
. on (—, )7
1+e") ‘
cx?+2x ifx<2 .
e fl =9, . '
r—cx Hx=2
i illustrate by G _ i
46, Find the values of a and & that make f continuoas everywhere.
2
: — 4
) ad fx<2
e T R
% ax? —bx+3 if2=x<3
\&"J 2x—a+b fx=3
sinx) } Which of the following functions f has a removable disconti-
nuity at g7 If {he discontinuity is removable, find a function g

that agrees with f for x # a and is continuous at a.

4
@ =S8 a1

3—— —
B =T g

©) f(x) =sinx], a= =

48 Suppose that a function f is continuous on [0, 1] except at
25 and that £(0) = 1 and £(1) = 3. Let N — 2. Skeich two
ossible graphs of f; one showing that £ might not satisfy
‘hc_Ct'mciuSion of the Intermediate Value Theorem and one
wing that f might still satisfy the conclusion of the Inter-

: \_falue Theorem (even though it doesn’t satisfy the
thesis). . :

wuous. At which |
t, from the lefb

0009 sm x, show that there is a number ¢ such

7

SECTION.25 CONTINUITY 129 -

- B0, Suppose f is continuous on [1, 5} and the only solutions of the
equation f(x) = 6arex = landx = 4. If (2} = 8, explain
why f(3) > 6. .

51—54' Use the Intermediate Value Theorem to show that there is a
. root of the given equation in the specified interval. '

Mo +x—3=0 (L,2) 5 Yx=1-x ©1

B\e" =3 - 2x, (0,1) 84, sinx=x>—x (1,2

55-56 (a) Prove that the equation has at least one real root.
(b) Use your calculator to find'an interval of length 0.01 that
contains a root.

ﬁgosx = x}

A4 §7-58 (a) Prove that the equation has at least one real root.
(b) Use your graphing device to find the root correct to three
decimal places. ‘

57, 100e™'% = 0.01x*

86 Inx =3 — 2x

58. arctanx =1 — x

59, Prove that f is (;on_tmuous at @ if and only if

lim fla + k) = fla)

A;I'o prove that sine is continuous, we need to show that
im, ., sin x = sin g for every real number a. By Exercise 59

an equivalent statement is that

lim sin{a + k) = sina

h—=0"
" Use[6]to show that this is true.
61. Prove that cosine is a continuous function.

62. (2) Prove Theorem 4, part 3.
(b) Prove Theorem 4, part 3.

63. For what values of x is f continnous?

) 0 if xisrational
1) =
1 if xis irrational
64. For what values of x is g continuous?
) ﬁ 0 if xisrational
. gix x if x is irrational

% there a number that is exactly 1 more than its cube?

66. If o and b are positive numbers, prove that the equation

a b

+ —0
P24+ -1 xPH+x-2

has at least one solution in the interval (—1, 1).
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~ following.
(a) tim f&x) =3

i \i
b) How many horizoh .
® have? Sketch graphs 1o iliusts

@or the function f whose
(a) lim f(x)

(e) tim f()

(e} The equations of the asy

4. For the fupction g who

lim f(x) =

Exercises -

ain in your owi words the

(b

Can the graph ofy = f{x)
Can it intersect 2 horizo
sketching graphs.

(a) m g2)

(c) tim g(x)

3 AND DERWATIVES

1}}51mf(x) =3

ntal asymp

al asyrapt

graph

b lm flx) i =3
® A ®) 5. b 70 =~ S @ . B
(@ B f - tim_ fx) =% £ ’

s. The geometric

an be defined as follow

S LY

that an inﬁnite limit at infinity ¢

i ote
i & in Figure 19.

j{lustration is given

oo, Then

e 1 al (g,
fbea fanction defined on SOME 1-nterv (

Ym f(x) =

x—>%

@ pefinition Let

S1 O ave ll[[lhe[
lﬁeaﬂs that fO] eve! 8} fnve “u“lbe thete sa COI[G [8) dln

N such that . »

then

g x> N

l jse 74.) ’
replaced by —%- (See Exerc : |

1y when the symbol @ is

imilar definitions app

ations of the asymptotes

(f) The eqw

(c) Hm g(x)

meaﬁing of each of the

: ?
intersect @ yertical asympiote:
tote? Tustrate by

otes can the grapk} ofy=1{ (x)
ate the possibDilities.

of an example of a function f that

| 1]
5-10 Sketch the grap i

iq piven, state the following. .
o ! fies all of the SVeRn co

) satis ﬁr%f(x) .

6. lig f( = O
fim fO)=0. B2

. Hm f{x) ==

x>

tim flx) = ~%
x—=0

mptotes

flx) =0 FOy =0 |
im fx =0

— -, Jim
- b

| 1Emfl

! 3 = 00, ‘.
Bim, () o

g tim f(» =3 I £l = o im S
54 ’ ) ' ) ) 2, |
| .fe 3 np =4 SC
“ (0) } 3, }Lrgl_f * . == 00,
- e tm f = B fx)
f 7 ]j.fgmf(x _' e | '
i Yim 70 =3 :
. the following. lim £2) | »
W e " | o, B =2 S oy=0, f1

© fm o 10. Tim fx

(@ bHm g(x)

uess the value of the limit
. x?

yom 2F

by evaluating the function f(x) = x*%2* forx = 0, 1,2, 3,
4,5,6,7,8,9, 10,20, 50, and 100. Then use a graph of f
to SEPPOTt YOUr guess.

12 (a) Use a graph of

£ = (1 _ z)*
X

to estimate the value of lim .. f(x} correct to two
decimal places.

(b} Use a table of values of f(x) to estimate the limit to
four decimal places. .

13-14 Evaluate the limit and justify each step by indicating the
approptiate properties of limits. .

32— x+ 4 =
P

vy

SEGTION 2.6 LIMITS AT INFINITY: HORIZONTAL ASYMPTOTES 141

39, (a) Estimate the value of
lim {vx* + x F1+2)

by graphing the function f{x) = Vx> +x+ 1 + x.
(b) Use a table of values of f(x) to guess the value of the
Limit. ' _
{(c) Prove that your guess is correct.

40. (a) Use a graph of

FO =8+ 6 — At axt 1

to estimate the value of lim, .. f{x) io one decimal place.
(b) Use a table of values of f(x) to estimate the limit to four
decimal places. '
{c) Find the exact value of the limit.

41-46 Find the horizontal and vertical asymptotes of each curve.
If you have a graphing device, check your work by graphing the
curve and estimating the asyroptotes.

13, lim
15-38 Find the limit or show that it does not exist, -

52 1 = xz:
g 16, lim it
—w 2x + 1 gom x? = x + 1
x—2 . )+ 6x2. .,
1. lim ——— 18. axrTor T2
x_l)l'llw ¥4+ 1 iomw 2yt — Az + 5
10, i Y112 W fim fTEE
== 2t — ¢ _ w2 3 — 5
n e 2 2. fim
o (x - 1)2(x2 + x) ) x>0 m
A m ' m
G 2. fim X
.x—m x+1 im x+1

. im {0x? + x — 32)

Jase

26, lim (x + /%% + 2x)

x—r—

28, lim V2 + 1
X =r0a

P—..{I;l,(‘\/;ﬁ ax — _\/xz T bx)

30. lim(e™ + 2 cos 3x)

i L+
1Imn
= —00 x4 + 1

3z

e g
% lim—p——r
o g M g

a2
6. lim Szmx
I‘—)wx __I__ 1

. o
38, xl_;}g tan”'(ln x}

2x+ 1 e
M, y= oo Pl
2+ x—1 ' [+ x*
B =24 0 e
**+x—2 y g
Gl 2e*
g5y = —— o o
¥ x2—6x+35 ¥y 3

47. Estimate the horizontal asymptote of the function

3x* + 500x2
4+ 300x% + ‘10())5 + 2000

flo) =

by graphing f for —10 = x < 10. Then calculate the
equation of the asymptote by evaluating the limit. How do
you explain the discrepancy? '

48. (a) Graph the function

f(X) T 3x-5

How many horizontal and vertical asymptotes do you
observe? Use the graph to estimate the values of the

limits
lim ——— and i V2L
iwm 3y — 5 i Jm TS

{(b) By calculating values of f(x), give numerical estimates
of the limits in part (a).

{(¢) Calculate the exact values of the limits in part (a). Did

you get the same value or different values for these two-

limits? [In view of your answer to part (a), you might

have to check your calculation for the second limit.]
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a9, F'md a formul
conditions:

50. Find a formula
x=1landx=

function fisa ratio of

5. y=03
56y =X

AND DERIVATIVES

e

a for a function f that satisfies the following
) =0, lim f) === @~
lim f(x) = b ()=~ :

for a function that has veriical asymptotes
3 and horizontal asymoptoie ¥ == 1.
quadratic functions and has
x == 4 and just one x-intercept, * = 1.1tis
= —1and

a ver-

fcal asymptote

known that fhas a removable discontinuity at x

lim, 1 F¥) = 2. Evaluate

(@} f(O) () Lim f(®)
5256 Find the limits as * —» o gnd as X —> 7% Use this infor-
miation, together with intercepts, 10 give a rough sketch of the
graph as in Bxample 12. ’

53 p=x"— x°

52, y = 2%~ x*
51, y=x(x+t -1

— 0+ - =)
2oyt — DHx T+ p))

by graphin
2 2 by -2, 2] and [- 10, 10 by [-1
(b) Two functions are said to have the same e
their ratio approaches 1 as x —> . Show that P and ¢
have the same end behavior. -

nomials. Find

. P}
im =5
© e Ox)
is (a) less than the de

degree of Q-

59, Let P and Qbe poly

£ the degree of P gree of @ and
(b) greater than the

0. Make a rough sketch of the carve ¥

for the following five cases:
= 0
(i) n > 0, neven
" n< 0, neven
Then use these sketches to find the following Jimits.

(a) lim x" (by lim x"
x—0F x—07

(c) lim x"

x>

=x"(nan integer)

iy n> 0, n odd
(iv) B < 0, n odd

(dy Lim x"

— -

nel behavior if -

1. Find lim.

e f) I forallx > 1,

5yx

10e* — 21
F—————<f(x) < ————,___—ex =

2e*

62. (o) Atank contains
30 g of salt
rate of 251,
+ mnintes (in g¥

ciH =

(b) What happ

63. In Chapter 9 we will be abl

tions, that.

oy = p*(l — €

where g is the acce
terminal velocity of
(2) Find lim— (5.
) Graph #(f)

it take for

A

x>

lustrate Definition 7 by findin
05ande =01

toe =

7 61, For the limit

5000 L. of pure water.
per liter of water is pumpe
Jmin. Show that the ¢
arns per liter) is

ens to the concentration a8

the velocity o(f) of a falling ¥

leration due to gravity and
the raindrop-

if p* = Lm/s and g =
the velocity of the Tain

Brine that contains
a into the fank ata

oncentration of salt after

30t
200 + 1

1 —> ol

o show, under certain assump-

& t
aindrop at tme ? is

_g,’,',,u)

p* is the

9.8 m/s*. How long does
drop to reach 99% of its

. s s inal velocity?
a) Use the Squeeze Theorem fo evaluate lim —%i. . _‘ ,Ii"’)//‘ .
T ' e V), AN : _. - -
(b) Graph f(x) = (sin x)/x. How many tumes does the graph ‘f‘,ﬂ‘,,‘/& Y gfaphﬁlg ylax e X a;lddyto n?;:;; iﬁ:zl:?;}mscf?i
cross the asymptoe? ‘ ;b% scover how large yOu I " . . b
. _ (A () Can you solve part (a) without using a graphing device? &
58. By the end behavior of 2 function we mean {he behavior of
its values as x =% and as x =~ % 5. Use a graph to find a number N such that
(a) Describe and compare the end behavior of the functions
: 241
plx) = 3x% — 5%+ 2% O(x) = 3x° § x>N  then \2x5;x+ — 1.5\ < 005
x: . )
g both functions in the viewing rectangles
0,000, 10,0001 P, 6. For the limit
2
__4;75_1__1— =7

1im
w x+1

g values of N that correspond

Jaxr+l _

m -

X

illustrate Pefinition
woe="05 and 8 =

§8. For the limit

illustrate Definitio

NP
e x 1

8 by finding values of N that
0.1.

22+ 1

__————sco
x+ 1

lim
e

n 9 by finding 2 vahe of N that corre

sponds 1© M = 100

|
H
i
i
§
-4
|2

- (’) l a.k 18] i 1/x v ””“”I?
i g to & .
69 I 1'()“'- arge d() -Wﬁ haVﬁ exs t.ha
( ) dklﬂg 2 in Theorem 5, € ha e the/stat;le t .
] 1 ¥ W v 31l

70. (a) How large do we h
" ave to take x so th
ino 1. at 1
(b} Taking r = 3 in Theorem 5, we have the i:a{_ txemir?t‘oom?

Prove this directly using Pefinition 7.

SE :
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72. Prove, using Definition 9, that fim x° =

lim — = ‘ , |
mL =0 73. Use Definition 9 to prove that lim e* =

s X
_74. Fgrmulate a precise definition of
Jim ) =
~ Then use your definition to prove that

lim (1 +x*)=—=

Jim 71_— -0
o . X—>—m
Prove this di H 78, Prove that
is directly using Definition 7 :
: lim f(z) = lim £(1/

) e lim, f(1/2)

71. Use Definition & to prove that lim 1_ o and li " 0
lim 0. Jim, £() = lim £/9)
if these limits exist.

g

-

)’4

Derivatives and Rates of Change

The problem of findi '
nding the tan, i ’
of an object both i ngent line to a curve and the Endi
cial type of limit :EVC(;}I;Z ﬁan‘cflmg the same type of limit, as \Ezosliir?nogeirtlidmgz the velocity
h : 1t1s catled erivative and ; o on 2.1. This spe-
change in any ":f_the'sblences or engineeﬁnwge will sec that it can be interpreted as a rz;p:f

\

BBl Tangents

If a curve C has equati '
quation y = :
P(a, f(a)), then we ) f(x) and we want to find .
S consid: . the tangent lin i
of the secant line PQ): era I}earby point Q(x, f(x)), where x svég a andi(t)(x)ng atlt tﬂt:e point
: ) : ’ ute the slope

mpg = fG) — fla)

cort:e'spoﬂd

X —a

" Then we'let Q a
pproach P ;
number m, then we de ﬁnealtfl)lng the curve C by letting x approach a. If
amounts to saying that the tane tangent t to be the line through P ‘tf:PQ approaches a
ine i L wil p
approaches P. See Figure 1.) gent line is the limiting position of the secaxftl?iﬁ}le r;:.Q(TmS
’ € as O

|I| Definition The tan, lin
- gent line t v
line through P with slope o the curve y = f (x) at the point P(a, f(a)) is the

J) - fla)

X —a

m = lim

r—a

‘provided that this limit exists

I]lO ﬁ ste p gu p sde
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