Math 54 Homework 10 Solutions
1. (a) f(x) = e 4 7% 4 %% 4+ % i already a Fourier series for f.
Since u(z + 27, t) = u(x,t) for each times t, write

o0

u(x,t) = Z an(t)e™.

Plugging this expression for u into

ou 0%*u

ot a2

gives
a,(t) = —n’ay(t)

which implies that ,
a,(t) = e " "a,(0).

Here a,(0) is the nth Fourier coefficient of f, so it's 1 is n €
{£2, £4} and 0 otherwise. Therefore

U(l',t) — €4zx6716t + 622x674t 4 67211674t + ef4zx6716t
u(0,t) = 2e 10" 4 27

(b) From homework 9:

fa)=5+3 (—%) eina

n odd
therefore
5 fn=0
an(0) = ¢ —=% if nodd
0 otherwise
SO )
T 2
t _ = = —n*t _nx
we =5+ 3 (-)
n odd
2. Write



e’ e 1/2 ifn=+1
= Cos = =), =
f@) (@) 2 { 0 otherwise
L 1/2i  ifn=1
gla) =sin(e) = —— = e = { —1/20 ifn=-1
0 otherwise
So . A
u(z,t) = by + cot + Z (bn cos(nt) + — sin(nt)> e
n#0 n
~ [cos(t)  sin(t)\ 4 cos(t) sin(t)\ _,.
:'“(x’t)_( > T )¢ T T3 2 )°
(this, in fact, simplifies to cos(x — t)).
(b)
1 ifn=0

0 otherwise

flz)=1=b, = {
And from homework 9:

% if n#0
Cp =
0 ifn=20

Therefore

uz,t) =1+ (:1”): Sin(nt)> e

n#0

al(t) = —nla,(t) + a, = a,(t) = an(O)e(I’"Q)t = b, et
[ee]
= u(z,t) = Z b, L)t ine
(b) All the terms in u(z,t) go to zero except those corresponding to
n = +1 and 0. The n = +1 terms stay the same as t — oo and

the the n = 0 term goes to co. Therefore u(x,t) becomes infinite
as t — oQ.

4. As always in this class, we assume that u is periodic in x with period
21 u(x 4 2w, t) = u(x,t). Therefore

u(z,t) = Z an(t)e™



for some coefficients a,,(t). Plug this expression for u into the differential
equation to get

al(t) = —n2a,(t) + 5a,(t)
= a,(t) = AeY? "t 4 Be Vo

(1) = VB = n2(AeV> T — emVET)
(oo %)
:B—%(a (0)—%)

> ) =3 (2 (ant0) + 0 ) vty L (0 - LY o) o

> ( o) (e 5_"%+6_Mt) + (0 (‘fF - 6F>)
B " 2 V5 —n? 2

In the case where

= A=

1. 1 .
f(ZE) = COS(?)[E) = éem + ée—zx

and
1 . 1 . 1 .. 1 '
g(x) = sin(z) + sin(2x) = 2_z'€w _ 2_z'6_m i Z_iezm B 2_2-6_2”
Then bi — 7 cCl = l — —%, Co = %’ C_9 = _%, and au Other

c_

277
Fourier coefﬁ(nents of f an g are zero. Therefore the sum of u(zx,t) is a
finite sum:

2it | ,—2it 2% _ -2t . ‘ t_ ot ' .
u(z,t) = (%) (egm + 63”)_,_(%) (em _ ezx)+(€ 4; ) (em _ 6727,33)




