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An analogy: B-model
• IIB on              + “self-dual graviphoton background”


• Protected subsector: B-model aka Kodaira-Spencer (BCOV) on CY


• 6d ``holomorphic gravity’’, partition function computes F-terms in 4d


• Modern perspective: Omega-deformed twisted supergravity on


• Branes on              : Omega-deformed world-volume theory (hCS, etc.)


• KS theory non-renormalizable, but unique counterterms with hCS 
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Twisted M-theory
• Twisted M-theory on 


• Special case of                        or


• 5d theory of complex symplectic-topological gravity


• Three dual descriptions as hol-top 5d non-commutative U(1) CS theory


• Non-renormalization theorems


• M5 branes? M2 branes? Brane intersections?
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Motivations

• Holomorphic twists: SUSY unexplored frontier?


• Twisted SUGRA: novel non-renormalization theorems? Holography?


• Vertex Operator Algebras and SUSY gauge theory: AGT and beyond



Twisting SUSY
• Twist: 


• Pick nilpotent supercharge Q 


• Use Q as BRST charge


• Topological twist: all translations are Q-exact.


• Holomorphic twist: all anti-holomorphic translations are Q-exact.


• Dependence on couplings or RG scale may be controllable or unique.



Low SUSY examples
• 3d N=2 admit holomorphic-topological twist (R x C)


• 4d N=1 admit holomorphic twist (C x C)


• 5d N=1 admit holomorphic-topological twist (R x C x C)


• Interesting physics! Anyons, confinement, UV fixed points. What survives 
twist?


• For SCFT, involves operators in superconformal index. Fun holography, 
even black holes. 



Twisted SUGRA

• Twisted SUGRA: turn on nilpotent vev for super-ghost


• Automatically twists SQFT coupled to it


• Simplified theory often has surprising non-renormalization theorems. 


• Sometimes Omega deformation is possible 


• Localize to isometry fixed points, lowers dimensionality.



Reducing to 5d
• M-theory on CY manifold -> 5d N=1 SUSY


• Twisted M-theory on CY manifold -> Holomorphic-topological twist of 5d


• Local              geometry, complex symplectic


• M2 branes on curve in CY-> topological line defects along      


• M5 branes on surface in CY-> holomorphic surface defects along     


• Little known for general 5d theory or general CY.
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Non-commutative 5d CS theory
• Costello: twisted M-theory on                          has dual gauge theory 

description(s)


• Permutation symmetry hidden. 


• M2 map to Wilson lines of charge 1, or Wilson lines of charge -1, or 
instanton particles. Weyl algebra 


• M5 map to ’t Hooft surfaces of charge 1, or ’t Hooft surfaces of charge 
-1, or coupling to chiral fermion. Free boson VOA

1

✏1

Z 
A ^⇤✏2 dA+
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3
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M5 defects
• N M5 branes support 6d SCFT, coupled to 11d SUGRA


• Twist: 6d SCFT on              gives 2d chiral algebra WN .


• Origin of AGT


• Coupling to twisted SUGRA? 


• Koszul duality: VOA map                required to couple V to 5d bulk


• Three stacks of M5 give “corner VOA” YLMN

W1 ! V
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Fusion and coproducts

• Can we fuse N separate M5s into a single stack? 


•  Coproduct                               governs fusion of defects. 


• Single M5 is a free boson. Free field realization of WN from N bosons


• A piece of Coulomb gas construction. 


• Can we find screening charges, etc.? Yes! M2’s stretched between M5’s

W1 ! W1 ⌦W1
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M2 defects
• N M2 branes support 3d SCFT, coupled to 11d gravity


• Twist: 3d SCFT on                gives 1d algebra SHN


• Generated by Calogero Hamiltonian and symmetric polynomials


• Coupling to twisted SUGRA? 


• Koszul duality: algebra map                require to couple B to 5d bulk


• Three stacks of M2 give which algebra? 

R⇥ C✏1

<latexit sha1_base64="pWd4YtLNId7pEbYoe5M0qaU+uO8=">AAACEnicbVDLSsNAFL3xWesr6tLNYBF0UxKp6LLYjcsq9gFNCJPptB06eTAzEUrIN7jxV9y4UMStK3f+jZM2grYeuHA4517uvcePOZPKsr6MpeWV1bX10kZ5c2t7Z9fc22/LKBGEtkjEI9H1saSchbSlmOK0GwuKA5/Tjj9u5H7nngrJovBOTWLqBngYsgEjWGnJM0+dAKuR76e3GXIUC6hEP0oj81KHxpJx3WhnnlmxqtYUaJHYBalAgaZnfjr9iCQBDRXhWMqebcXKTbFQjHCalZ1E0hiTMR7SnqYh1svddPpSho610keDSOgKFZqqvydSHEg5CXzdmZ8r571c/M/rJWpw6aYsjBNFQzJbNEg4UhHK80F9JihRfKIJJoLpWxEZYYGJ0imWdQj2/MuLpH1WtWvV85tapX5VxFGCQziCE7DhAupwDU1oAYEHeIIXeDUejWfjzXiftS4ZxcwB/IHx8Q0W6J5h</latexit>

A ! B

<latexit sha1_base64="mkzmU6wO+ViTL4TCuABOjCw/trc=">AAAB7nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIostaNy4r2Ae0Q8mkd9rQTGZIMkIZ+hFuXCji1u9x59+YtrPQ1gOBwzn3kntOkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHstHM0nQj+hQ8pAzaqzUviU9E5N6v1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7ulJxZZUDCWNknDZmrvzcyGmk9iQI7GVEz0sveTPzP66YmvPEzLpPUoGSLj8JUEBtxlp0MuEJmxMQSyhS3txI2oooyYxsq2RK85cirpHVR9S6rVw+XlVo9r6MIJ3AK5+DBNdTgHhrQBAZjeIZXeHMS58V5dz4WowUn3zmGP3A+fwAhm47K</latexit>



Fusion and coproducts

• Can we fuse N separate M2s into a single stack? 


•  Meromorphic coproduct                      governs fusion. 


• Single M2 is a Weyl algebra.


• Coproduct gives Calogero-like presentation for three-stack defect 
algebra. Novel integrable system.

C
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Junctions

• AGT: M2 ending on M5 give degenerate vertex operators.


• BPS M2-M5 intersections can be coupled to supergravity. 


• Twist: gauge invariance controlled by a mixed coproduct


• Junction must intertwine two A actions: local operators from bottom 
half-line vs coproduct                     of local operators from top half-line 
and VOA modes from surface

�1

<latexit sha1_base64="xiZOEH5rapV1atb5C5itOrPdC6k=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cK9gPbWDababt0swm7G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/VbT6g0j+W9GSfoR3QgeZ8zaqz00A1RGPqYeZNeueJW3RnIMvFyUoEc9V75qxvGLI1QGiao1h3PTYyfUWU4EzgpdVONCWUjOsCOpZJGqP1sdvGEnFglJP1Y2ZKGzNTfExmNtB5Hge2MqBnqRW8q/ud1UtO/8jMuk9SgZPNF/VQQE5Pp+yTkCpkRY0soU9zeStiQKsqMDalkQ/AWX14mzbOqd169uDuv1K7zOIpwBMdwCh5cQg1uoQ4NYCDhGV7hzdHOi/PufMxbC04+cwh/4Hz+AISKkNM=</latexit>

�2

<latexit sha1_base64="SbFCm27R5E/uh/SexR9XoiBAWUU=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSSloseiF48V7Ae2sWw2m3bpZhN2J0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWaenwiu0XG+rcLa+sbmVnG7tLO7t39QPjxq6zhVlLVoLGLV9YlmgkvWQo6CdRPFSOQL1vHHNzO/88SU5rG8x0nCvIgMJQ85JWikh37ABJLHrDYdlCtO1ZnDXiVuTiqQozkof/WDmKYRk0gF0brnOgl6GVHIqWDTUj/VLCF0TIasZ6gkEdNeNr94ap8ZJbDDWJmSaM/V3xMZibSeRL7pjAiO9LI3E//zeimGV17GZZIik3SxKEyFjbE9e98OuGIUxcQQQhU3t9p0RBShaEIqmRDc5ZdXSbtWdevVi7t6pXGdx1GEEziFc3DhEhpwC01oAQUJz/AKb5a2Xqx362PRWrDymWP4A+vzB4YPkNQ=</latexit>

�3

<latexit sha1_base64="7WvNwcCg05MCLlCZqfHGi6a8hkY=">AAAB8XicbVBNS8NAEN3Ur1q/qh69BIvgqSRa0WPRi8cK9gPbWDabSbt0swm7E6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDPPTwTX6DjfVmFldW19o7hZ2tre2d0r7x+0dJwqBk0Wi1h1fKpBcAlN5CigkyigkS+g7Y9upn77CZTmsbzHcQJeRAeSh5xRNNJDLwCB9DE7n/TLFafqzGAvEzcnFZKj0S9/9YKYpRFIZIJq3XWdBL2MKuRMwKTUSzUklI3oALqGShqB9rLZxRP7xCiBHcbKlER7pv6eyGik9TjyTWdEcagXvan4n9dNMbzyMi6TFEGy+aIwFTbG9vR9O+AKGIqxIZQpbm612ZAqytCEVDIhuIsvL5PWWdWtVS/uapX6dR5HkRyRY3JKXHJJ6uSWNEiTMCLJM3klb5a2Xqx362PeWrDymUPyB9bnD4eUkNU=</latexit>

O

<latexit sha1_base64="iddXnbOT5cd0Iv/IJu4b1t5dfQY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKRI9BL95MwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mHGCfkQHkoecUWOl+n2vWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rw2p9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUr5sl4pVW+yOPJwAqdwDh5cQRXuoAYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A6qtjNs=</latexit>

`1

<latexit sha1_base64="Sr2J+J65RosINhWmzUvayhet8MI=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Ae0oWy2k3btZhN2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzU6qEQfa9frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42v3ZKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjJ7nQy4QmbExBLKFLe3EjaiijJjAyrZELzll1dJ66Lq1aqX97VK/SaPowgncArn4MEV1OEOGtAEBo/wDK/w5sTOi/PufCxaC04+cwx/4Hz+ADe0juc=</latexit>

`2

<latexit sha1_base64="XFVudafczmB9Mk0uMB3GtD7tNVg=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4Kkmp6LHoxWMF+wFtKJvtpF27yYbdjVBC/4MXD4p49f9489+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpuaZkqhk0mhVSdgGoUPMam4UZgJ1FIo0BgOxjfzvz2EyrNZfxgJgn6ER3GPOSMGiu1eihEv9ovld2KOwdZJV5OypCj0S999QaSpRHGhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFraUwj1H42v3ZKzq0yIKFUtmJD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzHSWowZotFYSqIkWT2OhlwhcyIiSWUKW5vJWxEFWXGBlS0IXjLL6+SVrXi1SqX97Vy/SaPowCncAYX4MEV1OEOGtAEBo/wDK/w5kjnxXl3Phata04+cwJ/4Hz+ADk4jug=</latexit>

S3

<latexit sha1_base64="I5H/NvwyWe6Zi76ORyDlgSMfpww=">AAAB8XicbVDLTgJBEOzFF+IL9ehlIjHxRHYVo0eiF48Y5RFhQ3qHASbMzm5mZk3Ihr/w4kFjvPo33vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiKKvTSESqFaBmgktWN9wI1ooVwzAQrBmMbqZ+84kpzSP5YMYx80McSN7nFI2VHtMORUHuJ93zbrHklt0ZyDLxMlKCDLVu8avTi2gSMmmoQK3bnhsbP0VlOBVsUugkmsVIRzhgbUslhkz76eziCTmxSo/0I2VLGjJTf0+kGGo9DgPbGaIZ6kVvKv7ntRPTv/JTLuPEMEnni/qJICYi0/dJjytGjRhbglRxeyuhQ1RIjQ2pYEPwFl9eJo2zslcpX9xVStXrLI48HMExnIIHl1CFW6hBHShIeIZXeHO08+K8Ox/z1pyTzRzCHzifP+xXkG8=</latexit>

A ! A⌦W1

<latexit sha1_base64="iBvZWtq1/Q4SgZ7972r8jOKdH/o=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCq5JIRZdVNy4r2Ac0IUymk3boZBJmboQS6sZfceNCEbf+hTv/xmmbhbZemOFwzr3ce06YCq7Bcb6tpeWV1bX10kZ5c2t7Z9fe22/pJFOUNWkiEtUJiWaCS9YEDoJ1UsVIHArWDoc3E739wJTmibyHUcr8mPQljzglYKjAPrzCHiTY/AnwmGncDjwuIxgFdsWpOtPCi8AtQAUV1QjsL6+X0CxmEqggWnddJwU/Jwo4FWxc9jLNUkKHpM+6Bkpitvn51MEYnximh6NEmScBT9nfEzmJtR7FoemMCQz0vDYh/9O6GUSXfs5lmgGTdLYoygQ2nidx4B5XjIIYGUCo4uZWTAdEEQomtLIJwZ23vAhaZ1W3Vj2/q1Xq10UcJXSEjtEpctEFqqNb1EBNRNEjekav6M16sl6sd+tj1rpkFTMH6E9Znz8YYpYN</latexit>



Gauge-invariant junctions

• A single M2 ending on fundamental degenerate field from below


• A single M2 ending on anti-fundamental degenerate field from above


• A single M2 crossing an M5 at a Miura operator 


• Fusion of the above in topological or holomorphic directions


• M-theory interpretation for Miura transform, Coulomb gas constructions, 
VOA construction of Calogero wavefunctions and more. 
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To Do
• M5s with different orientation in C x C


• q-deformation from R x C* x C*


• Changing inner toric CY


• No faces: matrix generalizations of VOA and Calogero, etc.


• Faces: unknown. Holomorphic-topological twist of 5d gauge theories?


• Interfaces: topological twist of 4d N=1 domain walls


