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Uqpglnq-quantum invariant from HOMFLY-PT

PpLq|a“qn{2 “ VnpLq.
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Figure: Closure Lpβq of the braid β
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Hecke algebras and Ocneanu-Jones trace

Hecke algebra Hnpqq is the quotient of Brn

σi ´ σ
´1
i “ q1{2 ´ q´1{2.

dimHnpqq “ dimCrSns “ n!.

Theorem (Jones, 1987)

There is a Cpq, aq-linear functional TrOJ on
À

n Hnpqq such that

§ TrOJpαβq “ TrOJpβαq, α, β P Hnpqq

§ TrOJp1nq “ An, A “ pa´1 ´ aq{pq1{2 ´ q´1{2q.

§ TrOJpτσ
˘1
n q “ a...q...Trpσnq, τ P Hnpqq.

PpLpβqq “ a?q?Trpβq.
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Characters and co-characters: OJ trace

KC˚q pMF st
n q Hnpqq “ ‘|λ|“nEndpVλq

KC˚q pHilbnpC
2qq Z pHnpqqq

Cpa, qq Cpa, qq

„

CH ch

TrOJ

HC

χC˚ p´bΛ‚Bq

„

hc

.



Characters and co-characters: KhR trace

MF st
n HopSBimnq

Dper
C˚q ˆC˚t

pHilbnpC2qq DC pHopSBimnqq

3gr. v. sp. 3gr. v. sp.

„

CH ch

HH˚

HC

H˚
C˚q ˆC˚t

p´bΛ‚Bq

„

hc

.



Geometric triply-graded link homology

Theorem (O.-Rozansky 2019)

There is a geometric trace map:

T r : Brn Ñ Dper
C˚q ˆC˚t

pHilbnpC2qq

such that

1. HHHgeopβq “ ‘iH
˚pT rpβq b ΛiBq is an isotopy invariant of

the braid closure Lpβq

2. T rpβ ¨ FTnq “ T rpβq b detpBq.
3. If π0pLpβqq “ 1 then T rpβq “ T rpβq|qÑt2{q

4. HHHgeopβq “ HHHalg pβq.

5. T rpcoxnq “ OZ .
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Hilbert schemes

Definition
HilbnpC2q is the manifold that parameterizes ideals I Ă Crx , y s of
codimension n.

HC : HilbnpC2q Ñ SymnC2, HC pI q “ supppCrx , y s{I q.

Z “ HC´1pn ¨ p0, 0qq, B_|I “ Crx , y s{I .

The C˚q ˆ C˚t action on C2 induces the action on HilbnpC2q, hence

double grading on H i pZ , Lk b ΛmBq.

Hilb2pC2q “ T ˚P1 ˆ C2 Ñ C2{t˘1u ˆ C2.
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Algebraic homology (after Khovanov and Rozansky)

Rn “ Crx1, . . . , xns, Bk “ Rn bR
sk,k`1
n

Rn, degpxi q “ q2.

Definition (Soergel’90)

SBimn is the Karoubi envelope of the additive monoidal category
generated by B1, . . .Bn´1.

rRouquier 104s Ro : Brn Ñ HopSBimnq.

Theorem (Khovanov-Rozansky ’04)

For β P Brn the triply graded vector space

HHHalg pβq “ H‚pHH˚pRopβqqq, degp‚q “ t.

is an isotopy invariant of Lpβq.
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Geometric homology

Stn “ tpF‚,F
1
‚,X q|X pFi q Ă Fi´1,X pF

1
i q Ă F 1i´1u Ă Fl ˆ Fl ˆ gln.

Example

St2 Ă P1 ˆ P1 ˆ glpnq, St2 “ P1 ˆ P1
Ť

T ˚P1. Two components
are glued along ∆ Ă P1 ˆ P1.

rBezrukavnikov´Riche 113,O´Rozansky 116s Ψ : Brn Ñ DGLn
C˚ pStnq.

Theorem (O-Rozansky ’16)

For β P Brn the triply graded vector space

HHHgeopβq “ H‚pHompΨpβq,Ψp1q b ΛCnqGLnq, degp‚q “ t.

is an isotopy invariant of Lpβq.
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Two realizations of the braids

Algebraic:

Ropσkq “ rR Ñ Bk s, Ropσ´1
k q “ rBk Ñ Rs.

Geometric, n=2:

Ψpσ1q “ rOT˚P1 Ñ OSt2s, Ψpσ´1
1 q “ rOSt2 Ñ OT˚P1s

Theorem (O-Rozansky ’19)

HHHgeopβq “ HHHalg pβq.

Correction:
DGLn
C˚ pStnq Ă DGLn

C˚ pT
˚Fln ˆ T ˚Flnq,

Stn “ tpz1, z2q P T
˚Fl ˆ T ˚Fl |µpz1q “ µpz2qu
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Matrix Factorizations

Better model

DGLn
C˚q
pStnq “ MFGLn

C˚q ˆC˚t
pglnˆT ˚Fl ˆT ˚Fl ,TrpX pµpz1q´µpz2qqqq.

Matrix Factorizations, Eisenbud 1980

W P Crx1, . . . , xns.

MF pCn,W q “ t. . .
d0
ÝÑ M1

d1
ÝÑ M0

d0
ÝÑ M1 . . . u

d0 ˝ d1 “ d1 ˝ d0 “W , Mi “ Crx1, . . . , xms b Cmi .

Example

If n “ 1 and W “ x4 then following is an element of MF pC,W q:

. . .Crxs x
ÝÑ Crxs x3

ÝÑ Crxs x
ÝÑ . . .
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ÝÑ M1 . . . u

d0 ˝ d1 “ d1 ˝ d0 “W , Mi “ Crx1, . . . , xms b Cmi .

Example

If n “ 1 and W “ x4 then following is an element of MF pC,W q:

. . .Crxs x
ÝÑ Crxs x3

ÝÑ Crxs x
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Koszul duality

Theorem
X “ Y ˆ Cn

z , W “
řn

i“1 f pyqzi then

Kosz : MF pX ,W q » Dpf1pyq “ ¨ ¨ ¨ “ fnpyq “ 0q.

gln ˆ T ˚Fln ˆ T ˚Fln “ gln ˆ GLn ˆ nˆ GLn ˆ n{B2,

W pX , g1,Y1, g2,Y2q “ TrpX pAdg1Y1 ´ Adg2Y2qq

Stn “ tAdg1Y1 ´ Adg2Y2u Ă T ˚Fl ˆ T ˚Fl

MFn “ MFGLn
C˚ˆC˚pgln ˆ T ˚Fl ˆ T ˚Fl ,W q » DGLn

C˚ pStnq.
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Flag Hilbert schemes.

j : pbˆ nˆ GLnq{B
2 Ñ gln ˆ T ˚Fl ˆ T ˚Fl ,

jpX ,Y , gq “ pX , g ,Y , 1,Y q.

j˚pW q “ TrpX pAdgY´Y qq “ TrpX rξ,Y sq`Opξ2q, g “ 1`ξ, ξ P gln.

Kosξ ˝ j
˚ : MFn Ñ DB

C˚ˆC˚prX ,Y s “ 0,X P b,Y P nq,

FHilbn “ tpX ,Y , vq P bˆ nˆ Cn|rX ,Y s “ 0,CrX ,Y sv “ Cnu.

ν : FHilbn Ñ HilbnpC2q, νpX ,Y , vq “ xf |f pX ,Y qv “ 0y.

CH “ ν˚ ˝ Kosz ˝ j
˚ : MF st

n Ñ DC˚ˆC˚pHilbnpC2qq.
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Torus knots

Torus links are in some sense exactly solvable and provide lots of
data for a guess.
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Torus knots

KIM

Figure: coxn P Brn

coxn “ σ1 ¨ σ2 ¨ ¨ ¨σn´1.

Tm,n “ Lpcoxmn q.

Corollary (conjectured by Gorsky, O. Rasmussen, Shende,
2012, Aganagic, Shakirov, 2011)

HHHalg pTn,1`nkq “ H0pZ ,Λ‚B b detpBqkq, Z Ă HilbnpC2q.
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Physics: 3D TQFT with defects

Theorem (O.-Rozansky ’18)

There is a gauged topological 3D sigma model with source
R2 ˆ S1 with defect β ˆ S1 such that

Z pR2 ˆ tpointuq “ HHHgeopβq.

This topological 3D sigma model is an example of
Kapustin-Saulina-Rozansky TQFT = Rozansky-Witten theory with
defects.



Physics: 3D TQFT with defects

Theorem (O.-Rozansky ’18)

There is a gauged topological 3D sigma model with source
R2 ˆ S1 with defect β ˆ S1 such that

Z pR2 ˆ tpointuq “ HHHgeopβq.

This topological 3D sigma model is an example of
Kapustin-Saulina-Rozansky TQFT = Rozansky-Witten theory with
defects.



3D TQFT

closed connected three-manifold X ÞÑ Z pX q P C,

closed connected surface S ÞÑ Z pSq P Vect,

three-manifold X , BX “
Ť

i Si ÞÑ Z pX q P Z pBX q “
m
â

i“1

Z pSi q,

closed connected curve C ÞÑ Z pC q P Cat,

surface with boundary S ÞÑ Z pSq P Z pBSq “ bk
i“1Z pCi q,

point p ÞÑ Z ppq P 2Cat,

interval I ÞÑ Z pI q P Z pbq_ b Z peq.
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Rozansky-Witten theory ’97

dimM “ 3, dimX “ 4n, X is hyper-Kahler.

TX bR C “ V b R2, rankCV “ 2n

ZX pMq “

ż

exp

ˆ

1

~
SRW

˙

DA P Q.

DA “ DφiDηIDχI
µ,

Φ “ pφ1, . . . , φ4nq : M Ñ X ,

η P ΓpM, φ˚pV qq, χ P ΓpM, φ˚pV q b T ˚Mq.

SRW “

ż

M
pL1 ` L2q

?
hd3x , h is a fixed metric on M.

ZX pMq is a ”finite order” Vassiliev-type topological invariant of M.



Rozansky-Witten theory ’97

dimM “ 3, dimX “ 4n, X is hyper-Kahler.

TX bR C “ V b R2, rankCV “ 2n

ZX pMq “

ż

exp

ˆ

1

~
SRW

˙

DA P Q.

DA “ DφiDηIDχI
µ,

Φ “ pφ1, . . . , φ4nq : M Ñ X ,

η P ΓpM, φ˚pV qq, χ P ΓpM, φ˚pV q b T ˚Mq.

SRW “

ż

M
pL1 ` L2q

?
hd3x , h is a fixed metric on M.

ZX pMq is a ”finite order” Vassiliev-type topological invariant of M.



Rozansky-Witten theory ’97

dimM “ 3, dimX “ 4n, X is hyper-Kahler.

TX bR C “ V b R2, rankCV “ 2n

ZX pMq “

ż

exp

ˆ

1

~
SRW

˙

DA P Q.

DA “ DφiDηIDχI
µ,

Φ “ pφ1, . . . , φ4nq : M Ñ X ,

η P ΓpM, φ˚pV qq, χ P ΓpM, φ˚pV q b T ˚Mq.

SRW “

ż

M
pL1 ` L2q

?
hd3x , h is a fixed metric on M.

ZX pMq is a ”finite order” Vassiliev-type topological invariant of M.



Rozansky-Witten theory ’97

dimM “ 3, dimX “ 4n, X is hyper-Kahler.

TX bR C “ V b R2, rankCV “ 2n

ZX pMq “

ż

exp

ˆ

1

~
SRW

˙

DA P Q.

DA “ DφiDηIDχI
µ,

Φ “ pφ1, . . . , φ4nq : M Ñ X ,

η P ΓpM, φ˚pV qq, χ P ΓpM, φ˚pV q b T ˚Mq.

SRW “

ż

M
pL1 ` L2q

?
hd3x , h is a fixed metric on M.

ZX pMq is a ”finite order” Vassiliev-type topological invariant of M.



Rozansky-Witten theory ’97

dimM “ 3, dimX “ 4n, X is hyper-Kahler.

TX bR C “ V b R2, rankCV “ 2n

ZX pMq “

ż

exp

ˆ

1

~
SRW

˙

DA P Q.

DA “ DφiDηIDχI
µ,

Φ “ pφ1, . . . , φ4nq : M Ñ X ,

η P ΓpM, φ˚pV qq, χ P ΓpM, φ˚pV q b T ˚Mq.

SRW “

ż

M
pL1 ` L2q

?
hd3x , h is a fixed metric on M.

ZX pMq is a ”finite order” Vassiliev-type topological invariant of M.



Kapustin-Rozansky-Saulina: boundary conditions for RW

Φ : M Ñ X , Σ “ BM Ñ Y Ă X .

M “ Σ1 ˆ R, BΣ1 “ R, locally.

ZX pΣ
1 Y Σ1q “ HΣ1 is an infinite dimesional symplectic v.s.

LY Ă HΣ1 the constrained states

Theorem (Kapustin-Saulina-Rozansky’09)

If LY is Lagrangian and preserved by the super symmetries then Y
is a holomorophic Lagrangian.
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Kapustin-Rozansky-Saulina: enrichment of RW

We try to couple the usual B-twist of 2D sigma model with RW
theory that allows boundary

Thus we can consider the boundary conditions to be the CY
fibrations

Y Ñ Y Ă X .

If X is compact by theorem of Voisin Y is unobstructed.

Otherwise we need to assume that Y is CY too.
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KSR outline

Kapustin, Saulina and Rozansky proposed a realization of the 3D
topological field theory, 2008.

Three-category 3Catsym

Objp3Catsymq “ tholomorphic symplectic manifoldsu

1-HompX ,Y q “ tpF , L, f : F Ñ Lq, L Ă X ˆ Y is Lagrangianu.

pF , L, f q P 1-HompX ,Y q, pG , L1, gq P 1-HompY ,W q compose to

pH, L2, hq, H :“ pF ˆW q ˆXˆYˆW pX ˆ G q

and h : H Ñ X ˆW , L2 “ hpHq.
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KSR outline

f : X Ñ Z , g : Y Ñ Z then X ˆZ Y “ tpx , yq|f pxq “ gpyqu.

For pF , L, f q, pF 1, L1, f 1q P 1-HompX ,Y q we have

2-HomppF , L, f q, pF 1, L1, f 1qq :“ Dper pF ˆXˆY F 1q,

For our purposes we will concentrate on the case

X “ T ˚pgln{GLnq.

One should think of T ˚pgln{GLnq as pairs matrices X ,Y that
commute.

HilbnpC2q “ T ˚pgln{GLnq
st Ă T ˚pgln{GLnq.
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Main Example: Lagrangian

N Ă gln is the locus of nilpotent matrices.

Ln “ T ˚pgln|N {GLnqst Ă T ˚pgln{GLnq
st

is the conormal Lagrangian subvariety.

More geometrically, Ln Ă HilbnpC2q consists of ideals I Ă Crx , y s
such that supppCrx , y s{I q Ă Symnpty “ 0uq.
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Main Example: fibration

T ˚Fl “ GLn ˆ n{B.

Here B Ă GLn are upper triangular matrices, n Ă gln strictly upper
triangular.

Fn Ă gln ˆ T ˚Fl , f : Fn Ñ Ln

here f pX , g ,Y q “ pX ,AdgY q.

Stn “ Fn ˆT˚pgln{GLnq
Fn Ă Fln ˆN ˆ Fln, y ¨ Fi Ă Fi , i “ 1, 2.
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3Catman: T ˚X is holomorphic symplectic

Objp3Catmanq “ tcomplex manifoldsu

1-HompX ,Y q “ tpZ ,wq|w : X ˆ Z ˆ Y Ñ Cu

For pZ ,wq P 1-HompX ,Y q, pZ 1,w 1q P 1-HompY ,W q:

pZ ,wq ˝ pZ 1,w 1q “ pZ ˆ Y ˆ Z 1,w 1 ´ wq P 1-HompX ,W q.

For pZ ,wq, pZ 1,w 1q P HompX ,Y q we have

2-HomppZ ,wq, pZ 1,w 1qq “ MF pX ˆ Z ˆ Z 1 ˆ Y ,w 1 ´ wq.
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3Catsym vs 3Catman

Functor 3Catman Ñ 3Catsym

X ÞÑ T ˚X ,

pZ ,wq ÞÑ pFw , Lw , πq

Z ˆ T ˚X Ą Fw Q pz , x , pq if Bzwpz , xq “ 0, p “ Bxwpz , xq.

Let impose condition on pZi ,wi q: Critwi Ă twi “ 0u, then we have

MF pX ˆ Z1 ˆ Z2 ˆ Y ,w1 ´ w2q Ñ Dper pFw1 ˆT˚pXˆY q Fw2q.
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Main example II

3Cat gl

Obj “ tgln, n P Zě0u,

1-Hompgln, glmq “ tZ with Hamiltonian GLn ˆ GLm actionu

gl Ñ 3Catman

1-Hompgln, glmq Q Z ÞÑ pZ ,wpx , z , yq “ µnpzqpxq ´ µmpzqpyqq.

Moment maps: µn : Z Ñ gl˚n , µm : Z Ñ gl˚m
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Main example

Z “ T ˚Fl “ tpg ,Y q P GLn ˆ nu{B P 1-Hompgln, gl0q,

µpg ,Y q “ Adg pY q.

2 -HompT ˚Fl ,T ˚Flq

MFn “ MFGLnˆB2pgln ˆ GL2
n ˆ n2,W q,

W pX , g1,Y1, g2,Y2q “ TrpX pAdg1Y1 ´ Adg2Y2qq.

MFn “ MFGLnpgln ˆ T ˚Fl ˆ T ˚Fl , µ1 ´ µ2q
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Braids with matrix factorizations

X “ gln ˆ GL2
n ˆ n2.

Stable space

X st “ tpX , g1,Y1, g2,Y2, vq|CxAd´1
g1
pX q,Y1yv “ Cnu

MF st
n “ MFGLnpX

st ,W q.

Theorem (O.-Rozansky, 2017)

For any n there is group homomorphism:

Ψ : Brn Ñ pMF st
n , ‹q.
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Free Hilbert scheme and knot homology

FHilbfreen “ tpX ,Y , vq P bˆ nˆ V |CxX ,Y yv “ Cnu{B.

Embedding j : FHilbfree Ñ X st

pX ,Y q ÞÑ pX , 1,Y , 1,Y q.

Main construction

Sβ “ j˚pΨpβqq P MF pFHilbfree , 0q “ Dper
C˚q ˆC˚t

pFHilbfreeq.

Theorem (O.-Rozansky 2016)

The triply graded vector space

HHH1geopβq “ HpSβ b Λ˚Bq is an isotopy invariant of Lpβq.
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Defects

X “ R2 ˆ S1.

Defect surfaces: Dβ “ β ˆ S1 Ă R2 ˆ S1.

R2
β “ tDβ Ă R2 ˆ S1| with monotonous marking of R2 ˆ S1zDβu.

On

Figure: R2
β for β “ σ3

1 .



Partition function I

Z ppn Ñ pnq “ T ˚GLn P 1-Hompgln, glnq

Z pIn|mq P 1-Hompgln, glmq,

Z pIn|mq “ T ˚HompCn,Cmq.



Partition function I

Z ppn Ñ pnq “ T ˚GLn P 1-Hompgln, glnq

Z pIn|mq P 1-Hompgln, glmq,

Z pIn|mq “ T ˚HompCn,Cmq.



Composition

Znm P 1-Hompgln, glmq, Zmk P 1-Hompglm, glkq.

Znm ˝ Zmk “ Znm ˆ Zmk{detGLm.

Z pI0|1|...|nq “ T ˚Fln.

2-HompT ˚Fln,T
˚Flnq “ MFn “ MFGLnpglnˆT

˚FlnˆT
˚Fln, µ1´µ2q.

2-HompT ˚GLn,T
˚GLnq “ MFGLnpglnˆGLnˆgln,TrpY pX´AdgX qqq.

MF st
GLnpgl

3
n,TrpY rX ,Z sqq “ Dper pHilbnpC2qq
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Partition function II

On

Figure: Plane R2
σ3

1
is cut by R0|1|2|1|0 on two connected components Dste

β

and Dste
1 .



Partition function II

On

Figure: Plane R2
σ3

1
is cut by S1

n on two connected components Dhilb
Lpβq

and

Dhilb
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Partition function III

Z pDste
β q P MF st

n “ Z pS1
0|1|...|n|n´1|...|1q, Z pDste

β q “ Ψpβq.

Z pDhilb
Lpβqq “ T rpβq P Z pS1

n q “ Dper pHilbnpC2qq.

Z pDhilb
H q “ O P Z pS1

n q “ Dper pHilbnpC2qq

3-HompZ pDste
β q,Z pD

ste
1 qq “ HHHgeopβq “ 3-HompZ pDhilb

H q,Z pDhilb
Lpβqqq.
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Characters and co-characters: OJ trace

KC˚q pMF st
n q Hnpqq “ ‘|λ|“nEndpVλq

KC˚q pHilbnpC
2qq Z pHnpqqq

Cpa, qq Cpa, qq

„

CH ch

trOJ

HC

χC˚ p´bΛ‚Bq

„

hc

.



Characters and co-characters: KhR trace

MF st
n HopSBimnq

Dper
C˚q ˆC˚t

pHilbnpC2qq DC pHopSBimnqq

3gr. v. sp. 3gr. v. sp.

„

CH ch

HH˚

HC

H˚
C˚q ˆC˚t

p´bΛ‚Bq

„

hc

.



CH and HC

Theorem (O.-Rozansky 2018)

MF st
n Kper

C˚q
pHilbnpC2qq

CrHnpqqs Z pCrHnpqqsq

CH

„

HC

„

ch

hc

1. HC is a left adjoint of CH.

2. CHpF ‹ Gq “ CHpG ‹ Fq
3. HC is monoidal and HC pFq is central

4. HC pOq “ Ψp1q
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MF st
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CqˆCt
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4. HC pOq “ Ψp1q

T rpβq “ Fβ “ CHpΨpβqq.

H˚pFβ b Λ‚Bq “ HompO,CHpΨpβqq b Λ‚Bq “
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Torus links

Theorem (O.-Rozansky 2018)

1. CHpΨpFT q ‹ Fq “ detpBq b CHpFq.
2. CHpΨpcoxqq “ OZ

3. CHpΨp1qq “ P|y“0.
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glpm|kq homology

Section
φm|k P H

0pHilbnpC2q,B_q, φm|kpX ,Y , vq “ XmY kv

Differential
iφm|k : ΛiB Ñ Λi´1B, dm|k : Fβ b ΛiB Ñ Fβ b Λi´1B.
Let dF be the differential of T rpβq “ Sβ P D

per pHilbnpC2qq and

Hm|kpβq :“ HpSβ b Λ‚B, dF ` dm|kq
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glpm|kq homology

Theorem (O., Rozansky 2022)

The doubly graded vector space

Hm|kpβq

is an isotopy invariant of Lpβq that categorifies quantum glpm|kq
polynomial.

Conjecture [O., Rozansky 2016]

Hm|0pβq “ HKhR
glpmqpLpβqq.
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glpm|nq holomogy of unknot

Hilb1pC2q “ Cx ˆ Cy , B “ C, T rp1q “ OCx

HOMFLYPT grading

deg x “ q, deg y “ t2{q, deg ΛiB “ patqi .

dima,q,tpHHHp1qq “ p1` atq{p1´ qq.

glpm|nq grading

deg x “ Q, deg y “ T 2{Q, deg ΛiB “ pQm´kT qi .

Complex with dm|k for k “ 0 and k ą 0 respectively

QmT ¨ Crxs xm
ÝÑ Crxs, Qm´kT ¨ Crxs 0

ÝÑ Crxs.

dimQ,T Hmp1q “
Qm ´ 1

Q´ 1
, dimQ,T Hm|kp1q “

TQm´k ` 1

1´ Q
.



glpm|nq holomogy of unknot

Hilb1pC2q “ Cx ˆ Cy , B “ C, T rp1q “ OCx

HOMFLYPT grading

deg x “ q, deg y “ t2{q, deg ΛiB “ patqi .

dima,q,tpHHHp1qq “ p1` atq{p1´ qq.

glpm|nq grading

deg x “ Q, deg y “ T 2{Q, deg ΛiB “ pQm´kT qi .

Complex with dm|k for k “ 0 and k ą 0 respectively

QmT ¨ Crxs xm
ÝÑ Crxs, Qm´kT ¨ Crxs 0

ÝÑ Crxs.

dimQ,T Hmp1q “
Qm ´ 1

Q´ 1
, dimQ,T Hm|kp1q “

TQm´k ` 1

1´ Q
.



glpm|nq holomogy of unknot

Hilb1pC2q “ Cx ˆ Cy , B “ C, T rp1q “ OCx

HOMFLYPT grading

deg x “ q, deg y “ t2{q, deg ΛiB “ patqi .

dima,q,tpHHHp1qq “ p1` atq{p1´ qq.

glpm|nq grading

deg x “ Q, deg y “ T 2{Q, deg ΛiB “ pQm´kT qi .

Complex with dm|k for k “ 0 and k ą 0 respectively

QmT ¨ Crxs xm
ÝÑ Crxs, Qm´kT ¨ Crxs 0

ÝÑ Crxs.

dimQ,T Hmp1q “
Qm ´ 1

Q´ 1
, dimQ,T Hm|kp1q “

TQm´k ` 1

1´ Q
.



glpm|nq holomogy of unknot

Hilb1pC2q “ Cx ˆ Cy , B “ C, T rp1q “ OCx

HOMFLYPT grading

deg x “ q, deg y “ t2{q, deg ΛiB “ patqi .

dima,q,tpHHHp1qq “ p1` atq{p1´ qq.

glpm|nq grading

deg x “ Q, deg y “ T 2{Q, deg ΛiB “ pQm´kT qi .

Complex with dm|k for k “ 0 and k ą 0 respectively

QmT ¨ Crxs xm
ÝÑ Crxs, Qm´kT ¨ Crxs 0

ÝÑ Crxs.

dimQ,T Hmp1q “
Qm ´ 1

Q´ 1
, dimQ,T Hm|kp1q “

TQm´k ` 1

1´ Q
.



glpm|nq holomogy of unknot

Hilb1pC2q “ Cx ˆ Cy , B “ C, T rp1q “ OCx

HOMFLYPT grading

deg x “ q, deg y “ t2{q, deg ΛiB “ patqi .

dima,q,tpHHHp1qq “ p1` atq{p1´ qq.

glpm|nq grading

deg x “ Q, deg y “ T 2{Q, deg ΛiB “ pQm´kT qi .

Complex with dm|k for k “ 0 and k ą 0 respectively

QmT ¨ Crxs xm
ÝÑ Crxs, Qm´kT ¨ Crxs 0

ÝÑ Crxs.

dimQ,T Hmp1q “
Qm ´ 1

Q´ 1
, dimQ,T Hm|kp1q “

TQm´k ` 1

1´ Q
.



NS5, D5

[Nakajima-Taniyama ’17]:Rλ “ p´1pN X Spλqq Ă T ˚Fl

Rλ “ Qbow pλq{Gλ ˆ G1n , Gλ “
ź

i

GLLi , λi “ Li ´ Li´1.

C C . . . C

CL1 CL2 . . . CLl´1 Cn Cn´1 . . . C1

D5pλ1qD5pλ2q ¨ ¨ ¨D5pλl´1qNS5p1qNS5p1q ¨ ¨ ¨NS5p1q.
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Traces

Let Vν is a Verma module for Uqpsl2q and L1 » C2.

Hν
1n,ν`k “ HomUqpsl2qpVν`k ,Vν b Ln1q

Brn acts on Hν
1n,ν`k , Trk,n´kpβq “ TrpβqrHν

1n,ν`k s

Z pIλ,1
n
q “ pQbow p1nqˆLiepGλˆGLnˆGµq,W

λ,µpz , xq “ Trpµpzqxqq.

Ψλ : Brn Ñ HompZ pIλ,1
n
q,Z pIλ,1

n
qq.

Conjecture T r : Brn Ñ 2´ grVect categorifies Trk,n´k .
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Braid-graphs

The monoid of braid-graphs Br 5n is generated by the elements

σ
pi ,i`1q
‚ :

Ψpσ
p1,2q
‚ q “ OSt2 , Ψ : Br 5n Ñ DGLn

C˚ pStnq.

Ψpk,kq : Br 52k Ñ HompZ pI pk,kq,1
2k
q,Z pI pk,kq,1

2k
qq.
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Tangles

The monoid of tangles Tang 52k is generated the elements of braid
group Br2k and by the elements cuppi ,i`1q ˝ cappi ,i`1q:

Anno’ 15 The Ψpk,kqpσ
pi ,i`1q
‚ q and Ψpk,kqpσi q satisfy relations

between cappi ,i`1q ˝ cappi ,i`1q.
O-Rozansky’ 20 The construction of the trace functor T rpk,kq can
be extended to affine tangles and the corresponding invariant
provides a realization of the sl2 annular Khovanov homology.
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Thanks

THANK YOU!



Dualizable CH and HC

Theorem (O.-Rozansky 2022)

MF st
n Dper

CqˆCt
pHilbnpC2qq.

CH

HC

1. HC and CH are adjoint

2. CHpF ‹ Gq “ CHpG ‹ Fq
3. HC is monoidal and HC pFq is central

4. HC pOq “ Ψp1q

T rpβq “ Sβ “ CHpΨpβqq.

H˚pSβ b Λ‚Bq “ HompO,CHpΨpβqq b Λ‚Bq “

HompHC pOq,ΨpβqbΛ‚Bqq “ HompΨp1q,ΨpβqbΛ‚Bq “ HXY pβq.
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Dualizable triply-graded link homology

Theorem (O.-Rozansky 2019,2022)

There is a geometric trace map:

T r : Brn Ñ Dper
C˚q ˆC˚t

pHilbnpC2qq

such that

1. HXYpβq “ ‘iH
˚pT rpβq b ΛiBq is an isotopy invariant of the

braid closure Lpβq

2. T rpβ ¨ FTnq “ T rpβq b detpBq.
3. T rpβq “ T rpβq|qÑt2{q

4. HHHgeopβq “ HXYpβq bRx,y pβq Rxpβq, Rx ,y pβq “ Crx , y sl ,
Rxpβq “ Crxsl , l “ π0pLpβqq



Nakajima functors

Nested Hilbert scheme

Hilbn`1,npC2q Ă Hilbn`1pC2q ˆHilbnpC2q, tpI , Jq|I Ă Ju

πn`1 : Hilbn`1,npC2q Ñ HilbnpC2q, πn : Hilbn`1,npC2q Ñ HilbnpC2q

LpI ,Jq “ J{I , p : Hilbn`1,npC2q Ñ C2

The functor

P1,k rGs : Dper
C˚q ˆC˚t

pHilbnpC2qq Ñ Dper
C˚q ˆC˚t

pHilbn`1pC2qq

G P Dper
C˚q ˆC˚t

pC2q, k P Z.

P1,k rGspSq “ πn`1˚pπ
˚
n pSq b p˚pGq b Lkq.
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Skein algebra vs sperical DAHA8 aka elliptic Hall algebra.

β P Brn “ xσ1, . . . , σn´1y

Theorem (O-Rozansky,2022)

For any k P Z

T rpβ ¨ σ2k
n q “ P1,k rOC2spT rpβqq

T rpβ ¨ σ2k`1
n q “ P1,k rOp0,0qspT rpβqq

Theorem (Okounkov, 2008; Cautis-Licata 2012)

Functors P1,k and b detpBq generate elliptic Hall algebra.

Expectation: if β is a periodic braid then HHHpβq has an explicit
formula in terms of the elliptic Hall algebra.



Skein algebra vs sperical DAHA8 aka elliptic Hall algebra.

β P Brn “ xσ1, . . . , σn´1y

Theorem (O-Rozansky,2022)

For any k P Z

T rpβ ¨ σ2k
n q “ P1,k rOC2spT rpβqq

T rpβ ¨ σ2k`1
n q “ P1,k rOp0,0qspT rpβqq

Theorem (Okounkov, 2008; Cautis-Licata 2012)

Functors P1,k and b detpBq generate elliptic Hall algebra.

Expectation: if β is a periodic braid then HHHpβq has an explicit
formula in terms of the elliptic Hall algebra.



Skein algebra vs sperical DAHA8 aka elliptic Hall algebra.

β P Brn “ xσ1, . . . , σn´1y

Theorem (O-Rozansky,2022)

For any k P Z

T rpβ ¨ σ2k
n q “ P1,k rOC2spT rpβqq

T rpβ ¨ σ2k`1
n q “ P1,k rOp0,0qspT rpβqq

Theorem (Okounkov, 2008; Cautis-Licata 2012)

Functors P1,k and b detpBq generate elliptic Hall algebra.

Expectation: if β is a periodic braid then HHHpβq has an explicit
formula in terms of the elliptic Hall algebra.


	History
	Outcomes
	History
	KSR model interpretation



