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HOMFLY-PT polynomial
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Theorem (Khovanov-Rozansky, 2007, 2008)
For every link L there are doubly graded spaces Hj, (L) such that

P(L) = > (~1)"dimq aHicur(L)-

i
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Figure: Closure L(3) of the braid
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Hecke algebras and Ocneanu-Jones trace

Hecke algebra H,(q) is the quotient of Br,

oi—ot = gl/2 — g2,

dim H,(q) = dimC[S,] = n!.

Theorem (Jones, 1987)
There is a C(q, a)-linear functional Tro; on @, Ha(q) such that

» Tros(ap) = Troy(Ba), a, 5 € Hn(q)
> Troj(ln) = A A= (a7 — a)/(q"? — g71P).
> Troy(totl) = aq Tr(on), T € Hp(q).

P(L(B)) = a'q" Tr(B).
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o Jo
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Geometric triply-graded link homology

Theorem (O.-Rozansky 2019)
There is a geometric trace map:

Tr:Br, — D@?X@(Hi/bn(@))

such that
1. HHHgeo(B) = @iH*(Tr(8) ® N'B) is an isotopy invariant of
the braid closure L([3)
Tr(B-FTy) = Tr(B) ® det(B).
Ifmo(L(B)) = 1 then Tr(B) = Tr(B)lg—r/q
HHHgeo(5) = HHH,ig(8).
Tr(coxp) = Oz.

A A
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Hilbert schemes

Definition
Hilb,(C?) is the manifold that parameterizes ideals | = C[x, y] of
codimension n.

HC : Hilb,(C?) — Sym"C?, HC(I) = supp(C[x, y]/1).

Z =HC Yn-(0,0), BY|, =C[x,y]/l

The Cj x Cf action on C? induces the action on Hilb,(C?), hence
double grading on H'(Z, LK @ A™B).

Hilby(C?) = T*P! x C? — C?/{+1} x C2.
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Algebraic homology (after Khovanov and Rozansky)

Rn = C[le s 7Xn]7 Bk = Ry ®R5k,k+1 R, deg(Xi) = q2-

Definition (Soergel’90)
SBim,, is the Karoubi envelope of the additive monoidal category
generated by By, ... B,_1.

[Rouquier'04]  Ro : Br, — Ho(SBim,).

Theorem (Khovanov-Rozansky '04)
For B € Br, the triply graded vector space

HHH,; (8) = H*(HH.«(Ro(B))), deg(s) = t.

is an isotopy invariant of L([3).



Geometric homology

Sty = {(Fe, F., X)|X(F;) € Fi_1,X(F}) « F/_1} < FI x FI x gl,,.

LEEL B



Geometric homology

Sty = {(Fe, F., X)|X(F;) € Fi_1,X(F}) « F/_1} < FI x FI x gl,,.

LEEL B

Example
Sty = P x P! x gl(n), Sty =P! x P T*PL. Two components
are glued along A c P! x P!,



Geometric homology

Sty = {(Fe, F., X)|X(F;) € Fi_1,X(F}) « F/_1} < FI x FI x gl,,.

LEEL B

Example
Sty = P x P! x gl(n), Sty =P! x P T*PL. Two components
are glued along A c P! x P!,



Geometric homology

Stn = {(Fe, F.,X)|X(F;) € Fi_1,X(F!) = F_{} = FI x FI x gl,,.
. i i—1

Example
Sty = P x P! x gl(n), Sty =P! x P T*PL. Two components
are glued along A c P! x P!,

[ Bezrukavnikov—Riche'13, O—Rozansky’16] W : Br, — D&s"(Stn).

Theorem (O-Rozansky '16)
For B € Br, the triply graded vector space

HHHgeo (8) = H*(Hom(W(B3), W(1) ® AC")®n),  deg(e) = t.

is an isotopy invariant of L([3).
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Two realizations of the braids
Algebraic:

Ro(ox) = [R — By], Ro(o') = [Bk — R].
Geometric, n=2:
V(1) = [Orspr = Osp,], V(07') = [Osp, > O]
Theorem (O-Rozansky '19)
HHHgeo () = HHHa1g ().

Correction:
D& (Stn) = DS (T*Fly x T*Fly),

Sty ={(z1,22) € T*FI x T*Fl|u(z1) = ()}
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Matrix Factorizations

Better model
DEi"(Stn) = MG coc(gly % T*FIx T*FIL Tr(X (u(21) = p(22))))-

Matrix Factorizations, Eisenbud 1980

W e Clxi,...,xn]
MF(C" W) = {... 2 My 25 My 25 My .}
d00d1=d10d0=W, M,'Z(C[X]_,...,Xm]®(cmi.

Example
If n=1and W = x* then following is an element of MF(C, W):

..C[x] i>C[X]X—3>(C[x]i>...
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Koszul duality

Theorem
X=YxCl W=3",f(y)z then

Kos, : MF(X, W) ~ D(fi(y) = -+ = fo(y) = 0).

al, x T*Fl, x T*Fl, = gl, x GL, x n x GL, x n/B?,
W(X, g1, Y1, 8, Y2) = Tr(X(Adg Y1 — Adg, Y2))

St, = {Adg, Y1 — Adg, Yo} < T*FI x T*FI
MF, = MFSE (gl x T*FI x T*FI, W) ~ D&k (Sty).
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Flag Hilbert schemes.
j:(bxnxGL,)/B?>—gl, x T*FI x T*FI,
iX,Y.g)=(X,g,Y,LY).

JF(W) = Tr(X(AdgY=Y)) = Tr(X[£, Y)+O(6?), g =1+ €€,
Kosg 0 j* - MF, — DB c+([X, Y] =0,X € b, Y en),

FHilb, = {(X,Y,v) € b x n x C"|[X, Y] = 0,C[X, Y]v = C"}.
v : FHilby, — Hilby(C?), v(X,Y,v) = (fIF(X,Y)v = 0).

CH = vy 0 Kos, o j* : MFSt — Dgs . cx (Hilby(C?)).
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COXp = 0102+ -0Op—1-

Tm.n = L(cox,).

Figure: cox, € Br,

Corollary (conjectured by Gorsky, O. Rasmussen, Shende,
2012, Aganagic, Shakirov, 2011)

HHH,i (Tp14nk) = HY(Z,A°B®det(B)¥),  Z < Hilb,(C?).
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Physics: 3D TQFT with defects

Theorem (O.-Rozansky '18)

There is a gauged topological 3D sigma model with source
R? x S! with defect 8 x S* such that

Z(R? x {point}) = HHHgeo ().

This topological 3D sigma model is an example of
Kapustin-Saulina-Rozansky TQFT = Rozansky-Witten theory with
defects.
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3D TQFT

closed connected three-manifold X — Z(X) € C,

closed connected surface S — Z(S) € Vect,

three-manifold X, 0X = | J; Si — Z(X) € Z(0X) @Z
i=1

closed connected curve C — Z(C) € Cat,

surface with boundary S — Z(S) € Z(0S) = ®*_,Z(C),

point p — Z(p) € 2Cat,
interval | — Z(l) e Z(b)" ® Z(e).
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Rozansky-Witten theory '97

dmM =3, dimX =4n, X is hyper-Kahler.
TX®rC=V®R? rankcV =2n

1
Zx(/\/l) = fexp <hSRW>DA € Q
DA = D¢'Dn' Dy,

d=(¢'..., 0" : M—X,
nel(M,¢*(V)), xel(M,¢*(V)® T*M).

Srww = f (L1 + Lz)\/zd3x, h is a fixed metric on M.
M

Zx (M) is a "finite order” Vassiliev-type topological invariant of M.
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Kapustin-Rozansky-Saulina: boundary conditions for RW

O:Mo>X, Y=0M—YcX.
M=%'xR, 0¥ =R, locally.
Zx(¥' uY') = Hy: is an infinite dimesional symplectic v.s.

Ly < Hs/ the constrained states

Theorem (Kapustin-Saulina-Rozansky'09)

If Ly is Lagrangian and preserved by the super symmetries then Y
is a holomorophic Lagrangian.
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Kapustin-Rozansky-Saulina: enrichment of RW

We try to couple the usual B-twist of 2D sigma model with RW
theory that allows boundary

Thus we can consider the boundary conditions to be the CY
fibrations

Y—->YcX.
If X is compact by theorem of Voisin Y is unobstructed.

Otherwise we need to assume that Y is CY too.
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Kapustin, Saulina and Rozansky proposed a realization of the 3D
topological field theory, 2008.

Three-category 3Cat,yn,

Obj(3Catsym) = {holomorphic symplectic manifolds}

1-Hom(X,Y) = {(F,L,f: F - L),Lc X x Y is Lagrangian}.
(F,L,f) e 1-Hom(X,Y), (G,L, g) € 1-Hom(Y, W) compose to
(H, L”,h), H .= (F X W) XXxYxW (X X G)

and h: H— X x W, " = h(H).



KSR outline

f:X—>2Z g:Y—>Zthen X xzY ={(x,y)|f(x)=g(y)}.



KSR outline

f:X—2Z, g:Y—ZthenXxzY ={(x,y)|f(x) =gy}

For (F,L,f),(F',L',f") € 1-Hom(X, Y) we have



KSR outline

f:X—2Z, g:Y—ZthenXxzY ={(x,y)|f(x) =gy}
For (F,L,f),(F',L',f") € 1-Hom(X, Y) we have

2—HOIH((F, L7 f)7 (F,a le f,)) = Dper(F XXxY F,)u



KSR outline

f:X—>2Z g:Y—>Zthen X xzY ={(x,y)|f(x)=g(y)}.
For (F,L,f),(F',L',f") € 1-Hom(X, Y) we have
2-Hom((F, L, f), (F', L', ")) := DP*(F xxxy F'),
For our purposes we will concentrate on the case

X = T*(gl,/GLp).



KSR outline

f:X—>2Z g:Y—>Zthen X xzY ={(x,y)|f(x)=g(y)}.
For (F,L,f),(F',L',f") € 1-Hom(X, Y) we have
2-Hom((F, L, f), (F', L', ")) := DP*(F xxxy F'),
For our purposes we will concentrate on the case
X = T*(gl,/GLp).

One should think of T*(gl,/GL,) as pairs matrices X, Y that
commute.
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f:X—>2Z g:Y—>Zthen X xzY ={(x,y)|f(x)=g(y)}.
For (F,L,f),(F',L',f") € 1-Hom(X, Y) we have
2-Hom((F, L, f), (F', L', ")) := DP*(F xxxy F'),
For our purposes we will concentrate on the case
X = T*(gl,/GLp).

One should think of T*(gl,/GL,) as pairs matrices X, Y that
commute.

Hilb,(C?) = T*(gl,/GL,) < T*(gl,/GL,).
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Main Example: Lagrangian

N < gl,, is the locus of nilpotent matrices.
Lp = T*(gl,|N/GLn)™ < T*(gl,/GLn)™

is the conormal Lagrangian subvariety.

More geometrically, L, = Hilb,(C?) consists of ideals | = C[x, y]
such that supp(C[x,y]/l) = Sym"({y = 0}).
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Here B < GL, are upper triangular matrices, n c gl,, strictly upper
triangular.
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Main Example: fibration

T*Fl = GL, x n/B.

Here B < GL, are upper triangular matrices, n c gl,, strictly upper
triangular.

Focgl,x T*FI, f:F,— L,
here f(X,g,Y) = (X,AdgY).

Stn = Fo X 1s(gL /6Ly Fn © Fln x N x Flo,  y - i, i=1,2.
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Dper(Stn)
&
4 . ] o= Hom®*(O1 ® A*B, Op) =‘HHHéeo(6)

[O. Rozansky 2016]




Hilb picture M =R?x S? E/
T
[ e,

h




Hilb picture M=R*>xS'
, /

~

|
@Hu
)

7 Pebe

Hilb,(C?)

. A°B
point

S



TN

Hilb picture M =R?x S? 6/
( / —/7 pebs
ﬁ 5

S

f] | Z<@>= T3 €DPe!( Hiy(c?) )

Hilb,(C?)

. /\.B
point




| (Gt

Hilb picture M=R?>xS! ﬁ
— ,_'ﬁ ..... .

, / - ——/7 Pebs,
==

> = Hom.(}—1®/\.8v‘/—"ﬁ) =‘HHHée°(6)

[0. Rozansky 2018]



Soergel picture

M =R?x S!

/‘i )

7 Peb

.....

"



Soergel picture wm-r?xs

(

s

(=
point

Fa
|
Ly

\

‘o

/‘i )

[
\
A

7 Pebe

.
'
N
RV

1



Soergel picture wm-r’xs m
—| (8
' . / __M)i; ; ﬁe Brh

Q T
3]s

&
point

- DP(C" x C") >SBim,




Soergel picture wm-r’xs m
—| (8
' . / __M)f; ; ﬁe Brh

L -t
O

- DP(C" x C") >SBim,

I«

= HOm*(S]_,Sﬁ)‘z HHHa/g(ﬁ)

HHH' ( B) [O. Rozansky 2020]



Soergel picture wm-r’xs m
—| (8
' . / __M)f; ; ﬁe Brh

L -t
O

- DP(C" x C") >SBim,

I«
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HHH' ( B) [O. Rozansky 2020]
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3Catpan: T7X is holomorphic symplectic

Obj(3Catman) = {complex manifolds}
1I-Hom(X,Y) ={(Z,w)|lw: X x Z x Y — C}

For (Z,w) € 1-Hom(X, Y), (Z',w’) € 1-Hom(Y, W):

(Z,w)o (Z',W)=(ZxY xZ' w —w)e 1-Hom(X, W).

For (Z,w),(Z',w') € Hom(X,Y') we have

2-Hom((Z,w),(Z',wW)) = MF(X x Zx Z' x Y,w —w).
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3Catsym vs 3Catman

Functor 3Cat ., — 3Catsym

X — T*X,
(Z,w) = (Fu, Ly, )

Zx T*X > Fy>3(z,x,p)if d;w(z,x) =0, p=adxw(z,x).
Let impose condition on (Z;, w;): Crit,, < {w; = 0}, then we have

MF(X x Zy x Zy x Y, w1 — wa) — DP"(Fuy X 1x(xxv) Fus)-
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Main example Il

3Cat gl

Obj = {g[na ne ZZO}a
1-Hom(gl,, gl,,,) = {Z with Hamiltonian GL, x GL,, action}

gl — 3Catpan

1-Hom(gl,, ol,,) 3 Z = (Z,w(x, 2,y) = pn(2)(x) = pim(2)(y))-

Moment maps: up: Z — gly,  pm:Z — gl
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1(g,Y) = Adg(Y).
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Main example

Z=T*FI={(g,Y) € GL, x n}/B € 1-Hom(gl,, gly),
1(g,Y) = Adg(Y).

2 -Hom(T*FI, T*Fl)

MF, = MFg; . p2(gl, x GL2 x n? W),
W(X7g17 Yl)g27 Y2) = Tr(X(Adgl Yl - Adg2 Y2))

MF, = MFg,(gl, x T*FI x T*Fl, u3 — u2)
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X =gl, x GL2 x n?.



Braids with matrix factorizations
X = gl, x GL? x n°.

Stable space

X = {(X, g1, Y1, 82, Ya,v)|C{Ad, (X), Yi)v = C"}



Braids with matrix factorizations
X = gl, x GL? x n°.

Stable space

Xt = {(X, g1, V1,8, Y2, v)|C{Ad,, (X), Yi)v = C"}

MFSt = MFg, (X1, W).

Theorem (O.-Rozansky, 2017)

For any n there is group homomorphism:

V:  Br,— (MF3 x).
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FHilb™e = {(X,Y,v) e b x n x V|C(X, Y)v = C"}/B.

Embedding j : FHilb™ee — Xt
(X,Y) > (X,1,Y,1,Y).

Main construction
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Free Hilbert scheme and knot homology

FHilb™e = {(X,Y,v) e b x n x V|C(X, Y)v = C"}/B.

Embedding j : FHilb™ee — Xt
(X,Y) = (X,1,Y,1,Y).
Main construction

Sp=J"(V(B)) € MF(FHi/bfree’ 0) = D((I;?XC?‘(FHI'lbﬁee).

Theorem (O.-Rozansky 2016)
The triply graded vector space

HHH,,(8) = H(Ss ® A*B) is an isotopy invariant of L(3).



Defects

X =R? x St
Defect surfaces: Ds = 3 x S* < R? x S™.
]R% = {Dg = R? x S| with monotonous marking of R? x S™\Dg}.

SO,

Figure: R for 3 = o3.



Partition function |

Z(pn — pn) = T*GL, € 1-Hom(gl,, gl,,)



Partition function |

Z(pn — pn) = T*GL, € 1-Hom(gl,, gl,,)

Z(lpjm) € 1-Hom(gl,, gl,,),
Z(lyjm) = T*Hom(C",C™).
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Zpm © Zmk = Znm X ka/detGLm~
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Composition
Zom € 1-Hom(gl,, gl,,,), Zmk € 1-Hom(gl,,, gly).
Zpm © Zmk = Znm X ka/detGLm~
Z(/0|1\\n) = 7_*'L_In‘
2-Hom(T*Fl,, T*Fl,) = MF, = MFg, (gl,x T*Flyx T*Fly, p1—p2).

2-Hom(T*GL,, T*GL,) = MFg, (gl,x GLyxgl,, Tr(Y (X—AdgX))).



Composition
Zom € 1-Hom(gl,, gl,,,), Zmk € 1-Hom(gl,,, gly).
Znm © Zmk = Znm X Zmk/det GLm.
Z(loj1y...;n) = T*Fln.
2-Hom(T*Fl,, T*Fl,) = MF, = MFg, (gl,x T*Flyx T*Fly, p1—p2).
2-Hom(T*GL,, T*GL,) = MFg, (gl,x GLyxgl,, Tr(Y (X—AdgX))).

MFE,,(al3, Tr(Y[X, Z])) = DP (Hilba(C?))



Partition function Il

Figure: Plane Rii is cut by Rojy)2/10 on two connected components Dgfe
and Dste.



Partition function Il

>

9

Figure: Plane R2, is cut by S; on two connected components Dj (%) and
1

hilb
Dg".



Partition function IlI

Z(DF*) € MFS® = Z(Sgp) jnn-1j.p)»  Z(D§) = W(p).



Partition function IlI

Z(Dg®) € M3t = Z(Sgpy) jnja-11.1)»  Z(DF) = W(B).

Z(D’””’) Tr(B) e Z(St) = DPer(Hilb,(C?)).



Partition function IlI

Z(Dg®) € M3t = Z(Sgpy) jnja-11.1)»  Z(DF) = W(B).

Z(D’””’) Tr(B) e Z(St) = DPer(Hilb,(C?)).

Z(DP) = O € Z(S;) = DP*(Hilbn(C?))



Partition function IlI

Z(Dg®) € M3t = Z(Sgpy) jnja-11.1)»  Z(DF) = W(B).
Z(D[{3) = Tr(B) € Z(Sy) = DP* (Hilb,(C?)).
Z(DP) = O € Z(S;) = DP*(Hilbn(C?))

3-Hom(Z (D), Z(D5*®)) = HHHgeo() = 3-Hom(Z(DA"®), Z(DIIL)).



Characters and co-characters: OJ trace

K(C*(MFSt) — H C—BW End V>\

HCT lCH T l
K(C;k(H/'/b,,((C2)) tro; °
GC*( —®A\*B)

C(a, q)




Characters and co-characters: KhR trace

MFSt ———=—— Ho(SBim,,)

o Jo

DES! ¢ (Hilbn(C2)) —— DC(Ho(SBimy))  |Hry -

P

3gr. v. sp. =—————= 3gr. v. sp.



CH and HC
Theorem (O.-Rozansky 2018)

CH
MFst —><— K(g;i’(Hi/b,,(Cz))

" |
ClH(q)] = Z(C[Ha(q)])

%
hc

HC is a left adjoint of CH.

CH(F «G) = CH(G » F)

HC is monoidal and HC(F) is central
HC(O) =v(1)

A
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CH
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CH and HC
Theorem (O.-Rozansky 2018)

CH
MFst (TH DS ¢, (Hilby(C?)).
HC is a left adjoint of CH.

CH(F «G) = CH(G x F)

HC is monoidal and HC(F) is central

HC(O) = V¥(1)

o

Tr(B) = Fs = CH(W(B)).
H*(F3 ® N*B) = Hom(O, CH(W(B)) ® A°B) =

Hom(HC (0, ¥(8)®@AB)) = Hom(W (1), ¥(8)QA"B) = HHH.,.(5).

geo



Torus links

Theorem (O.-Rozansky 2018)
1. CH(W(FT) % F) = det(B) ® CH(F).
2. CH(V(cox)) = Oz
3. CH(W(1) = Plyco.
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Section
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gl(m|k) homology

Section
Gmjkc € HO(HiIbn(C2), BY), dmi(X, Y, v) = X Yky

Differential
iy NB — N71B, s - Fs @ NB — Fy @ N 1B,
Let dr be the differential of Tr(3) = Sg € DP®"(Hilb,(C?)) and

Hpmk(B) == H(S3 @ N*B, dr + dpjx)



gl(m|k) homology

Theorem (O., Rozansky 2022)
The doubly graded vector space

Hm|k(6)

is an isotopy invariant of L(J) that categorifies quantum gl(m|k)
polynomial.



gl(m|k) homology

Theorem (O., Rozansky 2022)
The doubly graded vector space

Hm|k(/8)

is an isotopy invariant of L(J) that categorifies quantum gl(m|k)
polynomial.

Conjecture [O., Rozansky 2016]

Hmpo(8) = Hg?,ﬁ)(L(/B))-
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gl(m|n) holomogy of unknot

Hllbl((c2) - (CX X Cy, B = (Cv Tr(]') = O(Cx
HOMFLYPT grading

degx=q, degy =1t?/q, degN'B = (at)'.

dim, ¢ :(HHH(1)) = (1 4 at)/(1 — q).
gl(m|n) grading
degx = Q, degy = T?/Q, degN'B=(Q™*T)".

Complex with dp for k = 0 and k > 0O respectively

Q™"T-C[x] 25 Clx], Q™ *T-C[x] > C[x].

Q" -1 TQ™* +1

dimq 1t Hn(1) = Q-1 dimq,r Hpmj (1) = —— Q



NS5, D5

[Nakajima-Taniyama '17]:% = p 1(N n S(\)) < T*FI

B\ = QP (N)/Gy x G, Gy = H GLy,, ANi=Li—1Li.
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NS5, D5

[Nakajima-Takayama '17]:%2) = p {(N'n S(\)) < T *FI

%)\ = Qbow()\)/G)\ X Gln, G,\ = 1_[ GLL,-, )\,‘ = L,‘ — L,'_l.

ININON TN

ch — ¢k — CLHHC“ﬁC”_lﬁ...ﬁ(Cl

D5*)ps2) ... psr-1) NS5L NSED) L NS5D),
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Traces

Let V,, is a Verma module for Uq(sh) and L; ~ C2.
Hy» vtk = Hoqu(SIQ)(VV“Fk’ V., ®L7)
Bry acts on Hf, Tt n—k(B) = Tr(B)[Hin Hk]

Z(IM") = (QP(1")x Lie(Gy x GLyx G,), WM (2, x) = Tr(u(z)x)).

WA Br, — Hom(Z (1", Z(IM)).

Conjecture 7r : Br, — 2 — grVect categorifies Trj p_x.
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(i,i+1)
g



Braid-graphs

The monoid of braid-graphs Brf, is generated by the elements

CRERY
A4

/N

V(o) = 0, W:Br— D&E (Sty).

2k 2k
’1 71

Wk B — Hom(Z (10917 | 71k,



Tangles

The monoid of tangles Tanggk is generated the elements of braid
group Bry, and by the elements cup!»*1) o cap(ii+1):

NS
/N
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Tangles

The monoid of tangles Tanggk is generated the elements of braid
group Bry, and by the elements cup!»*1) o cap(ii+1):

NS
/N

Anno’ 15 The W(kK) (0’£i’i+1)) and W(kK)(4;) satisfy relations
between cap'*t1) o caplii*l).

O-Rozansky’ 20 The construction of the trace functor 7 r(, ) can
be extended to affine tangles and the corresponding invariant
provides a realization of the sh annular Khovanov homology.



Thanks

THANK YOU!
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HC
1. HC and CH are adjoint
2. CH(F *G) = CH(G  F)
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Dualizable CH and HC
Theorem (O.-Rozansky 2022)

CH
MFst T Dge;(c (Hilb,(C?)).

HC and CH are adjoint

CH(F *xG) = CH(G x F)

HC is monoidal and HC(F) is central
HC(0) = w(1)

A

Tr(8) = S5 = CHV(B)).
H* (S5 ® A"B) = Hom(O, CH(W(5)) ® A°B) =

Hom(HC(O), W(8)®A°B)) = Hom(W(1), W(3)@A*B) = HXY (B).



Dualizable triply-graded link homology

Theorem (O.-Rozansky 2019,2022)

There is a geometric trace map:
Tr:Br,— Dggfx (C;k(Hi/b,,((C2))

such that

1. HXY(B) = @;H*(Tr(B) ® N'B) is an isotopy invariant of the
braid closure L(3)

2 THB-FT,) = Tr(B) ® det(B).
3. ﬂ(ﬁ) = ﬂ(6)|q—>t2/q

4. HHHgeo(B) = HXY(B) ®r,, (8) Rx(B), Rx,y(B) = Clx,yl',
Re(B) = C[x]', I = mo(L(B))
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Nakajima functors
Nested Hilbert scheme

Hilb,y1.,(C?) < Hilb,,1(C?) x Hilb,(C?), {(/,))|I < J}

Tne1 : Hilbyyg o(C?) — Hilb,(C?), 7, : Hilb,y1 ,(C?) — Hilb,(C?)

Ly =J/l, p:Hilbpa(C?) — C?
The functor

P1 4[] : DCPZ:;X cr (Hilb,(C?)) — D(c"g,fx o (Hilb,11(C?))

Ge D(g;fxcf (C?), kel

P1i[G1(S) = mni14(m5(S) ® p*(G) ® L¥).
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Skein algebra vs sperical DAHA, aka elliptic Hall algebra.

BE Br,, =<O'1,...,O'n,1>

Theorem (O-Rozansky,2022)
For any ke Z

Tr(B-03) = PLi[Oc2](Tr(8))
Tr(B- 03kt = P[00 ](Tr(B))
Theorem (Okounkov, 2008; Cautis-Licata 2012)

Functors Py y and ®det(B) generate elliptic Hall algebra.

Expectation: if 3 is a periodic braid then HHH(/3) has an explicit
formula in terms of the elliptic Hall algebra.
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