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Symplectic Manifold

Harmonic oscillator H = |

A U(x)

Lagrangian & C . is a middle-dimensional submanifold and
such that the restriction of the symplectic form on & vanishes
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Phase space — symplectic manifold .

Symplectic form w = dp A dx
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Quantization as Symplectic Geometry

Symplectic area

Quantum oscillator energy states
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Quantization

Coordinates and momenta become operators Poisson brackets associated to w become commutators Heisenberg algebra
x— DT A B — |A, B Aa :
p7 p? { , }PB [ ) ] [p, a:] — _Zh

Lagrangian constraint Replaced by operator
A2 ~2
2 2 D X
pT T | E|Z(x)=0
9 9 2 2

This ODE has square integrable solutions only

1
En:h -
(n—l—2>

eg.forn=0 Z(a:') ~ 6_%33

for special values of E

2



The Art of Quantization

Symplectic manifold (A, @) »  Hilbert space # DAHA representations

Algebra of functions on ~ Algebra of operators on # DAHA

Lagrangian submanifolds &£ C > States in Hilbert space # Highest weight vectors
fiZ=0




Double Affine Hecke Algebra

- DAHA (and related algebras) were introduced by |. Cherednik in the study
of Macdonald polynomials from the viewpoint of representation theory

« A. Oblomkov demonstrated that in Type A DAHA is flat one-parameter
deformation (deformation quantization) of the Poisson structure on the
Calogero-Moser (CM) space

- The CM space can be described as an SL(2,C) character variety of a torus
with puncture. Using this we shall provide geometric construction of
DAHA representations



Related Developments

Holomorphic Floer Theory (generalized Riemann-Hilbert correspondence).
A rigorous definition of branes and quantization. Category of holonomic
D-modules. [Kontsevich, Soibelman]|

Painleve equations [lohara et al]
Wrapped Fukaya categories [Etgu, Lekili]

Finite-dimensional modules of algebras that quantize quiver varieties
|[Bezrukavnikov-LosevV]



Double Affine Hecke Algebra of rank 1

Let g be Lie algebra. The (Iwahori)-Hecke algebra is defined as deformation of the group algebra of the Weyl group of g

For 81(2) it is generated by T with relation (T — £)(T + t~') = 0 where t € C*

C(E ® CIXE, T]
(TXT— X~ (T = (T — r—l))

Affine Hecke algebra (AHA) for 81(2):

Double affine Hecke algebra for 8[(2) — two copies of AHA (X, T) and (Y, T) in the presence of additional relation and parameter g € C*

. C(g*!, r*Hh @ Cx*!, v+, T]

(TXT = X1, TYT = Y=L, Y=IX-1YX = g~ (T = (T + 7))



DAHA from Affine Braid Group

Orbifold fundamental group '
of the torus with puncture (Tz\p)/Zz (a)

Generated by X, T, Y modulo relations TXT =X"1 7Y 'T=Y, and YV ' X'V XT? =1

Its central extension is known as elliptic braid group is obtained
by deforming the last relation to v-ly-ly y72 — q_l

The full 81(2) DAHA is obtained by )
imposing Hecke relation H(Zsy) = Cg 4 [Til, Xjﬂ, Y

1) <‘ TXT=X"1, YIX7VYXT?=¢g71 °
CTY'T=Y, (T-t)(T+t =0




Symmetries

Discrete symmetry = = Zo X Z9 & T'eT, X—=-X, Y=Y gqg—q t—t
Eo: IT'—T, X—X, Y—-Y qg+—gq, t—1t

Mapping class group of torus T, (X, Y, T) — (X7 q_%XY, T)
SL(2,C) T (XY, T)— (¢?YX,Y,T)
o: (X,Y,T)— (Y1 XT? T)

Nonlinear involution T—-T, X—X YoV qg—gq t—t!



ldempotent element

SH = eHe

Spherical subalgebra

Generators of spherical DAHA

"Classical’ limit

SH —— 0(Mga(Cp, SL(2,C)))

q—1

q

—1

x2+qy2+q

Spherical DAHA

e=(T+t1)/(t+t)

—1_2

25 —q 220Yz =

g-commutator

Coordinate ring of the moduli space of SL(2,C) flat connections on punctured torus

Maat (Cp, SL(2,C)) = {(z,y, 2) € Clz? + y* + 2% —axyz — 2 = Tr(p(c)) = t* + ¢ 2}



SL(2,C) Flat Connection on Punctured Torus

Fundamental group T (Cp) = (m, [ c|m[m_1[_1 = ()

O ¢ et p:m(Cy) — SL(2,C)

r = Tr(p(m)), y = Tr(p(l)), and z = Tr(p(m[_l))

Markov cubic Mﬂat(cpv SL(2,C)) = {(x,y,2) € <CS|$2 T 92 + 2% — ryz — 2 =Tr(p(c)) = t* + 5_2}

Elliptic fibration of Kodaira type 15‘<

[OblomkovV]
Theorem. Spherical DAHA is a deformation quantization of the coordinate ring of the moduli space of flat SL(2,C) connections

X = Ms41(C,, SL(2,C)) with respect to Poisson structure €2, 1 dx A dy 1 dx A dy
QJ — : — .
2m1 Of [0z  2mi2z —xy

Next: 1) Representations of (spherical) DAHA — Rep(H) dimV; ~ Vol(9;)
2) Lagrangian submanifolds of X whose quantization yields these representations — Fuk(X, wy)

Brane quantization



Main Statement

End(B..) = 09(X)
Derived Equivalence

RHom (B, —) : D’ A-Brane(X,wy) — D’ Rep(0%(¥))

Let Cp be a punctured genus-one Riemann surface, X = '%ﬂat(cp’ SL(2,C)) the moduli space of flat SL(2,C) connections with
prescribed monodromy at the puncture, and SH(ZZ) be the spherical subalgebra of DAHA of type A;. Then the above functor

restricts to a derived equivalence of the subcategory of compact Lagrangian A-branes of X and the category of finite-

dimensional SH (Z,)-modules.



DAHA Representations

We will talk about polynomial representations of DAHA P = Cyy [X——]Zz
r— X+ X1, |
1yt iy ] Shift operator
. tX —1t — . N N
pol : SH — End(&?), y— ~ %1 T Ty o @ wr(X) = ¢t X
1 tX —t X! Lo I Xt
z+—q2 X ~ 1 w+qg2 X ~  x-1 @
Highest weight representation for y yZ=Y+Y HZ=(a+a 1HZ

For arbitrary value of a the eigenvector is a series of hypergeometric type which arises in enumerative geometry [PK, Zeitlin]

When a = qjt we get Macdonald polynomials of type A, labelled spin-j/2 representation

Pj(X;q,t) = X7 901(q~ 7t ¢ ¥ 472 g% 2t X 72



Macdonald Polynomials

P=X+X"

(g +1)(t—1)

Py=X*+X"*+
2 + -1

(¢ +q+1)(t—1)

P:= X3 1+ X3
; i g%t — 1

(X1 4+ X)




Polynomial Representation

Macdonald Polynomials generate the ring & over C[qil, til]

Raising and lowering operators Rj — o — qj_%tz — X(qjt_ly — qzth) + X_l(qjtY_l — q2jt2) ,

Ro R; Rj—2 Rj—1 R,
P T — 3 Y S
1 P ‘ Pj_q P; '
L, Lo Lj_l LJ Lj—|—1

Action




Finite-Dimensional Representations

Shortening condition pol(L;)-P; =0 Raising operator will never be null dueto (1 — q2jt2)
2n __
2j (j—1)42 (j—1)42 =1,
— %) — a\J— J—
(1 d )(1 / . ' )(1+q ! ) must vanish t2 — —k
(212(2G-Dg2 — 1) - —q
t2 _ q—(Qf—l)
Ro R1 Rj—2 Rj—1 R;
o S — Y T
1 P Pita £
L, Lo Lj—l (0) Lg I—J-I—l

Short exact sequence of modules 0—-5—-=V — V/S — 0



Higgs Bundles

Nonabelian Hodge correspondence relates representations of the fundamental group
of smooth projective algebraic varieties with Higgs bundles (E, ¢)

X ~ My(C,, SU(2))

Hitchin moduli space

Holomorphic SU(2) vector bundle over C, with holomorphic section ¢ (Higgs field) of KCp ® ad(E) ® O(p)

Tame ramification at p itchin moduli space is the space of solutions of b — [g&, @] =()
itchin equations modulo gauge transformations —
Do =0

A=aydd+ -

1 . dz
90:5(51?4‘7/%) - e

NAHC: A=A+ i(p+ @)

Hitchin equations equivalent to flatness condition FA = (



Complex and Kahler Structures

The space M (C,, SU(2)) is hyperKahler

Wy = _L/ 22| Tr(éAg/\(SAZ - 5g5/\590) ,
27T C
1 ) _
27T C

Wi = L/ 22| Tr(é@/\&Az _ 5¢A5A2) |
27'(' C

Complex structure

O = wy +iwk, 2y = wg + 1wy,

Complex modulus

Triplet of holomorphic symplectic forms

Kahler modulus

Il

J
K

5}9 =+ Z./Vp
Vp + 10
oy + 15,

O = wy + 1wy



Geometry of X

4yt —ayz —2 -t —t 4 =0

1 dx A dy 1 dx N dy ? _ _ _
. 0, — — - —
Symplectic form J = 9 SIIGE 27 22 — xy) Kahler form W A (dx ANdz +dy N dy + dz N dz)
A=qa,dd+--- 2
¢ 0 _ 27 (yptiay)
1 dz Holonomy around puncture _9 | =€
p = 5(Bp +ivp) - o
2 2z
X X
When ¢t = 1 Mgat (T2, SL(2,C)) ~ ¢ 2 ¢
2
St x St
Real slice Maat (TZ, SU(Q)) ~ ‘Pillow case’

Lo



Geometry of X

Hitchin fibration 7 : MH(Cp7 SU(Q)) — By whose fibers are Abelian varieties (Liouville tori)

2
(E7 90) — TTSO Holomorphic in complex structure /

The only singular fiber is pre-image of zero N =1 (O)

4
N=VU U D; ‘Pillowcase’ for ap = [y =Y =
1=1

F = T2 N
Away from f, = 0 locus —
resolution of A; singularities
(exceptional divisors).
— Kahler structure parameter in J
My &2 Py P
-
Ba | Holomorphic Lagrangians with respect to £2;
gen pt 0

Branes of type (B,A,A)

Null vector of intersection form

4
D,  Dynkin diagram
F] =2[V]+ ) [Dj]
1—=1



Complex/Kahler Structure Deformations

For generic values of (ﬂp, yp) the embeddings of two-cycles D;, V intro . ;; are no longer holomorphic w.r.t. [ and singular fiber of type 16’<

splits into three singular fibers of type I, ﬂ\
h" y? = (r—e1)(x—e2)(x—e3) with e; +ea+e3 = 0

D
D3

' | ; i U] =
bs | Us| =

<
_I_
_I_

Do
Dy

_|_

<
_I_




§1: D1 < Do
fg:DlHDg
fg:DlHD4

&2
and D3 < Dy
and DQ < D4
and D, D3

Cycles

Pillowcase Hitchin fiber

Wy 1 Wi _ 1 “J 0 = YK
V 2T 2

WJ
v % — _ﬁp ) Exceptional divisors =1,2, 3,4,

W

/—K:—vp, o [ wr By [ w v _ [ wk

v 27 2 Jp.2r 2 Jp2r’ 2 Jp o«

Symmetries

§ : Ugip1 <> Ug;yo  and

U213 < Ug;itqg



[Gukov Witten]

Canonical Coisotropic Brane  «woi

L
Canonical coisotropic brane B, l c1(L) = [F/2r]) € H*(X,7)
2d sigma model into X x
h = |hle?
Family of 2B .. branes parameterized by 7 on symplectic manifold (X, wy) Quantization parameter g = ¢*""
| | . . 95 B e H*(%,U(1))
Values of the B-field are determined by equation :=F+ B+ 1wy = — ’
th Needed for generic 7
F+B=ReQ= —(wcos in 0)
= Re {) = —(wjcostl —wgsinb) .
1 HyperKahler condition F+B=wxJ
1
wy =Im Q = _ﬁ(wl sin  + wg cos6) .

E.g. for real i we have wy = wg and B, brane is of type (B, A, A), for purely imaginary of type (A, A, B)



Branes and Quantization

Hom(%cc, %CC) parameterized by A provides deformation of the space of holomorphic functions on X which is spherical DAHA = Sﬁ

() 1 1 Q + 10 1
—1 2 72 _ T I B - _ J _ Yp P _ =
(W (B+ 1)) =J"=~1 P21 K 27 o, o /D omih  2ih “T
t = exp(—7(yp +iogy)) q=1t°
t = tq_%

||
T
o
=
>
2

01(X)
o 2% B B 0 0

74 Hom (B¢, B')
//“\\ /ﬁg\\

End(Be.) = SH



Lagrangian Branes

Lagrangian A brane — unitary bundle, flat Spin¢-structure on L and grade lift

—1/2
L ® K;

‘B, : l Flatness condition F£ € B|L — () Representation space ' ¥ = Hom(%cm %L)

L
. L . 0 —1
Hirzebruch-Riemann-Roch formula dim 2 = dim H" (L, B ® By, ")
(B-model analysis to compute dimension
of open strings )

— / ch(Bee) A ch(By ') A Td(TL)
L

For a Lagrangian in two dimensions Td(TL) = ch(KI_Jl/Q)E(TL)
. F+ B
So the dimension reads dim 2" = / ch(Bec) :/ 9
L L <7

Lagrangian branes are objects in Fukaya category Fu k(%, wx)



Infinite-Dimensional Representation

P

We can address infinite-dimensional representations labelled by y, PV = M 1Cus[XT]  generatedby  (¢°X —q X7
r— X+ X1
]Q()ly1 . SH — End(£29Y), y+— 1y tXX__t;i(l_l w + yl_l t—;(X__);i(l—l ’w_l,
Z qéletXX__t;i(ll @+ q2 (1 X) ™! t;(X__;i(ll w )
Supported on brane supp BH = {y = yl_lf—k yit 1}
Weight vectors pol, (y) - Z = (y; ‘t+ it ) Z Z(X,y1,q,t) = o1 (Y1, 757t 2yl %5 7t 2 X 2

Truncation Z(X7 Y1 = C]_ja%t) — X_ij(X§ q,t)



Representations vs Branes: Generic fiber F

W W
Generic fiber F is (B,A,A)-brane for any values (Ozp, Bp, ”yp) thus 6 =0 Wy = ﬁK ., and F + B = EI

F = 772, so a flat Spin®-structure can have U(1)? holonomy w/ spin structure

Brane %%\ A = (T, Ym) € C* xC*~

" \/ \

/\\‘ “. /\ (\\‘ “.
1 — Zy — U(1) » U(1) > 1 : : X e |
P

+1 for Ramond, -1 for Neveu-Schwarz spin structure r

(C™)x (C*)y



Generic Fiber

. F+ B Wy 1 :
d H %CC7 %A — — — — — I I i1ti — — 27T/L/m
im Hom( ) /F o Ch T Quantization condition A = 1/m qg=¢€

The action of DAHA on generalized polynomial representation commutes with X" —x,,

so the ideal (X — x, ) is invariant under pol,,

Quotient 555‘1 = PN (X™ —x,,) is m-dimensional representation of DAHA where =y,

Setting y; = 1 we arrive at symmetrized m-dimensional representation

Flemt) = @ /(X™ 4+ X7 — g, — 2 1)

m m

Brane %gmﬁ) Intersects with the support of polynomial representation



Singular fibers of type /,

F{Jl —I_ B|U1 — O

F+B 1
. dlm Hom(%cc, %Ul) — / T — ﬂ —
brane By, can exist only at 1/(2h) =n € Z~ U, 27 u, 2rh  2h
Representation pol(L,) - P, (X;q,t) =0 where P.,(X;q,t) = X"+ X"
Y =2/ (P,) %) = Hom (Bee, Bu, )

Sign change leads to another module Un(2) e EQ(Un(l)) — Hom( B CCy B U 2)



Bun. Component

Assume ,Bp = () for simplicity. For V to be Lagrangian with respect to wy the following should hold

Ly )+
m 22— P =0
. . - F+8B 1
No deformation parameter dim Hom(B cc, B V) — = |
y 28 2
G 1
ortening condition — +2c!l 1= k+1" Z+
2!
Additional series [Cherednik]
Vk+1 =P /(Pk+1)
Invariance under sign change I:)k+1 (! X; op 9) - ( | 1)kPk+1 (X ., 9)

- space of B ¢, B v )-strings
) carries PSL(2,2Z)




Exceptional Divisors

Exceptional divisors D; are Lagrangian w.r.t. wy if deformation parameter y; + iat

P
in complex structure J is proportional to if
#p + || P : " i
Im o =0 Value of 3, can be arbitrary Flatness condition Fp, + B b = 0
Im | &
= oX =0
D ; 2( D ; 2(
Shortening condition t2 = q! (21 1) pol(L21) aP2 (X ;q,1) =0
. " F+B 1
dimHom(B ¢¢,Bp;) = | =lc+-=11 Z,
D i 2! 2 27 -dim representation Do = P /(PZ!)
1 2
Splits intro two modules Do = D!( ) H D!( )

P; and P2y 1 1 have the same eigenvall

w1
1
p® = ¢y,
j =0

w1
2
D@ = ¢y,
j =0

RX) , Pajrax) ®
Pi(t' 1Y)  Payjra(t't)

#P(X) |, Parjia(X)®
Pi(t' 1) Poarjra(t' 1)

&2



&2

Summary

Pnite-dim rep

shortening condition

A-brane condition

F \m Ym) q" =1 =1
Un g" = n= 4
Vik+1 t2=#q X k= 4+ 7l e
D, t2 — q! 1+1/2 | — 'p;'i:' 0







Extensions: |,-Fiber

2

Compact Lagrangians Bg and %Ui can exist when ¢ is a root of unity and ¢ generic
Irreducible components U; and U, intersect at two double points
; ’ | P2 P1
Floer complex ~ Hom (By,,Bu,) = CF (Bu,,Bu,) = C'pi#3$ C"po#
Generic fiber F over b; may splitinto Ujand U, )
"1
Corresponding representation of DAHA — 7_-invariant module (1 ,+) 1|
F & £ P (Pan)
e by
EPZnZ(Pn)Z P2n:X2n+X!2n+2
1-Homs BL ) # Hom'(By,,Bu,) Hom*(By,,Bu,) # Co%BL )& cuBL )8

0& UP & FL Mg u®e o or U@ "EL Y U@ o



Consider basis where y acts diagonally ;diagt+ t! 1,qt+ q! 11:! 1, . .,qZ”! 1t+ CIl! Znt! 1)
@ 1) 1
s s T ST B
01 ... 00 °o I ... 0 0 (
1 0 | O O O 1 0 | O O
ot . 10 0! . 1 0 O
: O O O | : O O O |
X| | O O O X | | O O 10
LELD) 0! 0 L) o 0 ! 0
I O ! O 10 I O
0O ! . 0O 1 . 1
O O 0 ! O O O |
0 0 I 0 | 0 0 10

01 UMt L,FELDYT U@ o 0! u®dr "EL Y1 U@ oo



Global Nilpotent Cone I

In order to By, and %Di be Lagrangian two conditions must be satisfied at the same time

1 |
SH 1, + 1 Hpt 1l p
2 P P _ =
Im ! = 0 Im o 0
This implies Yy = O, A is real, and a,, Y, are arbitrary 28x = &k /!
. . 1 1
Quantization conditions ' Cc+ 5 ="' o +2c¢c' 1=k+1
Entail /2! =2'+ k+1
n 1 lf 1 2
0 (Vi) UM DY$ D (0
Morphism matching  Hom*(B p ,Bv) %0 Cé&yy' Hom*(Bp, # Bp,,Bv) X C&y'# Cé&yp'

or "(Vier)! fXoM#DPr bP#DPr o

or "(Vied)! f1o™)r bpPr o
or "(Vier)! f10@)y#DPr bP#DPr o



Global Nilpotent Cone I

New reps | is a subset of{ 1, 2, 3, 4}

Hom'(#;-1Bp,,By) 2# C&’
0 "Vier) ! Nyl '# D1 0

BNI ( Homl(#i"lBDi,BV)

Non" k1 := P /(Pon» i 1)

New reps with |/ = 3 are not factors of the polynomial representation



0

Line operators and DAHA

Invariant under isotropic

$ Jé lattice 11 H 1(C,Z(G))
onS'! S;
y | Algebra of line operators
' yields L-invariant subalgebra
¥ ¥ of DAHA
D 9
B CC
2
R q R | Elliptic fibration over the base
I« > T°C
. 0
Coulomb branch l &: M C(C’ G1 L) Y0 Bu
C

M C(C,G,L): M H(C,G)/L

L is compatible with Dirac quantization condition



Coulomb Branches

Dirac quantization Three ways to pick maximal isotropic lattice L

% ()= o(m# mle" 27 ) (0,1) (1,0) and (1,1} HY(Cp, Z2) = Z» & Z5

SU%EZ) '
N

D¢

SO(3),

M 1 (Cp, SU(2))

M ¢ (Cp, SU(2)) M c(cp 80(3)+ M ¢(Cp, SO(3): )

M H (cp SO(3)) B, ¥




Algebra of Line Operators

Reduce /' = 4 SYM on the raviolo configuration to get a 2d sigma model on a3\ | (—>—, G) Hecke modifications [KW]
Raviolo —<— = C $C! C [BDG]
on <<— Line operator — worldsheet boundary condition
dam S |
—<>—
Wilson (B,B,B)

't Hooft (B,A,A)

Left quotient of the affine Grassmannian Bung(——) = G2\ GE /G2

Affine Steinberg variety R ={(x,[d]) # 92! Gr(Gc) | Ady 1(x) # gg}

Category of line operators Line T [C,G,L] ¥DPColfe (R)

Algebra of line operators from Grothendieck ring KCGS(R)E C[Tc" TLW [BFM]

Quantized Coulomb branch K (GR#C, )! Cq (R) L g (W)L



Full DAHA

space-time: R4 " T C " RS
N M5-branes: R4 C " pt
(surface operator)  M5O-brane: RZ " C " R? on —<o— |
A=1d" +... Dyl = (#+ 9% (z,p

Full defect breaks gauge symmetry on the disk to the Borel subgroup (Iwahori) | ={apg+ a1z + 8222 + aah Gg lag ! B}
Now Bun(G) is the left quotient of the affine flag variety BUHG(—<::>—) =1\ G(K3 /
Introduce affine Steinberg flag variety Z={(x[g])! Lie(l )# FI(Gc) | Adg 1(x) ! Lie(l )}
Category, algebra Line[T [C, G, L], T] § D bCOH (Z) K | (Z) — C[TC " T(':] | C[W]

In Omega background K (1 #C{ )! C!q (Z) !: H (W)L



Morita Equivalence

o l |
Full DAHA
onS'! S;
. ! .-
- ¥ ¥ Hom(B ¢, B o) 2 H (W)-
g
B CC
Morita equivalence
B e B

Hom(B cc, B co) : Re(SH (W)) % Rep(H (W))



