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Floer Witten '88: explains work of Donaldson, Floer in terms of a
nomeloey topological twist of N' = 2 super Yang—Mills, G = SU(2), in
four dimensions

Gives a “topological” quantum field theory (TQFT): correlation
functions are metric-independent on (most) 4-manifolds
Background:

4d S\%\/ theory

Important for math: Donaldson invariants can distinguish

smooth 4-manifolds that are homeo. but not diffeo.

Important for physics: metric-independent QFTs interesting for
quantum gravity?
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homology What new insights does the physics perspective on
Donaldson—Floer theory give?

Seiberg—Witten '94: detailed understanding of the N/ = 2

theory (moduli structure etc.)

Background:
4d SW theory . . . .
Gives new approach to 4-manifold invariants: U(1) gauge

theory with matter field (monopole)

Similar power to Donaldson invariants but easier to work with
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Background:
4d SW theory

Modern perspective; categorified Chern—Simons

theory

Gukov—Putrov—Vafa '16: Hilbert space of the 4d
Seiberg-Witten TQFT on M3 can be obtained from the 6d
(2,0) superconformal field theory on R x M3 x ¥y after
reducing on Lsy

Here: Ysy is the Seiberg-Witten curve {zw = 0} C C? with a

>0

particular metric: Zsw

6-manifold R x M3 x ¥y is an M5 brane in 11-dimensional
spacetime R x T*M?3 x C?; 6d theory is worldvolume theory of
M-theory on this brane

Replace sy with ¥, := {w"” = 0} € C? (“n branes stacked
on {w = 0}"): get theories related to categorified U(n)
Chern—Simons (e.g. Khovanov homology for n = 2)
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The U(1]1) case

High - . “ . ”
e i e Can also consider “n branes and m antibranes” stacked on

cornered

Heegaard {w = 0} (curve Z,,); related to categorified U(n|m)

Fl .
homology Chern—Simons theory

Add “extra brane at oo, deform:

Background:
4d SW theory

Antibrane gets cancelled; limit is X gy

Thus: 4d Seiberg—Witten theory should be closely related to
categorified U(1]1) Chern-Simons theory

Mathematically: some known relationships especially involving
quantum representations of gl(1|1), would like more



4d and 3d data

WA Given a 4d TQFT, can compute partition function on a

sentations and
d . . . . .
Heegaord 4-manifold (numerical invariant), Hilbert space of states on a

ho:‘(’)fggy 3-manifold (vector-space invariant)

An
Manio

ith a

Rouquier)

Background:
Extended
TQFT



4d and 3d data

High - . . . .
Ml Given a 4d TQFT, can compute partition function on a

i 4-manifold (numerical invariant), Hilbert space of states on a
3-manifold (vector-space invariant)

Floer
homology

M  Most well-structured cases: get a functor from category of
Rore “34+1 cobordisms” (objects: closed 3-manifolds, morphisms: 4d
cobordisms) to category of vector spaces satisfying axioms

Background:
Extended
TQFT



4d and 3d data

High - . . . .
Ml Given a 4d TQFT, can compute partition function on a
cornered

Heegaard 4-manifold (numerical invariant), Hilbert space of states on a

Floer

homalogy 3-manifold (vector-space invariant)

Most well-structured cases: get a functor from category of
“3+1 cobordisms” (objects: closed 3-manifolds, morphisms: 4d
cobordisms) to category of vector spaces satisfying axioms

If unfamiliar with cobordisms:

Background:
Extended
TQFT

1
pery
T prekend Mhese are 3-manhlds



4d and 3d data

High - . . . .
Ml Given a 4d TQFT, can compute partition function on a

cornered

Heegaard 4-manifold (numerical invariant), Hilbert space of states on a

Floer

homalogy 3-manifold (vector-space invariant)

Most well-structured cases: get a functor from category of
“3+1 cobordisms” (objects: closed 3-manifolds, morphisms: 4d
cobordisms) to category of vector spaces satisfying axioms

If unfamiliar with cobordisms:

Background:
Extended
TQFT

1
pery
T prekend Mhese are 3-manhlds

Cases of interest e.g. Donaldson, SW: not defined on all
4-manifolds (b5 restriction), doesn't satisfy all the axioms, ...
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In many interesting cases (whether or not axioms hold): story
doesn’t stop in codimension 1

In codimension 2, manifolds are often assigned categories (e.g.
“category of branes” assigned to a point in a 2d conformal field
theory)

Background:

Extended . . . . . .
TQFT Lower-dimensional manifolds get higher categories; in the best

cases this goes all the way down to a point
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4d TQFT: want to assign
m categories to surfaces
m 2-categories to 1-manifolds

m 3-categories to O-manifolds

Background: Lurie '09: TQFTs that extend to O-manifolds, satisfying strong
Extended . . .
TQFT axioms, are completely determined by what they assign to a

point
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Difficulties

Higher repre-
sentations and

gomered For Donaldson theory, SW theory: axioms are known not to
eegaart

L hold even in 3+1 dimensions, and theories are only partially
omology .
defined

Also: to define invariants for manifolds, seems necessary to
make extra geometric choices (basepoint in the manifold, or
more drastic choices like “sutured” structure)

e These extra choices seem to depend on the theory in question
TQFT

Forgetting about the axioms, maybe even the basic idea of
assigning higher-categorical data to higher morphisms in
cobordism categories (without extra decorations) is insufficient

for the examples of interest?
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A proposal

Higher repre- H I H
M-Sl  Based on work with Raphaél Rouquier, want to propose a

cornered . .
rs— different view

Floer

ey For 4d Seiberg—Witten theory: propose that the usual extended
e TQFT picture is (at least close to) right on what sort of things
' \ should get assigned invariants and what sort of things the
invariants are

In particular, “extra choices” (specifically, sutured structure)
should be viewed as presenting the manifold in question as a

ek higher morphism in a cobordism category, suitable for defining

TQFT invariants

When viewed from this perspective, there's a preliminary guess
for what 4d Seiberg—Witten theory should assign to a point

This is most naturally explained in terms of Heegaard Floer
homology, which we'll discuss next
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The Atiyah—Floer conjecture

Higher repre-
sentations and
cornered
Heegaard
Floer

homology For the Donaldson—Floer 4d TQFT, there's a conjecture
(Atiyah '90) about what it assigns to surfaces (and 3-manifolds
with boundary):

m Surface F — Fukaya category of moduli space of flat
SU(2) connections on F

m 3-manifold M with boundary F — flat connections
Heegaard extending over M3 (a Lagrangian submanifold of the
moduli space over F)

Floer
homology
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The Atiyah—Floer conjecture (continued)

Higher repre-
sentations and
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Heegaard
Floer
homology

So: if M is glued from two pieces M;, M, along F: Hilbert
space of theory on M (instanton Floer homology) is the
Lagrangian intersection Floer group of the Lagrangians from
M; in the moduli space over F

Lagrangian Floer group is the homology of a complex whose
generators are intersection points between Lagrangians (here:
flat connections on all of M), differential counts
Heegaard pseudoholomorphic curves rather than instantons

Floer
homology
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Heegaard splittings

Higher repre-
sentations and
i Nice way to decompose a closed 3-manifold (idea applies more

Floer

homelogy generally) along a surface: Heegaard splitting

Decomposition of M into two genus g handlebodies ( “solid

genus g-surfaces”) along a genus g surface ¥z; can decompose
any M3 like this

Example:
“bagel - g
i
Heegaard ““‘W“’“’.‘“ c_,..fnmen\'
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Could try to give an alternate definition of instanton Floer
homology of M by: pick a Heegaard splitting for M, use it to
compute a Lagrangian Floer group as above, show the result is

Heegaard

Floer independent of splitting

homology
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An ansatz for 4d Seiberg—Witten theory

Higher repre-
sentations and
cornered .
Heegaard Not easy to construct Hilbert spaces of 4d SW theory on
Floer

homology 3-manifolds rigorously (done by Kronheimer—-Mrowka '07)

ndr

Even before this definition: could also try to build these Hilbert
spaces from the ansatz that an Atiyah—Floer-like conjecture
should hold in the SW case

The result: Heegaard Floer homology (Ozsvath—Szabé '01)

Looking at solutions to SW equations on R? x F for a surface

T F: moduli space of flat connections should be replaced by

homology

moduli space of solutions to “vortex equations” (the symmetric
power SymX(F) for vortex number k)
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(continued)

Higher repre-
sentations and L. 3 “ "
coac] Represent Heegaard splitting of M* along “Heegaard surface
eegaar .
Floer Y. (genus g) by a Heegaard diagram

homology

Heegaard diagram: pattern of g disjoint red circles and g
disjoint blue circles, plus maybe basepoints etc., drawn in ¥;
these represent attaching circles for 3d 2-handles (red: top of
Y, blue: bottom of ¥) in a handle decomposition of M3
relative to =

A diagram for the genus-2 splitting of S3 above:
m ‘ — aMads Z-Wandles ovhiide '\“‘.\ d
eegaa Iy - .
Floegr r @ cindes, il wi B%: “guler ‘ouo,v.l
homology a

—> altach 2-hordles iaside c\uo) blee

cindes, G\ wi @ “ianer aae(”
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An ansatz for 4d Seiberg—Witten theory

(continued)

Higher repre-
sentations and . . . .
] Diagram transparently specifies two Lagrangians in Sym& (%)
eegaart . .
Floer (product of red circles, product of blue circles) and these are

homolo . "
= “the right ones

Intersection points and pseudoholomorphic curve moduli spaces
have natural visual interpretations that can be drawn in X;
example:

Heegaard

Floer . .
homology Computations can be manageable: understand some basic
patterns for the moduli spaces, hope they suffice to constrain

the answer uniquely
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vt  Kutluhan—Lee—Taubes '10-'12: HF = SW = ECH for

sentations and

i 3-manifolds, confirming the validity of the HF ansatz at the

B level of 3-manifolds
homology

‘ Could also try to extend the ideas of Heegaard Floer homology
Rouquier) to define “Seiberg—Witten" invariants for surfaces and 3d
cobordisms between them (not just handlebodies)

This is the topic of bordered Heegaard Floer homology
(Lipshitz—Ozsvath—Thurston '08).
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Bordered Floer homology

vt  Kutluhan—Lee—Taubes '10-'12: HF = SW = ECH for
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vt  Kutluhan—Lee—Taubes '10-'12: HF = SW = ECH for

sentations and

i 3-manifolds, confirming the validity of the HF ansatz at the

B level of 3-manifolds
homology

Could also try to extend the ideas of Heegaard Floer homology
to define “Seiberg—Witten" invariants for surfaces and 3d
cobordisms between them (not just handlebodies)

This is the topic of bordered Heegaard Floer homology
(Lipshitz—Ozsvath—Thurston '08).
m DOESN'T: generalize the Heegaard splittings used in HF

H d oy g
Floer homology to allow more general splittings

homology

m DOES: introduce a new cut on M3 along a surface F,
transverse to the Heegaard surface ¥, and analyze
everything in terms of its intersection with
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New Cur olong
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Heeqaad
surface §

Fns (ogsme: sagle cinkt
inkergechy uh\»\ ved cinkes (ﬂl\\

Surface F: represented by certain type of diagram Z drawn in

Heegaard

Flooy the circle F N X; gets assigned a dg algebra A(Z) (“bordered

homology

strands algebra”)

General pieces My, M: represented by “partial Heegaard
diagrams” drawn in My NX and M, N L; get assigned Ao
modules over A(Z)
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The invariant of a circle?

High . . . . .
MBS Since there are two cuts, intersecting transversely, tempting to

cornered

Heegaard think: bordered HF could be viewed as based on some ansatz

Floer

homalogy about what HF / SW theory assigns to a circle.

Here the plot thickens... slight lie to talk about HF(M?3) for
closed M3, since you need to pick a basepoint in M3 (assumed
to come from basepoint in the Heegaard surface ¥).

Bordered HF: LOT put their basepoint on this circle:

Heegaard
Floer
homology
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The invariant of a circle? (continued)

High . . . . . . ..
BB Intersections of F N X with « circles give a matching of finitely

cornered

Heegaard many points of F N'L into pairs

Floer

Ibernetezsy This encodes a handle decomposition of F relative to FN X
ndi ("2d 1-handles glued on top of F N X with attaching O-spheres
given by the matched pairs of points”)

Correspondingly: for LOT, the diagram Z representing F is a
“pointed matched circle:”

regresaly _
-3 =@ -

1 2

Heegaard — O¢ag: (M "\\

Floer poinktd muhed

—
homology cinde sorface

wite bospoint

So: is bordered HF really based on an ansatz about what'’s
assigned to a pointed circle?
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Heegaard
Floer
homology

From the perspective proposed here: this extra basepoint data
needs to get worse before it can get better

Juhasz '06: generalized I:IT-_(M‘?’) to sutured M3 (compact M3
with boundary and certain decorations on the boundary;
defined by Gabai '83, related to taut foliations)

In fact, Juhasz’ sutured Floer homology is a joint generalization
Heegaard of HF(M?3) for closed 3-manifolds and HFK(K) for knots

Floer
homology



Sutured Floer homology (continued)

Higher repre-
sentations and
cornered
Heegaard

N Sutured 3-manifold (for us:) M3 with its boundary decomposed
into two regions Ry and R_ along a 1-manifold I (the
“sutures” )

Heegaard
Floer
homology



Sutured Floer homology (continued)

Higher repre-
sentations and
cornered
Heegaard

N Sutured 3-manifold (for us:) M3 with its boundary decomposed
into two regions Ry and R_ along a 1-manifold I (the
“sutures” )

Example:
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porioer Sutured 3-manifolds like
omology
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iy Zarev '11: reformulated LOT's bordered theory in the sutured

Floer
Wi language

Instead of closed surfaces with basepoint (represented by
pointed matched circles), one has:

sutured surfaces (compact F with boundary decomposed into
regions S; and S_ along a 0-manifold A)

Example:
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Higher repre-
sentations and
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Sutured surfaces are represented by arc diagrams (or chord
diagrams) Z:

aé regresenty,
Rouquier) b
\ 1
by &\uo). Suhred surbea w] L‘q@

S8 dwe soturg
on one mgom\v,

oter enkinly a S+

Heegaard
Floer
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Interval components of Z < interval components of S, ; circle
components of Z <« circle components of S,
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Bordered sutured Floer homology (continued)

High s . ' . .
MRS Zarev interprets LOT's invariants of closed surfaces with

i basepoint as being invariants of sutured surfaces with S!

Fosr boundary and |A| =2

homology
reinlerpeet
A
Ceot open

m‘w y o bostpk) o dlagmm

cirde
é&g-‘w\k o) g’ eepresuly

A~
reintecpret
Cemeve A% (\ow'ﬂ,
add 2 sviwes
—

'R ——
Sueos vl (““('M Sud surfae

Heegaard
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homology

Zarev interprets LOT's invariants of 3-manifolds with boundary
as being invariants of certain “bordered sutured 3-manifolds”
(look a bit like: 3-manifolds with corners)




Bordered sutured Floer homology (continued)

Higher repre-
sentations and
cornered , " "
Heegaard Auroux '10: bordered Floer “strands algebras” A(Z), for arc
Floer

homology diagrams Z, describe partially wrapped Fukaya category of
Symk(F) for various k

Heegaard
Floer
homology



Bordered sutured Floer homology (continued)

Higher repre-
sentations and
cornered , " "
Heegaard Auroux '10: bordered Floer “strands algebras” A(Z), for arc
Floer

homology diagrams Z, describe partially wrapped Fukaya category of
Symk(F) for various k

F: sutured surface represented by Z; sutured structure
determines stops for the partial wrapping

Heegaard
Floer
homology



Bordered sutured Floer homology (continued)

Higher repre-
sentations and
cornered , " "
Heegaard Auroux '10: bordered Floer “strands algebras” A(Z), for arc
Floer

homology diagrams Z, describe partially wrapped Fukaya category of
ndr Symk(F) for various k

F: sutured surface represented by Z; sutured structure
determines stops for the partial wrapping

The sutured structure on surfaces is sometimes viewed as a sign
that Heegaard Floer homology should really be formalized in
terms of a different / more geometric TQFT framework (harder

Heegaard .
Floer to shove sutured structure than basepoints under the rug)

homology



Bordered sutured Floer homology (continued)

Higher repre-
sentations and
cornered , " "
Heegaard Auroux '10: bordered Floer “strands algebras” A(Z), for arc
Floer

homology diagrams Z, describe partially wrapped Fukaya category of
ndr Symk(F) for various k

F: sutured surface represented by Z; sutured structure
determines stops for the partial wrapping

The sutured structure on surfaces is sometimes viewed as a sign
that Heegaard Floer homology should really be formalized in
terms of a different / more geometric TQFT framework (harder

Heegaard .
Floer to shove sutured structure than basepoints under the rug)

homology

Proposed here: another way to view things...
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Cornered Floer homology (continued)

Higher repre-
sentations and
cornered . . .
e DM / DLM formulate the theory using pointed matched circles
oer

homology (LOT) rather than arc diagrams (Zarev)

(N@ alve

[VPY

by
ol

What to assign to the pieces ("9 Lﬁ? New types of
algebraic object (sequential algebra-modules), glue together via
T new operation to recover A(Z)

Floer

AT So: is this related to
one of which is the basepoint”?

‘what SW / HF assigns to two points,
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Bordered-Floer algebras and categorification

Higher repre-
SN To make progress, helpful to look at connection to quantum

cornered
Heegaard H

o gl(1|1) representations
homology

Strands algebras A(Z) for various diagrams Z (representing
genus-zero surfaces) have been used to categorify reps of
Uq(gl(1]1)), e.g. V®" where V is the vector / defining
representation

Cornered Floer homology builds (some of) these
categorifications A(Z) from smaller pieces

Another thing that does this: Rouquier's work in preparation
on higher tensor products of 2-representations (e.g. build
categorification of V®" as n-fold tensor power of

Tensor categorification of V)

products and
cornered HF

These turn out to be closely related!
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Cornered Floer from the bordered sutured

viewpoint

Higher repre-
sentations and

cornered First, let’s revisit cornered Floer homology from the bordered
eegaart

Floer sutured perspective
homology
(NE 5\“‘
sy
1B - . .
Instead of o , let’s view the gluing operation as
E qlve
o~
=~
E col-
instead

Have two arc diagrams Z; and Z5, each with a distinguished
interval component, and we're gluing the distinguished
components end-to-end to get a new arc diagram Z with a
distinguished interval component
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Cornered Floer from the bordered sutured
viewpoint (continued)

Higher repre-
sentations and o ’
cornered Theorem (M.—Rouquier '20)
Heegaard
Floer

homology m Douglas—Manolescu’s sequential algebra-modules can be
Andrew repackaged to define a 2-action of U on A(Z) for any arc

] diagram Z with a distinguished interval component, where
U is a dg monoidal category introduced by Khovanov ‘10
(U categorifies positive half of Uq(gl(1]1)))

m There is an operation (¥) for 2-representations of U such
that Douglas—Manolescu’s gluing formula becomes

A(Z) = A(Z21) ® A(Z2») as dg algebras

m Furthermore, we have A(Z) = A(Z1) ® A(22) as
Tensor 2-representations of U (allowing iterative use of the gluing

products and

cornered HF formu/a)
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Cornered Floer from the bordered sutured
viewpoint (continued)

Higher repre-
sentations and
cornered
Heegaard
Floer
homology

This favors the bordered sutured viewpoint on cornered HF

Why? result of the gluing is the same type of algebraic object
as the two inputs (a 2-representation of I/)

This is true when gluing arc diagrams, but not when gluing
halves of pointed matched circles

Tensor
products and
cornered HF
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cornered Relatedly: Douglas—Manolescu view their gluing formula as
H d .y . . . . .
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Two types of tensor product

Higher repre-
sentations and

cornered Relatedly: Douglas—Manolescu view their gluing formula as
H d .y . . . . .
- describing the invariant of a closed surface with basepoint,

1 glued from two surfaces with basepoints on their S boundaries

along the common S*!
foe olog S

This type of gluing often corresponds to algebraic tensor
products of the form M ®g N where R is a ring (associated to
the circle), M is a right R-module, and N is a left R-module
(no S! boundary on glued surface and no R-action on the

€l

Rouquier)

{

Tensor

oroducts and tensor product); Douglas—Manolescu phrase their algebraic

cornered HF

gluing operation in similar terms
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eegaart

L carries its own left action of H (defined using coproduct on H)
omology

Topologically, if H is associated to the circle and M, N are
associated to surfaces with S! boundary: M @, N is often
obtained by gluing the surfaces into the two legs of a pair of

pants
.
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Two types of tensor product (continued)

Higher repre- Another type of tensor product: M ®, N where M and N are

sentations and
comered left modules over a Hopf k-algebra H; this tensor product
eegaart

L carries its own left action of H (defined using coproduct on H)
omology

Topologically, if H is associated to the circle and M, N are
associated to surfaces with S! boundary: M @, N is often
obtained by gluing the surfaces into the two legs of a pair of

pants
.

The tensor products appearing in expressions like V€™ above,

Tensor

Sl e and the categorified operation (&), are instances of the second

cornered HF

type of tensor product rather than the first (correspondingly,
A(Z21) ®) A(27) carries a 2-action of U).



Intervals and the open pair of pants

Higher repre- . . :
gl However, this closed pair-of-pants gluing doesn't exactly

cornered

Heegaard capture the effect on sutured surfaces of our arc-diagram gluing
Floer
homology Z]_, Zz —> Z

Andre

Manion (joint
ith €l

Rouquier)
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Intervals and the open pair of pants

Higher repre- . . :
gl However, this closed pair-of-pants gluing doesn't exactly

cornered

Heegaard capture the effect on sutured surfaces of our arc-diagram gluing
Floer
homology Z]_, Zz —> Z

What does? 3 ways to view it:

Glue small neighborhood of suture in 9F; to small

: . it
neighborhood of suture in OF,: = |
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Intervals and the open pair of pants

Higher repre- . . :
gl However, this closed pair-of-pants gluing doesn't exactly

cornered

Heegaard capture the effect on sutured surfaces of our arc-diagram gluing
Floer
homology Z]_, Zz —> Z

What does? 3 ways to view it:

ael
Rouquier)

Glue small neighborhood of suture in 9F; to small
£ ]
neighborhood of suture in 0F,: = \\L
View sutured surfaces as cobordisms from S_ to S
restricting to idy on the boundary; glue along an interval
1} ~ \
inidy =
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Intervals and the open pair of pants

Higher repre- . . :
gl However, this closed pair-of-pants gluing doesn't exactly

cornered

Heegaard capture the effect on sutured surfaces of our arc-diagram gluing

Floer

homology Z]_, Zz —> Z

i What does? 3 ways to view it:

Rouquier)

Glue small neighborhood of suture in 9F; to small
£ ]
neighborhood of suture in 9Fp: = \\L

View sutured surfaces as cobordisms from S_ to S

restricting to idy on the boundary; glue along an interval
1}

in idy e O
m Non-self-gluing case: glue “open pair of pants” to S,
= S
products and interval in Fy and S, interval in Fp: 3 = O
cornered HF

m Self-gluing case: glue O o S, interval in F

Tensor



Intervals and the open pair of pants (continued)

Higher repre-
sentations and
cornered
Heegaard
Floer
homology

Looks like 2 Rep(if) (2-category) is being assigned to an
interval and tensor product comes from open pair of pants
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Intervals and the open pair of pants (continued)

Higher repre-
sentations and
cornered
Heegaard
Floer
homology

Looks like 2 Rep(if) (2-category) is being assigned to an
interval and tensor product comes from open pair of pants

Modulo details, this is reasonable: invariant of circle is
“center” / “double” of invariant of interval, quantum group is
“close to" double of its positive half
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cornered HF




Intervals and the open pair of pants (continued)

Higher repre-
sentations and

comered Looks like 2 Rep(if) (2-category) is being assigned to an

Heegaard

Floer H .
homelogy interval and tensor product comes from open pair of pants

nd Modulo details, this is reasonable: invariant of circle is
“center” / “double” of invariant of interval, quantum group is
“close to" double of its positive half

The open pair-of-pants cobordism makes sense in the
open-closed cobordism category but not the 012 (fully
extended) cobordism 2-category...
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Intervals and the open pair of pants (continued)

Higher repre-
sentations and
cornered

iy Looks like 2 Rep(Uf) (2-category) is being assigned to an

Floer H .
homelogy interval and tensor product comes from open pair of pants

Modulo details, this is reasonable: invariant of circle is
“center” / “double” of invariant of interval, quantum group is
“close to" double of its positive half

The open pair-of-pants cobordism makes sense in the
open-closed cobordism category but not the 012 (fully
extended) cobordism 2-category...

however, if one started with a 012 TQFT and used it to define
an open-closed TQFT, the open pair of pants gluing (item 3
T above) would come from the type of gluing shown in item 2

products and

cornered HF above



Intervals, points, and circles

Higher repre-

sentations and
cornered i ) i
Heegaard Suppose we tried to assign (2 Rep(i),(®)), as a monoidal

Floer

homology 2-category and thus a 3-category, to the point

Andre

Manion (joint
ith €l

Rouquier)
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Intervals, points, and circles

Higher repre-
sentations and
cornered

Heegaard Suppose we tried to assign (2 Rep(i),(®)), as a monoidal

Floer

homology 2-category and thus a 3-category, to the point

The interval would then be assigned 2 Rep(U/) as a bimodule
2-category over itself
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Intervals, points, and circles

Higher repre-

sentations and
cornered i ) i
Heegaard Suppose we tried to assign (2 Rep(i),(®)), as a monoidal

Floer

homology 2-category and thus a 3-category, to the point

ndr

The interval would then be assigned 2 Rep(U/) as a bimodule
2-category over itself

End-to-end gluing of intervals, applied to an object of 2 Rep(i/)
from the first interval and another such object from the second
interval, would give the tensor product (®) as an object of the
2-category of the glued interval (which is also 2 Rep(l/))
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Intervals, points, and circles

Higher repre-
sentations and
cornered

Heegaard Suppose we tried to assign (2 Rep(i),(®)), as a monoidal

Floer

homology 2-category and thus a 3-category, to the point

The interval would then be assigned 2 Rep(U/) as a bimodule
2-category over itself

End-to-end gluing of intervals, applied to an object of 2 Rep(i/)
from the first interval and another such object from the second
interval, would give the tensor product (®) as an object of the
2-category of the glued interval (which is also 2 Rep(l/))

The circle would be assigned something new, not yet appearing
in Heegaard Floer homology as far as | know (call it
TGIED; 2 Rep(D(U)) for now...)

products and

cornered HF



Sutured surfaces

Higher repre-
sentations and
cornered

Heegaard A sutured surface can be viewed as a 2-morphism from S_ to

Floer

homology S, in the 012 cobordism 2-category

An

Manio
ith a
Rouquier)
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Sutured surfaces

Higher repre-
sentations and
cornered

Heegaard A sutured surface can be viewed as a 2-morphism from S_ to

Floer

homology S, in the 012 cobordism 2-category

A fully extended TQFT assigning (2 Rep(/),®)) to the point
would assign this surface a complicated gadget: something like
a 2-functor from 2-category of S_ to 2-category of 5,
compatible with actions of 3-category of a point on source and
target...
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Sutured surfaces

Higher repre-
sentations and
cornered

Heegaard A sutured surface can be viewed as a 2-morphism from S_ to

Floer

homology S, in the 012 cobordism 2-category

A fully extended TQFT assigning (2 Rep(/),®)) to the point
would assign this surface a complicated gadget: something like
a 2-functor from 2-category of S_ to 2-category of 5,
compatible with actions of 3-category of a point on source and
target...

. e.g. if S_ and Sy are a single interval: a 2-functor from
2 Rep(U) to itself, with certain compatibility...
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Sutured surfaces

Higher repre-
sentations and
cornered

Heegaard A sutured surface can be viewed as a 2-morphism from S_ to

Floer

homology S, in the 012 cobordism 2-category

A fully extended TQFT assigning (2 Rep(/),®)) to the point
would assign this surface a complicated gadget: something like
a 2-functor from 2-category of S_ to 2-category of 5,
compatible with actions of 3-category of a point on source and
target...

. e.g. if S_ and Sy are a single interval: a 2-functor from
2 Rep(U) to itself, with certain compatibility...

...maybe given by tensor product over  with a U-bimodule
T category, i.e. a category with two commuting 2-actions of U/?

products and
cornered HF



Sutured surfaces (continued)

Higher repre-
sentations and
cornered
Heegaard

N To a general sutured surface, reasonable guess is to assign a
i category with commuting 2-actions of ¢ (for interval
R components of S_, S;) and D(U) (for circle components of

ith €l

Fuwm»rrir 57, S+)
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Sutured surfaces (continued)

Higher repre-
sentations and
cornered
Heegaard

N To a general sutured surface, reasonable guess is to assign a

category with commuting 2-actions of U (for interval
components of S_, S;) and D(U) (for circle components of
5.,54)..

...possibly modules over a dg algebra with commuting
“bimodule 2-actions” of U and D(U)?
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Sutured surfaces (continued)

Higher repre-
sentations and
cornered

Heegaard
Floer To a general sutured surface, reasonable guess is to assign a

homology
category with commuting 2-actions of U (for interval
components of S_, S;) and D(U) (for circle components of

S_, S))..

...possibly modules over a dg algebra with commuting
“bimodule 2-actions” of U and D(U)?

Call this hypothetical algebra A’(Z), given an arc diagram Z;
heuristic idempotent count shows A(Z) is too small to be

A'(2)
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Sutured surfaces (continued)

Higher repre-
sentations and
cornered
Heegaard
Floer
homology

However: if we suppose that for all intervals and circles in S_
and all circles in S, the hypothetical algebra A’(Z) has been
“tensored over U or D(U) with the trivial 2-representation,”

then heuristic count gives the right number of idempotents for

A(Z)
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Sutured surfaces (continued)

Higher repre-
sentations and
cornered
Heegaard
Floer
homology

However: if we suppose that for all intervals and circles in S_
and all circles in S, the hypothetical algebra A’(Z) has been
“tensored over U or D(U) with the trivial 2-representation,”

then heuristic count gives the right number of idempotents for

A(Z)

“Item 2" gluing of sutured surfaces should then correspond to
taking tensor products A(Z1) ®).A(22) as desired
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3 dimensions

Higher repre- f . . .
sentations and Zarev's bordered sutured cobordisms (in particular, sutured
d . . . . .
Heegaard 3-manifolds) can also be interpreted as higher morphisms in the

Floer

el 0123 cobordism category

An
Manio

ith a
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3 dimensions

Higher repre- f . . .
sentations and Zarev's bordered sutured cobordisms (in particular, sutured
d . . . . .
Heegaard 3-manifolds) can also be interpreted as higher morphisms in the
Floer

el 0123 cobordism category

General expectation: there's some partially defined 01234
TQFT assigning (an elaboration of) (2 Rep(i),(®)) to the
point, generalizing the known Heegaard Floer invariants
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3 dimensions

Higher repre- . . .
can e o Zarev's bordered sutured cobordisms (in particular, sutured
cornered

Heegaard 3-manifolds) can also be interpreted as higher morphisms in the

Floer

el 0123 cobordism category

General expectation: there's some partially defined 01234
TQFT assigning (an elaboration of) (2 Rep(i),(®)) to the
point, generalizing the known Heegaard Floer invariants

Nontrivial even at the decategorified level; should be a partially
defined 0123 TQFT related to the decategorification of
Heegaard Floer, the Alexander polynomial, torsion, etc. but it
would be an interesting extension of modern methods in 3d
TQFT
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3 dimensions

Higher repre- . . .
can e o Zarev's bordered sutured cobordisms (in particular, sutured
cornered

Heegaard 3-manifolds) can also be interpreted as higher morphisms in the

Floer

el 0123 cobordism category

General expectation: there's some partially defined 01234
TQFT assigning (an elaboration of) (2 Rep(i),(®)) to the
point, generalizing the known Heegaard Floer invariants

Nontrivial even at the decategorified level; should be a partially
defined 0123 TQFT related to the decategorification of
Heegaard Floer, the Alexander polynomial, torsion, etc. but it
would be an interesting extension of modern methods in 3d
TQFT

Tensor Twice-decategorified level: works very nicely and there's a fully
Poomeres HF. extended 2d TQFT recovering the right idempotent counts
(work in preparation)



Thanks

Higher repre-
sentations and
cornered
Heegaard
Floer
homology

Thanks for your time!
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