! (2) ) (w) = O (w) P19(z)
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Il PO (2) FO(w) = =H(A) O (w) @ (2) |
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Overview
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Crystal Melting

[Szendroi; Mozgovoy, Reineke; Nagao, Nakajima; Ooguri, MY; Jafferis,
Chuang, Moore; Sulkowski; Aganagic, Vafa; ---]



(D}f crystal melting [Okounkov-Reshetikhin-Vafa; Igbal, Nekrasov,...]
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crystal melting
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crystal melting
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The story generalizes to
an arbitrary toric CY3
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3D crystal

2D projection
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2D projection of the crystal is a tesselation of the periodic quiver on 7 -
studied by [Hanany et al.]
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We can lift the 2D projection of the crystal into 3D by keeping track of “depth”
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melting rule:
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Infinite-product forms discussed
In [Szendroi, Young, Nagao, Aganagic-Ooguri-Vafa-MY]
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[Nagao-MY] discussed chamber structures in terms of affine Weyl groups]
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Circa 2009-2010

Elliptic !! Quantum toroidal !!
Later important developments on quantum toroidal algebras (Ding-lohara-Miki)
and affine Yangians by
[B. Feigin, E. Feigin, Jimbo, Miwa, Mukhin; Tsymbaulik; Prochazka, -]
which In particular constructed representations on plane partitions.

Affine Yangians also appear in higher spin algebras [Gaberdiel, Gopakumar; Li,
Peng,-]



Quiver Yangian

. Algebra

[Li-MY "20]



A. equivariant parameters

» 3d crystal

2d crystal

I € pathjo—| Q |]

loop constraint:



A. equivariant parameters q 7
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B. Chevally-type generators (23 5?‘2‘:”‘0’ pera e Ter>

" +o0 6,,(7?) o + 77D7(7,a) o ~+o00 fT(La)
e (Z) = Z sn+1’ w (Z) = Z sn+1 "’ f (Z) = Z() sn+1 "’
n=0 nN=—00 n=
el (u) : creation, V9 (u) : charge, £9(w) : annihilation

/2-grading (super algebra)

a {0 (3T € Q; such that s(I) =t(I)=a),
al =

1 (otherwise)




C. “OPE relations”

! (2) O (w) = O (w) P9 (z)
e (w) ~ "7 (A) e (w) p'(z) |

: (—1)“WlP=(A) e (w) e (2)

fO(w) = @A) fO w) 9 (2)

f (=)= (A) T FO(w) f19(2)

N _5a,b¢(a)(2) — w(l’)(w)

Z — W

)

“~” means equality up to z"w™=" terms

“~” means equality up to z"2%w™ and z"w™=° terms

a u+h[
SOaib(u) _ 117e{b— }( )

1L17e{a—b} (u o hf)




P9 (2) P (w) = P (w) 1V(2) |
P9 (2) e®(w) = "7(A) e (w) Y1 (2)
e (2) e®(w) ~ (=1) M= (A) e (w) e (2) ,
P (2) fO(w) = "7(A) T fO(w) p19(2)
F () fOw) ~ (=Dl e(A) T FO (w) f9(2)




when expanded in terms of modes,
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Example

OPE relation

Serre relation

Sym,, ., ..(22 — 23)[e(21), [ e(22) ,e(23)]] = 0;

Sym,, ., ..(22 — 23)[f(21), [f(22), f(23)]] = 0.

(2 + h1)(z + he)(z + h3)

p3(z) = (z = h1)(z — ho)(z — h3)

hi+hy +hs =0,

UgEhthhg.

»

ot
C

This gives T /(7/}13 © affine YOVg‘/’OV)

K
U Wy )

[Schiffmann-Vasserot; Tsymbaulik; Prochazka;
Gaberdiel-Gopakumar-Li-Peng,...]



(072) N / (Ahal)? (32762)

) ()

l (31,51), (A2, 042)
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1
(071) (171) (Alaoll)a (327/82)
8 e
3 ~
(0,0) (1,0) 1 (Bh 51)7 (A27 052)

¥ ore ﬂcne”"’//,

XY = 2" W A \r (29m,n ) [Rapcak; Bezerra-Mukhin]



Some Properties of Quiver Yangians [Li-MY]

a. triangular decomposition

Y(Q,W) = Y(JrQ,W) D B(Q,W) D Y(_Q,W) ’ e(a)(z) A f(a)(z) ; w(a)(z) NS ¢(“)(Z)_1 7
£5“} { (/'a} {'F“\}' onde~ 2 MVelution
b. grading
deg,(ey)) = 0ap, deg,(¥P) =0, deg,(f\”) = —dap -
Y*J\”I \,.)V\en
deglevel(e ) ) deglevel(f(b)) =N+ % ) deglevel(w( )) =N + 1 K 3 5

ole(j (h‘L): 1

too (@) 2@ @

c. spectral shift )= o VG =32 prree SR A Z sl
n=0

n=—oo

X2 Z2-2 cawses

[
6; = Z (]i) gkel—k ) fl/ — Z (]l{}) gkfl—k ) wl/ — Z (l]i.) gkwl_k (l — 07 17 . ) )
k=0

k=0

C = i (?) ()" "p_py (1=0,1,...,).



Some Properties of Quiver Yangians [LI-MY]
d. gauge shift

/

+1 (st)=a, t()#a),
h[ — hl[ — h[ + &4 Signa(l) , Signa([) =4 -1 (S(]) 7é a, t(I) — a) y
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Quiver Yangian :

Representation



Representation by crystal melting [Li-MY "20], inspired by [FFJMM] and [Prochazka]

P9 (2)K) = Ui (2)|K)

E(K — K +[a))

W (2)K) = K+ [a)
e (z al) , I )
z—h(la °lgS| /n
a e Add(K) J@ \F X
FOK — K —
(@) (K =7
> "D
odOl/re,lmc\l& on oo M h(la]) = Z hr
I € path[o—| Q |]
\IJ%? H H Spbia u_ b )) )
beQo

b leK
L1l7e{b—a} (u T hl)

117e{a—b} (u o hf)

In fact, we can “bootstrap” the algebra from this Ansatz



Crucial ingredient: poles keep track of the crystal structure

Z—(fff’; centero] elem ent

(/ o—
Wa(z) = o(2) = ZJ;C 1
1
\IJA(Z) — %(ZWDO(Z’) hS/\
_z+C .(z+h1)(z+h2)(z+h3) 1

2 (z — h1)(z — ho)(z — h3)

~




1 1 1 1
/M /M hs\ /I
1 1 — 1 1
) s
\/hl h, h/"”\;_ I\]
1
2h1

Wa(z) = Po(2)¥0,(2)Y0, (2)
2+ C (24 h)(z+ ha)(z + h3) z2(z4+ hy — h1)(z + hz — hy)

( .
2 (z—=h1)(z —ho)(z—h3) (z—2h1)(z—hy —hy)(z— hs — hy)



1 1 1 1
/M /M ha\_ /I
1 1 T) 1 1
2
/hl " | hitha i
1
2h) A3 +3
2 2
o ek > — >
,”’,’ ’ 1, /// e
1 |. A
A /

( I’\) f/')z*hg:o)
Ua(2) = vo(2)¥n,(2)Yo, (2)

_z—I—C.(z—I—hl 2(z+hy — hi)(2 + h3 —

2 (2 — h)(z — )(Z—hg) (z — 2h4 (z—h2 hy Z—h3 D

In general, loop constraint ensures that poles are in correct positions
as dictated by the melting rule of the crystal



Truncations and D4-branes

For non-generic equivariant parameters, we have null states, so that the crystal
truncates at the “pit”

J Nih+ Noh,+ N3 hy + C=7

\/

There is a corresponding truncation
of the algebra
studied by [Gaiotto-Rapcak]
(also [Bershtein, Feigin, Merzon])

\f((j?h) — \I//VI, Ny N3

P}Tf LDocation of |
nNull  stete Al /\/3

Physically: D4-branes

N>



Generalization?

N
(071) (171) NI
| i‘ N\ N3

(0,0) (2,0) Nz

null state happens at

Z Mll’)ITC,:'O
1

Which combination? {,MI) I E N }

Answer given by perfect matchings [Li-MY]



Bipartite graph (brane tiling): dual of periodic quiver
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Perfect matching specifies which edges
should be “eliminated”
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Llovor brane gasse. brane

é/

4 b 3, GLSM fidlds

1// WZ%‘ o

Physical explanation:
D4-brane = flavor brane, with extra superpotential

studied in “forward algorithm”
[Franco-Hanany-Kennaway-Vegh-Wech

- ~ X F- Term ve lotion
W:C](I)]q (I)]:H(I)p. '
psI 9\/\/_—/() Sb,\/ﬁd

n Terms D)C é\i;

This describes the divisor, LEI -6
represented by
regions filled by D4-branes
[Imamura-Kimura-Y]



Derivation from

Quantum Mechanics

[Galakhov-MY]
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Step 1: SQM and its equivariant cohomology Vet mult of verter

We have the vacuum moduli space from supersymmetric O’\}», Xf Q\/ )
quiver quantum mechanics (e.g. [Denef]) /

X,S’ e u(ny), ®, € gl(n,,C),
9(a: v—w) € Hom(Cnva an) ;

A
Nhirg mult, of edge

xw. Xy
Msowm :

BPS Hilbert space [Witten]: Hpps = H%(Q;) -

Supercharge [Galakhov-MY]

Qi = e (dX3 + 5([)761 + Lty + dW/\) e

1 _
= ZTI‘ X,S <§ [(I)U, (IDU] — MR,U) :

veyY

0
(I)wa_ a(I)v—a
(D T Gu-wtig

CL ’U-)’lU

HR,v :nUXnv oY wd+d) Y da-

S""G-b]“'r?/ Pomm , €V (a:v—w)eA yeV (b:y—v)cA



Step 2: Omega-deformation

We introduce Omega-deformation [Nekrasov,:-]
to "smooth out” the singular geometry

0
V= E ((I)wQa — Qaq)v) P )
da
(a: v—w)eA

;

0
V(qa) — Z ((I)wQa — qa Py — EaQa) P

(a: v—w)eA

_ 0
2 E W =

acA

The equivariant parameters should be consistent with W (loop constraint),
and hence can be identified with hI Introduced previously

loop constraint: Z hy =0,



Step 3: Higgs branch localization
w R/

1-parameter deformation of supercharge Q—bad Stale 57"4&9[*7
Q'Y = e (dys + Jpg + tsv +sdWA) e . \/ ,} /
1
€] < Aer < |0]2
X; = <$Z> -+ S_%jS : —— N

H:sHO+0(s%), Q¥ =520 + QY + O0(s77) .

Ho~ 3 (<05, + el + X (wid —vfwi), QO ~ D0 (O, + i)
Wilsonian decomposition of wave function

U = W icn (Tlujene) Yiwste (Zloj<t Tujsag) + O™

SOMN ~(0
(Qi )) \Ij|w|>ACf — Q(l )\Ij|w|>Acf =0.

QlgWiar =0, Qly == (Vupon,,

@(11) “I’Iw|>Acf> '



Choose a basis such that the gauge action V is diagonal:

0
V = w; m;——
We can then solve for the effective wavefunction as

Qeff\IJA — QZH\PA — O . Qlﬂ‘ — Z (dmi 577%- -+ w;my; La/ami) .

(

Uy = (H (wi — |wj| 121,7;%52;@) ewimﬂ) H%,i’@ :

()

— (H w@> H&QZ](D + (Qiﬁ—exact term) .

to find the Euler class

\IJA ~/ EU.IA = sz .

/\IJAZI, /\IJA/\\I/A/:EUIA(SA’A/.



Step 4: Hecke modification

Raising/lowering operators of the algebra obtained by "Hecke modification”
% shifting the dimension vectors at the quiver nodes:

Uiy~ Ulh+)
@

Define generators \ o U (V)vu)

é(v)(z) — [Tr (Z — (I)v)_17é} ’
f(’U)(Z) = — {TI’ (z — (I)v)_lﬂf.] ‘

/ /
n, =ny, 1, and n,, = n,, forw Fv.

and its action on crystal configurations is

A

(A = 3 —— x B(A > A+ D)A+0),

OeA™ ¢~ ¢n
=v
" 1 n
FO(2)|A) = x F(A = A—DO)A-D0O) .
2 A (asofel)
Fl=v EA—=A+0O) = +
Need (Pa+0|Pa+0)
~ ~ (v ee .
PO (2)|A) = (2) x [A) . FA o A0 (Yaolfvs)

(UA_O|Wr—0)



The correct formula:

Eul
é‘I’AZZ -4 Vo -

Eulp A+0
OeA+ El /U*Z X Merﬂ
A B u A
f \IJA = D%\:_ EU_IA_D,A \IJA—D . _L, ), _[?_

Mathematically, this is derived by the Fourier-Mukai transform with the
Incident locus as a kernel [Nakajima,:--]

Physically, we need to bring in particles from infinity. Along the process
Some low-frequency modes get exchanged with high-frequency modes

[BRS bound Stofe

O S
O O

U = Uyicny (Tojates) Yiwsae (Euoj<te Tuj>ag) + O



Highly non-trivial cancellations!
For example, for one of the Serre relations of Y (gls)1)

Sy, [ 0), [ ), 69 (z2), eV ) }

A2 = Res <A’A1‘AQ> =

21 422,W1 , W
=1,2,4,3] 4+ [1,3,4,2] — [2,1,3,4] + [2,1,4,3] — [2,3,1,4] + (2,4, 1, 3]+
+12,4,3,1] — [3,1,2,4] + [3,1,4,2] — [3,2,1,4] 4+ |3,4,1,2] + [3,4,2,1]—
—'Ma1,2ﬁﬂ‘—P%]WSaQ]—'Ma271ﬁﬂ'—[4ﬁ%]»2]::1() /

1 1 1 1
2.4.1,3|= — — 4.2.1,3|=— — 2.1.4, 3= — — 1,2.4,3|=—
I: 9 ) 73] 48 ) [ 9 ) 9 ] 96 ) [ ) ) 9 ] 48 ) [ ) Y ) ] 32 )
1 1 1 1
4.1,2. 3|=— 1.4.2. 3|=— 4.1,3,2|= — — 1,4,3.2|= — —
[ ) ) 73] 647 [ ) ) 73] 647 [ ) 737 :| 647 [ ) ) ) ] 647
2h1 + ho 2h1 + ho
2.4,3,1|= 4.2.3,1|=
[ T ] 24(4h1+h2) ’ [ T ] 48(4h1+h2) ’
2 2 2 )2
[2’ 3’4’ 1]: ( hl + h2) , [3’ 2’47 1]: o ( hl + 2) ,
12 (4h1 + hg) (4h1 + 352) 12 (4h1 + hg) (4h1 + 3h2)
2h1 + ho (2h1 + h2) 2
4735271:_ ’ 3547251:_ )
[ ] 48 (4hy + ho) [ ] 24 (4hy + ho) (4hy + 3h2)
2h1 + hso 2h1 + ho
2.1,3, 4]= — C1,2,3,4]= ,
[ T ] 24 (4hy + 3h2) [ ] 16 (4h1 + 3hs)
2Ry + hy) 2 2Ry + hy)?
[2737174]: ( 1+ 2) ) [3723174]:_ ( 1+ 2) )
12 (4ﬁ1 + hg) (4h1 + 3h2) 12 (4ﬁ1 + hQ) (4h1 + 3ﬁ2)
2h1 + hso (2h1 + h2) 2
1737274:_ ) 3717274: ’
[ ] 16 (4h1 + 3h2) [ ] 8 (4h1 + hg) (4ﬁ1 + 3h2)
2h1 + o (271 + ha)?
4,3,1,2|= ,13,4,1,2]= :
[ ] 32 (4h1 + hg) [ ] 16 (4h1 + hg) (4h1 + 3h2)
2 2 2
[1,3,4,2]=— i+ hz 3,1,4,2]= (2 + ha)

32 (4h1 + 3h2) ’ 16 (4ﬁ1 + hg) (4h1 + 3h2) '



Summary

- BPS/DT/PT counting for toric CY3: solved by crystal melting
- We defined a new algebra, the BPS quiver Yangian, in terms of CY3 data

- We have a well-defined representation of quiver Yangian in terms of crystal
melting

- The representation is derived by equivariant localization in supersymmetric
qguantum mechanics

New Physics and new Mathematicsl!!



