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Disclaimer/References: I am not an expert on the content of these notes, much less
competent on the subjects involved. I am basing them (and the talk which they are
accompanying) off notes taken by Theo Johnson-Freyd (which can be found on his
webpage) from a class taught by Prof Reshetikhin, and my own notes from taking a
similar course with Prof R. last year. For the SL2(C) calculation I used some help from:
T. J. Hodges and T. Levasseur, Primitive ideals of Cq[SL(3)]. To read more about the
Bruhat decomposition for reductive algebraic groups, I recommend Humphreys’ Linear
Algebraic Groups.

Any errors are entirely my own.
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1. Poisson-Lie Groups and Lie Bialgebras

We review/discuss a few preliminaries on PL groups/ Lie bialgebras.
Let G be a PL lie group. Then recall that the lie algebra of g inherits the structure

of a lie bialgebra, with Lie bracket [, ] : Λ2g → g and cobracket δ : g → Λ2g, satisfying
(co)Jacobi identity etc. Then dualizing gives rise to a lie bialgebra structure on g∗. If a
PL group has lie bialgebra isomorphic to g∗, then we say it is dual to G, and we often
write it as G∗ (although this is an abuse of notation, since G∗ is only defined up to
covers).

Now if g is a lie bialgebra, there is an important construction known as the (Drinfeld)
double of g, of which the result is a new (factorizable) lie bialgebra, which we denote
D(g). As a vector space it is g⊕ g∗, and the coalgebra structure splits (with a sign on
the second factor), but the lie algebra structure does not split. However, we do have
that g and g∗ are lie subalgebras under their natural inclusion into the direct sum.

If G is a PL group with lie bialgebra g, then by abuse notation we write D(G) for a
lie group having lie bialgebra D(g). Note that with judicious choices for groups G,G∗,
and D(G) we have natural embeddings G,G∗ → D(G) (for the groups we consider these
embeddings will be explicit). Also note that G embeds as a PL subgroup, while we need
to take G∗op for the embedding of the dual to be Poisson, where G∗op is the lie group
G∗ will ’opposite’ Poisson structure, i.e. we take negative the original Poisson bivector.

Two crucial examples:

(1) Let g be semisimple and b = b+ is a Borel subalgebra and h ⊆ b is a Cartan.
Then it turns out one can place a nice Lie bialgebra structure on b (which I will
not discuss). With this Lie bialgebra structure on b, we have D(b) ∼= g⊕ h as a
lie bialgebra (note: this is a splitting in the category of lie bialgebras), and the
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lie bialgebra structure of g in the direct summand is known as the ’standard’ lie
bialgebra structure on g.

From this we give G a semisimple lie group with lie algebra g, the ’standard’
PL structure.

Further, it turns out that as a lie bialgebra g∗ ∼= {(x, y) ∈ b+ × b−|x + n+ =
−y+n−}, where b− is the opposite Borel of b = b+ and n± ⊆ b± are the maximal
nilpotent subalgebras. Recall that b±/n± ∼= h, where h is the Cartan. We have
that g∗ ⊆ b+×b− is an inclusion of lie bialgebras (technically there is sign change
in the coalgebra structure, but this is not important for us here.)

From this we denote by G∗ the PL subgroup of B+×B− ⊆ G×G integrating
the above algebra. Here B± are the Borel subgroups of G integrating b±.

(2) If g is semisimple, then D(g) ∼= g×g as a Lie algebra, and g embeds inside as the
diagonal sub-bialgebra while g∗ embeds as a subalgebra inside of b+×b− ⊆ g×g
as described in the previous example.

On the level of PL groups we write D(G) := G × G, and G embeds as the
diagonal subgroup, and G∗ sits inside as the subgroup of B+ × B− described
above.

Now we can ask: what are the symplectic leaves on G with respect to this PL struc-
ture?

We have G∗ ⊆ D(G) is a closed subgroup, so D(G)/G∗ is a smooth manifold. We
have the composition of maps:

G→ D(G)→ D(G)/G∗

Write G for the image of G in D(G)/G∗. Then since G ∩ G∗ ⊆ D(G) consists of
Γ = {(h, h) : such that h2 = 1}, G ∼= G/Γ, and since the Poisson bivector on G is
Γ-invariant, G becomes a Poisson manifold, and G→ G is Poisson, and is a 2rk(G)-fold
covering map.

The group G∗ acts on D(G)/G∗ by left multiplication, and this action preserves G in
D(G)/G∗.

Now we have a natural lie algebra map g∗ → Vect(G) given by composing the inclusion
i : g∗ → Ω1(G) (coming from T ∗G ∼= G× g∗) with the Poisson bivector p : T ∗G→ TG.
It turns out there is a natural structure of a lie algebra on Ω1(G) such that p ◦ i is a
homomorphism of lie algebras (this fact is nontrivial, due to Weinstein I believe). Hence
we have constructed an infinitesimal action of g∗ on G, called the infinitesmial dressing
action. If this action integrates to an action of G∗ on G, we call it a ’dressing action’.

More importantly, the infinitesimal action of g∗ on G commutes with the action of
G∗ on G, i.e. the map G→ D(G)/G∗ is g∗-equivariant. The important result is that:

Theorem 1.1. The symplectic leaves of G are exactly orbits of the dressing action.
In particular, connected components preimages of the orbits of the action of G∗ on G∗
under the projection G→ G are the symplectic leaves of G.

Another way of saying this is the following: the symplectic leaves on G are submani-
folds S with tangent space at x ∈ S given by TxS = Im(px : T ∗xG → TxG). The orbits
of g∗ under the infinitesimal dressing action are submanifolds O with tangent space at
x ∈ O given by TxO = Im(px ◦ i : g∗ → TxG). So the theorem above is saying that
Im(i ◦ px) = Im(px) for all x ∈ G.
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It follows that we are interested in the orbits of G∗ acting on G on the left. In fact,
since G→ G is a covering map, we can compute the dimensions of symplectic leaves in
G by computing the dimensions of the corresponding orbits in G.

2. Bruhat Decomposition

It turns out the Bruhat decomposition comes into play here, and in particular double
Bruhat cells, so we take a (hopefully short) digression into the Bruhat decomposition.

In our set up we have chosen T ⊆ B ⊆ G for G. We assume for this section that G
is a complex reductive lie group, which is a mild generalization of being semisimple, so
feel free to assume that instead (and as always one loses very little by just assuming
G = SLn(C).) Borel subgroups of G, i.e. maximal connected solvable subgroups of
G, have the property that they are self-normalizing, and all are conjugate. It follows
that the collection of Borel subgroups of G can be G-equivariantly identified with the
space G/B, where G acts by translation on G/B on the left and by conjugation on the
collection of Borels.

Our group T is a maximal torus of G contained in B, and it has the property that
it is self-centralizing, hence finite index in its normalizer N(T ), so N(T )/T = W is a
finite group, the Weyl group. If we consider the action of N(T ) on the lie algebra, this
descends to the usual action of the Weyl group on the Cartan h, which is the lie algebra
of T .

Now if we restrict the action of G on G/B to B, it turns out that there are finitely
many orbits, and they are indexed by W :

Theorem 2.1. (Bruhat Decomposition) We have G =
⊔

w∈W
BẇB, where write ẇ for a

chosen representative of w ∈ W inside N(T ).

Example 2.2. Let G = SLn(C). Then we take for T the collection of diagonal matrices
so that N(T ) consists monomial matrices (i.e. matrices with exactly one nonzero entry
in each column and row). It follows that N(T )/T ∼= Sn. We take for B = B+ the
collection of upper triangular matrices.

If g ∈ SLn(C), then using solely the row operation of adding a multiple of row i to
row j, where i > j we write g = bg′, where b ∈ B encodes the row operations done
and g′ has a maximal number of zeros in the left side of each row. Now there will
be a monomial matrix ẇ such that ẇg′ = b′ will be upper triangular. Then we have
g = bẇ−1b′, as desired. This shows the double cosets BẇB have union all of G. That
they do not intersect can be checked in this case directly.

Caution: The Weyl group is not in general a subgroup of G. For example, for SLn(C)
we cannot realize Sn as a subgroup of monomial matrices for n ≥ 2 (for SL2 this is not
hard to check). However, it’s nice to note that if we work with GLn(C) instead, the
Weyl group does sit inside as a subgroup (the premutation matrices).

Note that the Bruhat decomposition also works for B− (the opposite Borel), so we
also have G =

⊔
w∈W

B−ẇB−.
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3. Symplectic Leaves on G

Now we come the question of what are the symplectic leaves in G. As discussed above,
we want to study the action of G∗ on G. Put another way, we want to find the orbit of
(g, g)G∗ under left multiplcation by G∗ ⊆ B+ ×B−.

First a remark: let us look at the left and right actions of G∗ on G × G. Use
opposite Bruhat decompositions of G in the left and right factor, i.e. for (g, h) ∈
B+u̇B+×B−v̇B− ⊆ G×G we write g = bu̇b′, h = cv̇c′, where b, b′ ∈ B+ and c, c′ ∈ B−.
Then we see that for (b+, b−) ∈ B+ ×B− we have

(b+, b−) · (g, h) = (b+bu̇b′, b−cv̇c′) ∈ B+uB+ ×B−vB−

and similarly (g, h) · (b+, b−) ∈ B+u̇B+ × B−v̇B−. In other words B+ × B− preserves
the product of these Bruhat cells in G × G, and hence so does G∗. It follows that G∗

will preserve the image of such a product in G × G/G∗, so in studying orbits it makes
sense to focus on those in B+u̇B+ ×B−v̇B−/G∗, for each pair (u, v) ∈ W ×W .

But we are in particular interested in orbits of left cosets (g, g)G∗, so suppose such
an orbit is in B+u̇B+×B−v̇B−/G∗. Then we have g ∈ B+u̇B+ ∩B−v̇B− =: Gu,v ⊆ G.
We call the subsets Gu,v of G double Bruhat cells. We see that double Bruhat cells are
indexed by pairs of elements of the Weyl group, are disjoint, and their union is all of G.

Now to figure out the orbit of (g, g)G∗ for g ∈ Gu,v under G∗, we want to refine our
representation of g under the Bruhat decomposition. We know we can write g = bu̇b′ for
b, b′ ∈ B+. However, since we have chosen a maximal torus, we have unique decomposi-
tions b = nt, b′ = t′n′ where t, t′ ∈ T and n, n′ ∈ U+, the maximal unipotent subgroup of
B+ (think T is diagonal matrices, U are uppertriangular with 1’s on diagonal). Hence
we have

g = ntu̇t′n′

But u̇ ∈ N(T ) normalizes T , so we can move t′ past it and absorb it in the t to write
g = ntu̇n′ for some new t ∈ T (I don’t want to write t′′, sorry). Further, we can move
the t to the left of the n since T normalizes U+ (to be precise we have B+ ∼= U+ o T ),
so we have g = tnu̇n′, for some new n ∈ U+ (again, don’t want to write n′′).

Great, now we just want to work with the n and n′. If, for instance, u̇ were the
identity, then g = tnn′, and so the n, n′ would be highly non-unique. We want to move
as much of n past u̇ as we can to absorb it in the n′, so that we can get a unique
expression for our element g. It turns out we can do this, and the description is quite
nice.

Theorem 3.1. Each element g ∈ B+u̇B+ can be uniquely written as g = tnu̇n′, where
t ∈ T , n′ ∈ U+, and n ∈ U+

u−1 = {m ∈ U : u̇−1mu̇ ∈ U−}. The set U+
u−1 is in fact

a (unipotent) subgroup of G depending only on u, not its representative u̇, and its lie
algebra is spanned by root vectors xα where α is positive (with respect to the positive
system determined by B) and u−1(α) is negative.

So in particular there is an isomorphism of varities (or (complex) manifolds, if you
prefer) T ×U+

u−1×U+ → B+uB+. The analogous statement of course holds for opposite
Bruhat cells.

Note also that U+
w is T -stable for w ∈ W . This will be used in what follows.

4



Alex Sherman Bruhat Decomposition and Symplectic Leaves

Remark 3.2. It is a standard fact about Weyl groups that for an element w ∈ W , the
length of w, `(w), which is the minimial number of simple reflections needed to write
w as a word, is equal to the number of positive roots α such that w(α) is negative. It
follows that dimU+

w = `(w) = `(w−1).

Remark 3.3. (Caution: I don’t know what I’m talking about in what follows- I’m reading
this in another source!) This is an aside, which could potentially motivate a future
talk. It turns out the the subgroups U+

w are have cluster coordinates as follows: let
w = si1 · · · sil be a minimal description of w as a product of simple reflections. Then
the map

(t1, . . . , tl) 7→ exp(t1ei1) · · · exp(tleil) ⊆ U+
w

gives a coordinate system on an open subset of U+
w . Here eij ∈ g is a root vector of

weight αj (α1, . . . , αn being the simple roots of g). If we change the representation of
w in terms of a product of simple reflections, we will get a different coordinate system,
and the transition map between the two is given by Laurent polynomials.

Now, let us return to our element g ∈ G. We represent it uniquely using the above
theorem in two different ways: g = tnu̇n′, where where t ∈ T , n′ ∈ U+, and n ∈ U+

u−1 ,
and g = smv̇m′, where s ∈ T , m′ ∈ U−, and m ∈ U−v−1 . We act on (g, g)G∗ by an element
of G∗ on the left, which we can write uniquely as (u+h, u−h−1), where u± ∈ U±, t ∈ T .
We get:

(u+h, u−h−1) · (g, g)G∗ = (u+htnu̇n′, u−h−1smv̇m′)G∗

We want to figure out how to parametrize this orbit as well as the set of all orbits in this
double Bruhat. For this, we do some (slightly nasty) manipulations. First we notice
that since we can multiply on the right by an arbitrary element of G∗, and (n′,m′) ∈ G∗,
we have

(u+htnu̇n′, u−h−1smv̇m′)G∗ = (u+htnu̇, u−h−1smv̇)G∗

We can also move the u+ and u− past the torus elements, and since they are arbitrary
we can absorb the n and m into them to get an equality of orbits::

G∗(u+htnu̇, u−h−1smv̇)G∗ = G∗(htu+u̇, h−1su−v̇)G∗

Now by the same reasoning as above, we can move the u+ past the u̇ up to a unique
element of U+

u−1 , and similarly we can move the u− past the v̇ up to an element of U−v−1 ,
so that we have an equality of orbits

G∗(htu+u̇, h−1su−v̇)G∗ = G∗(htu+
u u̇, h

−1su−v v̇)G∗

where u+
u ∈ U+

u−1 , u
−
v ∈ U−v−1 are arbitrary. This is as much as we can hope to do with

the unipotent pieces. For the torus part, using G∗ we can multiply on the right by
(h′, (h′)−1). Write h′u := u(h′) := u̇h′u̇−1, and h′v := v(h′) := v̇h′v̇−1. Then we have

G∗(htu+
u u̇, h

−1su−v v̇)G∗ = G∗(htu+
u u̇h

′, h−1su−v v̇(h′)−1)G∗

= G∗(hth′uu
+
u u̇, h

−1s(h′v)
−1u−v v̇)G∗

Now since h′ is arbitrary, we may choose it so that hth′u = 1, i.e. h′ = h−1
u−1t

−1
u−1 , so that

we get

G∗(hth′uu
+
u u̇, h

−1s(h′v)
−1u−v v̇)G∗ = G∗(u+

u u̇, h
−1shvu−1tvu−1u−v v̇)G∗
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This gives nice representatives for our orbits from this double Bruhat cell; they are fully
determined by the elements of the torus, h−1shvu−1tvu−1 , that show up as we let h vary.
As h varies, we get the collection of elements

{hvu−1h−1stvu−1|h ∈ T} = Hvu−1 · st ⊆ T

where we defined, for w ∈ W , Hw = {hwh−1|h ∈ T} = exp(Im(w − idh)) ⊆ T . Note
that the above set in general is not all of T . Then our above work shows we have an
isomorphism of the orbit of (g, g)G∗ for g ∈ Gu,v with Hvu−1 × U+

u−1 × U−v−1 given by:

(h, u+
u , u

−
v ) 7→ (u+g, hu−g)G∗

Write O(g,g)G∗ for this orbit. Then via this isomorphism, we get:

dimO(g,g)G∗ = dimU+
u−1 + dimU−v−1 + dimHvu−1 = `(u) + `(v) + dim Im(vu−1 − 1)

Since the preimage of the orbit is a union of symplectic leaves ofG of the same dimension,
we have:

Corollary 3.4. For u, v ∈ W ,

dimU+
u−1 + dimU−v−1 + dimHvu−1 = `(u) + `(v) + dim Im(vu−1 − 1)

is even.

Let us summarize what we have shown: write Gu,v for the image of the double Bruhat
cell Gu,v in D(G)/G∗, and write Hw = exp(ker(w − id)) for w ∈ W .

Theorem 3.5. The space Gu,v is fibered over Hvu−1
with fibers the orbits, which are

isomorphic to Hvu−1 × U+
u−1 × U−v−1. The double Bruhat cell Gu,v is a 2rk(G)-fold cover

of Gu,v. Write S for a symplectic leaf of G in the double Bruhat cell Gu,v. Then
dimS = `(u) + `(v) + dim Im(vu−1 − 1).

Now let us reap some harvest from this result. First, we note that CG(G), the G-
invariant functions on G (under conjugation), form a trivial Poisson subalgebra of C(G),
i.e. {f, g} = 0 for all f, g ∈ CG(G). The space CG(G) can be identified with functions on
a fundamental domain of h with respect to the action of W , so CG(G) is a commutative
algebra of dimension rk(G) (in the sense of commutative algebra).

Remark 3.6. For G = SLn, the generators of CG(G) (with the proper meaning of ’gen-
erators’) are the non-constant coefficients of the characteristic polynomial (the constant
coefficient, being the determinant, is 1).

Now, if we take the Weyl group element c = σ1 · · ·σrk(G), where σi is the ith simple
reflection, then we have `(c) = rk(G). Hence, taking u = v = c, our above formula
tells us that a symplectic leaf S ⊆ Gc,c has dimension 2 rk(G). One can show that
CG(G) restricts to S faithfully, and hence defines a trivial Poisson subalgebra of half
the dimension. Hence:

Corollary 3.7. If S is a symplectic leaf in Gc,c, where c = σ1 · · · σrk(G), then the sym-
plectic manifold S is completely integrable
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4. Computing the Poisson Bivector

In trying to work out an example, one may be interested in writing down an explicit
formula for the Poisson bivector on G. The procedure for doing so is as follows: for each
positive root α ∈ ∆+, let Eα ∈ gα, Fα ∈ g−α be root vectors such that (Eα, Fα) = 1.
Then define:

R =
1

2

∑
α∈∆+

Eα ∧ Fα =
1

2

∑
α∈∆+

(Eα ⊗ Fα − Fα ⊗ Eα)

Then, for a, b ∈ C(G) (here C(G) is a symbol for functions on G, left ambiguous (e.g.
polynomial/analytic/... functions)), we define

{a, b}(g) = (lg)∗(R)(a⊗ b)− (rg)∗(R)(a⊗ b)

where lg, rg are left, respectively right, translation by g on G.
Let’s illustrate this with an example: for SL2, we have R = 1

2
(E⊗F −F ⊗E). Write

the matrix entry coordinate functions as a, b, c, d (dual to the corresponding entries in[
a b
c d

]
). Then

El = a∂b + c∂d Er = c∂a + d∂b

F l = b∂a + d∂c F r = a∂c + b∂d

Here X l (resp. Xr) is the left (resp. right) invariant vector field associated to X. Then
for f, g ∈ C(SL2),

{f, g} =
1

2
(El(f)F l(g)− F l(f)El(g))− 1

2
(Er(f)F r(g)− F r(f)Er(g))

e.g. one can compute that {a, b} = −1
2
ab, {a, c} = −1

2
ac.

Note: the Poisson bivector computed here may differ by a sign from ones seen else-
where, so be cautious. In particular, in the next section we will take negative the above
Poisson bivector.

5. The Case SL2(C)

Here we work out the case G = SL2(C) explicitly. Write the generators for the
coordinate algebra as a, b, c, d where a is the (1,1)-entry coordinate, b the (1, 2)-entry
coordinate, c the (2, 1)-entry coordinate, and d the (2, 2)-entry coordinate. We have the
relation ad−bc = 1. Then the Poisson bivector can be explicitly computed, and is given
by:

p =
1

2
ab∂a ∧ ∂b +

1

2
ac∂a ∧ ∂c + cb∂a ∧ ∂d +

1

2
bd∂b ∧ ∂d +

1

2
cd∂c ∧ ∂d ∈ Γ(Λ2TG)

We take for Borels B+ =

[
t e
0 t−1

]
, B− =

[
t 0
f t−1

]
, so that T =

[
t 0
0 t−1

]
. We recall that

the Weyl group of G is a group of order two, W = 〈σ〉. Then the Bruhat decomposition
of G with respect to B+ is:

G = B+ t {
[
∗ ∗
s ∗

]
: s 6= 0}
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and for B− it is:

G = B− t {
[
∗ s
∗ ∗

]
: s 6= 0}

There are then 4 double Bruhat cells, indexed by W ×W . We analyze them one at a
time:

(1) Ge,e = B+ ∩ B− = T . if S is a symplectic leaf in Ge,e, by our formula it has
dimension 0, so it is just a point. Note that one can deduce this from the fact
that the collection of points where p vanish are exactly T .

(2) Gσ,e = {
[
∗ ∗
s ∗

]
: s 6= 0} ∩ B− = {

[
t 0
f t−1

]
: f 6= 0}. If S is a symplectic leaf in

Gσ,e, then it has dimension 2 by our formula. But Gσ,e has dimension 2, so in
fact S = Gσ,e in this case! Indeed, if we restrict p to Gσ, one can check that we
get:

p|Gσ,e = ac∂a ∧ ∂c
since ac 6= 0 in Gσ,e p is nondegenerate here.

(3) Ge,σ = {
[
t e
0 t−1

]
: e 6= 0}. As with Gσ,e, the Ge,σ is already a symplectic leaf

(same story as in (2)).

(4) Gσ,σ = {
[
∗ ∗
s ∗

]
: s 6= 0} ∩ {

[
∗ r
∗ ∗

]
: r 6= 0} = {

[
∗ r
s ∗

]
: rs 6= 0}.

This is the largest double Bruhat cell, being a Zariski open subset of G. If S
is a symplectic leaf in Gσ,σ, then dimS = 2 by our formula, so we get nontrivial
symplectic leaves of dimension 2 in this cell. Writing b = (ad−1)/c, our Poisson
bivector on this cell becomes:

p|Gσ,σ =
1

2
ac∂a ∧ ∂c + (ad− 1)∂a ∧ ∂d +

1

2
cd∂c ∧ ∂d

It turns out the symplectic leaves here are parametrized by λ ∈ C∗, and are
given by:

Sλ = {
[
t λf
f s

]
: f 6= 0}

6. A Double Bruhat Cell In SL3(C)

Let us have a brief look at a certain Bruhat cell in SL3(C), which should be a sym-
plectic leaf by our theory. Recall the Wely group is S3 with simple reflections (12), (23).
Then if we let u = (123) = (12)(23), v = 1, then vu−1 − 1 is invertible, hence the
connected components of Gu,v should be a symplectic leaf and dimGu,v = 4. Let’s write
down what Gu,v is explicitly.

By definition, it is B+ ˙(123)B+ ∩B−. We may take

˙(123) =

0 0 1
1 0 0
0 1 0


Uu−1 = {

1 α β
0 1 0
0 0 1

 : α, β ∈ C}
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and
Uv−1 = {I3}

where I3 is the 3× 3 identity matrix.

Write an element of B+ as

a d e
0 b f
0 0 c

, where abc = 1. Then by our theorem above,

we have:

B+ ˙(123)B+ =

aα dα + bβ c+ eα + fβ
a d e
0 b f


and every element of this Bruhat cell is written uniquely in this form up to the condition
that abc = 1. Intersecting this with B−, we get:

G(123),e = {

x 0 0
w y 0
0 z (xy)−1

 : x, y, w, z ∈ C∗}

Since this is connected, it should be a symplectic leaf. Further, the two generators of
CG(G) restrict to this double Bruhat cell faithfully and remain independent, so G(123),e

should be a completely integrable system.
It would be a good exercise to write out the symplectic form on G(123),e.

7. Symplectic Leaves on G∗

It turns out to be easy to describe the symplectic leaves on G∗, so although it may
not be important for us, let’s write it out below to see how it works out.

Dualizing our picture above, we have G∗ → D(G) = G × G → (G × G)/Diag(G).
Write G∗ for the image of G∗ in (G×G)/Diag(G), a G-stable submanifold. Again the
map G∗ → G∗ is a 2rk(G)-fold covering map. Our dressing action is g acting on G∗

infinitesimally, and the map G∗ → G∗ is G-equivariant. Hence symplectic leaves in G∗

are connected components of the preimage of orbits of G acting on G∗.
To understand the space (G × G)/Diag(G), consider the map π : G × G → G,

(g, h) 7→ gh−1. If we take the trivial right action of G on itself, then π is G-equivariant
(acting on the right), and G acts simply transitively on the fibers, so we get a principal
G-bundle with base space G. Further we can identify the base space with G. Under
this identification G∗ → G∗ is the map (b, b′) 7→ b(b′)−1.

If we consider the left diagonal action of G on G × G, then π is G-equivariant with
respect to this left action, where now G acts on itself on the left by conjugation.

The upshot is that G-orbits on (G×G)/G are naturally in bijection with conjugation
orbits in G. Symplectic leaves in G∗ are then the connected components of the sets
O(b,b′) = {(c, c′)|hc(c′)−1h−1 = b(b′)−1 for some h ∈ G}.
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