6 1. PRELIMINARIES

LEMMA 1.5. If S is an affine subspace and b’ ¢ S, then there exists
& € X such that d(b',S) = ||& + ¢ —V'||. Furthermore, & — (V' —c) is
orthogonal to = for all x € X. (Note that here we use b’ instead of b,
to avoid confusion with the system’s right-hand side.)

Vi

Proor. Wehave S={y:y=z+c¢c# 0,2 & X}, where X isa
closed linear subspace of V. Now,

d(v',5) = inf lly — ¥'ll = inf [|z + c = t'l
= inf [z — (b~ )| = d(t' ~ ¢, X)
=z - =)l =z +c-b].

The point & € X exists since X is a closed linear subspace. It follows
from Theorem 1.3 that £ — (b’ — c) is orthogonal to X. Note that the
distance between S and ¥ is the same as that between X and ' —c. B

From the proof above, we see that & + ¢ is the element of S closest to
b'. For the case b’ = 0, we find that & + ¢ is orthogonal to X.

Now we return to the problem of finding the “smallest” solution of
an underdetermined problem. Assume A has “maximal rank”; that is,
m of the column vectors of A are linearly independent. We can write the
solutions of the system as z = x¢ + 2, where xg is a particular solution
and z is a solution of the homogeneous system Az = 0. So the solutions
of the system Az = b form an affine subspace. As a result, if we want to
find the solution with the smallest norm (i.e., closest to the origin) we
need to find the element of this affine subspace closest to b’ = 0. From
the above, we see that such an element must satisfy two properties.
First, it has to be an element of the affine subspace (i.e., a solution
to the system Az = b) and second, it has to be orthogonal to the
linear subspace X, which is the null space of A (the set of solutions of
Az = 0). Now consider ' = AT(AAT)~1b; this vector lies in the affine
subspace of the solutions of Az = b, as one can check by multiplying
it by A. Furthermore, it is orthogonal to every vector in the space of

solutions of Az = 0 because (AT(AAT)™'b,z) = ((AAT)"'b, Az) = 0. _

This is enough to make z’ the unique solution of our problem.

1.2. Orthonormal Bases

The problem presented in the previous section, of finding an ele-

ment in a closed linear space that is closest to a vector outside the

space, lies in the framework of approximation theory, where we are

given a function (or a vector) and try to find an approximation to it-

as a linear combination of given functions (or vectors). This is done.
by requiring that the norm of the error (difference between the give
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function and the approximation) be minimized. In what follows, we
shall find coefficients for this optimal linear combination.

DEFINITION. Let S be a linear vector space. A collection of m

vectors {u;},; belonging to S are linearly independent if and only if
ALt + - + Ay, = 0 implies Ay = Ay = -.. = X = 0.

DEFINITION. Let S be a linear vector space. A collection {w;}m,
of vectors belonging 10 S is called a basis of S if {u;} are linearly
independent and any vector in S can be written as a linear combination
of them.

Note that the number of elements of a basis can be finite or infinite
depending on the space.

THEOREM 1.6. Let S be an m-dimensional linear inner-product

space with m finite. Then any collection of m linearly independent
vectors of S is a basis. )

DEFINITION. A set of vectors {ei}i2, is orthonormal if the vectors
are mutually orthogonal and each has unit length (i.e., (e;,€;) = &,
where 0;; = 1 if i = j and &;; = 0 otherwise)

The set of all the linear combinations of the vectors {wi} is called
the span of {u;} and is written as Span{u;, us, . .. , Um }-

Suppose we are given a set of vectors {e:}, that are an orthonor-
mal basis for a subspace S of a real vector space. If b is an element out-
side the space, we want to find the element b € S, where b = Yo cie;
such that [[b— 37", cie;| is minimized. Specifically, we have

m 2 m m
“b—-Zciei = (b—zcieiab_ chej>
i=1 - i=1 - =1
= (b,b) — zzm: ci(bye;) + <zm: Ci€i, Em:cjej)
i=1 i=1 Jj=1 ‘

= (0,0 =2) cilb.e) + Y acsler )

= (bb) — ZZci(b, e:) + Zcf
= |1b]|* - Z (b,e:)” + Z(ci — (be))?,

where we have used the orthonormality of the e; to simplify the ex-

~Pression. As is readily seen, the norm of the error is a minimum when
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c; = (b,ei),i = 1...m, so that b is the projection of b onto S. It is
easy to check that b — b is orthogonal to any element in S. Also, we
see that the following inequality, called Bessel’s inequality, holds:

m

S he)? < o]

b
7
/ ¢
P—

1=1

When the basis is not orthonormal, steps similar to the above yield

m 2 m m
b— Zcigi = (b - Z Cigi, b — chgj>
i=1 i=1 j=1
m m m
= (b7 b) — QZ Ci(b, gz) + (Z CiGi, Z ngj)
i=1 i=1 Jj=1

= (b,0) = 2> ci(b i) + ) cici(9ir 95)-
=1

i,j=1

If we differentiate the last expression with respect to ¢; and set the
derivatives equal to zero, we get

Ge=r,

where G is the matrix with entries g;; = (gi, g;), ¢ = (c1, ... ,cm)7, and
r = ((91,b),-.. ,(gm,b))T. This system can be ill-conditioned so that
its numerical solution presents a problem. The question that arises is
how to find, given a set of vectors, a new set that is orthonormal. This
is done through the Gram-Schmidt process, which we now describe.

Let {u;}", be a basis of a linear subspace. The following algo-
rithm will give an orthonormal set of vectors ey, es, ... , e, such that
Span{ey, €, .. ,em} = Span{uy, ug, ... ,Un}-

1. Normalize u; (i.e., let e; = ui/|lwl]).

2. We want a vector ey that is orthonormal to e;. In other words
we look for a vector e, satisfying (eq, 1) = 0 and ||es|| = 1. Take

es = ug — (U2, e1)e; and then normalize.
3. In general, e; is found recursively by taking

j—1
e;=u;— ) (ujee;
i=1

and normalizing.

The Gram-Schmidt process can be implemented numerically ver,
efficiently. The solution of the recursion above is equivalent to findi
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