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Conditions for successful data assimilation
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Abstract

We show, using idealized models, that numerical data assimilation can be
successful only if an effective dimension of the problem is not excessive.
This effective dimension depends on the noise in the model and the data,
and in physically reasonable problems it can be moderate even when the
number of variables is huge. We then analyze several data assimilation
algorithms, including particle filters and variational methods. We show
that well-designed particle filters can solve most of those data assimilation
problems that can be solved in principle, and compare the conditions under
which variational methods can succeed to the conditions required of particle

filters. We also discuss the limitations of our analysis.

1 Introduction

Many applications in science and engineering require that the predictions of
uncertain models be updated by information from a stream of noisy data

(see e.g. [Doucet et al., 2001, van Leeuwen, 2009, Bocquet et al., 2010]).
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The model and data jointly define a conditional probability density func-
tion (pdf) p(z%"|z"), where the discrete variable n = 0,1,2,... can be

thought of as discrete time, ™ is a real m-dimensional vector to be esti-

mated, called the “state”, 2" is a shorthand for the set of vectors {20, z!,... 2"},

and where the data sets 2" are a k-dimensional vectors (k < m). All infor-
mation about the state at time n is contained in this conditional pdf and a
variety of methods are available for its study, e.g. the Kalman filter [Kalman,
1960], the extended and ensemble Kalman filter [Evensen, 2006], particle
filters [Doucet et al., 2001], or variational methods [Talagrand and Courtier,
1987, Bennet et al., 1993]. Given a model and data, each of these algorithms
will produce a result. We are interested in the conditions under which this
result is reasonable, i.e. consistent with the real-life situation one is model-
ing.

We say that data assimilation is feasible in principle, if it is possible to
calculate the mean of the conditional probability density that it defines with
a small-to-moderate uncertainty; we discuss what we mean by “moderate”
below after we develop the appropriate tools. If data assimilation is feasible
in this sense, it is possible to find an estimate of the state of a system
whose distance from an outcome of the physical experiment described by
the dynamics is small-to-moderate, with a high probability, i.e. reliable
conclusions can be reached based on the results of the assimilation. Our
definition of success is in line with what is required in the physical sciences,
where one wants to make reliable predictions given a model and data. We
do not consider data assimilation to be successful if the posterior variance

is reduced (e.g. when compared to the variance of the data) but remains
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large. We consider a data assimilation algorithm, e.g. a particle filter or a
variational method, to be successful of it can produce an accurate estimate of
the state of the system. A data assimilation algorithm can only be successful
if data assimilation is feasible in principle.

Generally, we restrict the analysis to linear state space models driven
by Gaussian noise and supplemented by a synchronous stream of data per-
turbed by Gaussian noise, i.e. the noisy data are available at every time step
of the model and only then. We further assume that all model parameters
(including the covariance matrices of the noise) are known, i.e. we consider
state estimation rather than combined state and parameter estimation. We
study this class of problems because it can be examined in some generality
and we can explain qualitatively its important aspects; however, we also
discuss its limitations.

In section 2 we derive conditions under which data assimilation is feasible
in principle, without regard to a specific algorithm. We define the effective
dimension of a Gaussian data assimilation problem as the Frobenius norm
of the steady state posterior covariance, and show that data assimilation is
feasible in the sense described above only if this effective dimension is mod-
erate. We argue that realistic problems have a moderate effective dimension.

In the remainder of the paper we discuss the conditions under which par-
ticular data assimilation algorithms can succeed in solving problems (where
success is defined as above) that are solvable in principle. In section 3 we
briefly review particle filters. In section 4, we use the results of [Snyder, 2011]
to show that the optimal particle filter (which in the linear synchronous case

coincides with the implicit particle filter [Atkins et al., 2013, Chorin et al.,
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2010, Morzfeld et al., 2012]) performs well if the problem is solvable in prin-
ciple, provided a certain balance condition is satisfied. We conclude that
optimal particle filters can solve many data assimilation problems even if
the number of variables to be estimated is large. Building on the results
in [Snyder et al., 2008, Bengtsson et al., 2008, Bickel et al., 2008], we show
that another filter fails under conditions that are frequently met. Thus,
how a particle filter is implemented is very important, since a poor choice of
algorithm may lead to poor performance. In section 5 we consider particle
smoothing and variational data assimilation and show that these methods as
well can only be successful under conditions comparable to those we found
in particle filtering. We discuss limitations of our analysis in section 6 and
present conclusions in section 7.

The effective dimension defined in the present paper is different from
the effective dimensions introduced in [Snyder et al., 2008, Bengtsson et al.,
2008, Bickel et al., 2008, Snyder, 2011]. The effective dimensions in [Snyder
et al., 2008, Bengtsson et al., 2008, Bickel et al., 2008, Snyder, 2011] are de-
fined for particular particle filters, whereas the effective dimension defined in
the present paper is a characteristic of the model and data stream, i.e. inde-
pendent of the data assimilation algorithm used. We show in particular that
the effective dimension (as defined in the present paper) remains moderate
for realistic models, even when the state dimension is large (asymptotically
infinite), and that numerical data assimilation can be successful in these
cases; in particular, a moderate effective dimension in our sense can imply
moderate effective dimensions in the sense of [Snyder et al., 2008, Bengtsson

et al., 2008, Bickel et al., 2008, Snyder, 2011] for a suitable algorithm.
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2 The effective dimension of linear Gaussian data

assimilation problems

We consider autonomous, linear Gaussian state space models of the form

2" = A" 4+ " (1)

where n = 0,1,2,... is a discrete time, A is a given m X m matrix and w"
are independent and identically distributed (iid) Gaussian random variables
with mean zero and given covariance matrix (), which we write as w™ ~
N(0,Q). The initial conditions may be random and we assume that their
pdf is also Gaussian, i.e. 20 ~ A(ug, Xo), with both o and g given. We

assume further that the data satisfy

Zn-‘,—l — H:L’n+1 —I—’UTH_I, (2)

where H is a given k x m matrix (k < m) and the v"*! ~ A(0, R) are iid,
where R is a given k x k matrix. The w™’s and v™’s are independent of each
other and also independent of x.

In principle, but not necessarily in practice, the covariance matrix P,
Lin

of the state z™ conditioned on the data z"™ can be computed recursively,
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starting with Py = X¢:

X, = AP, AT +0Q,
K, = X,H'(HX,H' +R)™!,

Pn+1 = (Im - KnH)Xna

where [, is the identity matrix of order m and the m x k matrix K, is
often called the “Kalman gain”. This is the Kalman formalism. We as-
sume that the pair (H, A) is d-detectable and that (A, Q) is d-stabilizable.
Detectability and stabilizabilty can respectively be interpreted (roughly) as
requiring that the observation operator be sufficiently rich to determine the
dynamics and the noise be able to affect the whole dynamics (see [Lancaster
and Rodman, 1995], pp. 90-91 for technical definitions). These assumptions
allow unstable dynamics, as often encountered in geophysics, but also make
it possible to perform a steady state analysis because the covariance matrix

reaches a steady state so that

Poy1=P,=P=(I - KH)X,

where X is the unique positive semi-definite solution of the discrete algebraic

Riccati equation (DARE)

X =AXAT - AXHT(HXHT + R)'HX AT 1 Q,
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and where

K=XHT"(HXH" + R)7},

is the “steady state” Kalman gain. Note that the steady state covariance
matrix P is independent of the initial covariance matrix 3y and that the
rate of convergence to this limit is at least linear, in many cases quadratic
(see [Lancaster and Rodman, 1995], p. 313). This means that, after a
relatively short time, the samples of the state given the data are normally
distributed with mean pu, and covariance matrix P (the mean p, of the
variables is not needed here, but it can also be computed using Kalman’s
formulas).

The steady state covariance matrix, P = (p;;) determines the posterior
uncertainty, i.e. the uncertainty after we considered the data. If P is “large”,
the uncertainty is large, which translates to a large spread of the samples
in state space. We suggest to measure uncertainty with the Frobenius norm
of [|[Pllr = (32 p?j)l/Q, because this norm determines the spread of the
posterior samples in state space.

To see this, consider the random variable y = (2, — )T (5, — i), where
Ty — pin, ~ N (0, P), i.e. consider the squared distances of the samples from
their mean (their most likely value). Let U be an orthogonal m x m matrix

whose columns are the eigenvectors of P. Then
y=(zn — /‘n)T(xn — ) =5"s= Zsja

where s = UL (2, — pin) ~ N(0,A), and A = UTPU is a diagonal matrix
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whose diagonal elements are the m eigenvalues \; of P. It is now straightfor-
ward to compute the mean and variance of y because the s;’s (the elements

of s) are independent:

Note that y = 2, where r is the distance from the sample to the most
likely state (the mean). Assuming that m is large, we obtain, using Taylor

expansion of r/y/S>\; = (y/ 3 \;)"/? around 1 and assuming that \; =

O(1), that
m 2 m
: Da) a3 [ s S
=1 =1 i — A
E(r) = J 1]5 +0, % — E(r)+0,

j=1 Jj=1 J
> Ry >
var(r) = j:ni +0, = 5| =0(r)+0p Ls
2 ; Aj Z A Z A
=1 =1

The techniques in [Bickel et al., 2008] can be used to extend the above
formulas for m — oo, > A — oo and with A\; = O(1), i.e. to the case

for which the moments of y do not necessarily exist. We use standard

J

m

2> >N >N

m
=1

1

4

)
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inequalities to show that

1/4 1/2

The Frobenius norm of a matrix is the square root of the sum of its eigenval-
ues squared, i.e. ||P||r = /> AZ. Thus, the above upper bounds indicate
that the Frobenius norm of P determines the mean and variance of the dis-
tance of a sample from the most likely state, i.e. the spread of the samples
in the state space.

Based on the calculations above, we now investigate what a large pos-
terior covariance, i.e. a large spread of posterior samples, means for data
assimilation. Suppose that m is large and that A; = O(1) for j =1,...,m;
then £ = O(m!'/?) and & = O(1). This means that the samples collect on a
shell of thickness O(1) at a distance O(m'/?) from their mean and are dis-
tributed over a volume O(m(m+1)/ 2), i.e., for large m, the predictions spread
out over a large volume at a large distance from the most likely state. By
considering both the model (1) and the data (2), one concludes that the
true state is likely to be found somewhere on this shell. However, since
this shell is huge, the various states on it can correspond to very different

physical situations. Knowing that the state is somewhere on this shell is
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not satisfactory if one wants to compute a reliable estimate of the state; the
uncertainties in the model and the observation error are too large.

What we have shown is that data assimilation makes sense, according
to our definitions, only if the Frobenius norm of the posterior steady state
covariance matrix is moderate. We thus define the effective dimension of
the Gaussian data assimilation problem defined by equations (1) and (2) to

be this Frobenius norm:

mess = |[P|lr = /> A2

Data assimilation can only be successful if this effective dimension is mod-
erate. The precise value of the effective dimension that can not be exceeded
if one wants to reach reliable conclusions varies from one problem to the
next and, in particular, depends on the level of accuracy required, so that
it is very difficult to pin down an upper bound for the effective dimension
in general. In cases where one can interpret the data assimilation problem
defined by (1) and (2) as an approximation to an infinite dimensional prob-
lem, e.g. in problems that arise from partial differential equations (PDE),
our requirements imply that the effective dimension remains bounded as
m — oo. This is connected to well-posedness, stability and accuracy of
infinite dimensional Bayesian inverse problems discussed in [Stuart, 2010].
We expect that the effective dimension is moderate in practice, since
the data assimilation problem reflects an experimental situation, and we
wish that the numerical samples behave like experimental samples: if the

uncertainty is large, one will observe that the outcomes of repeated experi-

10
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ments exhibit a large spread; if the uncertainty is small, then the spread in
the outcomes of experiments is also small. Since the outcomes of repeated
experiments rarely exhibit large variations, one should expect that the sam-
ples of numerical data assimilation all fall into a small “low-dimensional”
ball, centered around the most likely state, i.e. the radius, E(r) =~ E, is
comparable to the thickness, var(r) ~ 0 (see below).

For the reminder of this section we will investigate conditions for success-
ful data assimilation by studying conditions on the errors in the model (1),
represented by the covariance matrix ), and conditions on the errors in the
data (2), represented by the covariance matrix R, that lead to a moderate
effective dimension.

Finally, we point out that the effective dimension defined above is differ-
ent from the effective dimensions defined in [Snyder et al., 2008, Bengtsson
et al., 2008, Bickel et al., 2008, Snyder, 2011], which came up in connection
with specific particle filters. The effective dimension defined here is de-
fined from the posterior pdf and, thus, is independent of a data assimilation
technique; it is a characteristic of the model (1) and data stream (2). How-
ever, since we consider the posterior pdf of linear Gaussian data assimilation
problems (for which the Kalman formalism gives the answer), our analysis
is valid only for such models. We discuss the limitations of our analysis in

more detail in section 6.

2.1 Bounds on the effective dimension

To discover the real-life interpretation of the effective dimension, we study its

upper bounds in terms of the Frobenius norms of () and R. From Khinchin’s

11
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theorem (see e.g. [Chorin and Hald, 2009]) we know that the Frobenius
norms of @) and R must be bounded as m, k — oo or else the energies of the
noises are infinite, which is unrealistic. We show that a moderate Frobenius
norm of () and R can lead to a moderate effective dimension. We start
by a simple example, which is also useful in the study of data assimilation

methods in later sections.

2.1.1 Example
Put A= H =1, and let Q = ¢ql,,,, R = rI,,. The Riccati equation can be
solved analytically for this example and we find the effective dimension

m\/qQ +4qr —q
e

Meff =

In a real-life problem, we would expect ||P||r and thus mcs¢ to grow slowly,
if at all, when the number of variables increases. In fact, we have just shown
that m, sy must be moderate or else data assimilation can not be successful.

The condition of moderate effective dimension induces a “balance con-
dition” between the errors in the model (represented by ¢) and the errors
in the data (represented by 7). In this simple example, an O(1) effective

dimension gives rise to the balance condition

V@ +4qr —q o1
2 - ym’

where the 1 in the numerator of the right-hand side stands for a constant;

we set this constant equal to 1 because this already captures the general

12
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behavior. The constant cannot be pinned down precisely because an ac-
ceptable level of accuracy may vary from one application to the next; the
balance condition above, and its generalizations below, do however provide
guidance as to what can be done.

Figure 1 illustrates the condition for successful data assimilation and
shows a plot of the function that is defined by the left-hand-side of the
above inequality as well as three level sets, corresponding to m = 5,10, 100
respectively; for a given dimension m, all values of ¢ and r below the corre-
sponding level set lead to an O(1) effective dimension, i.e. to a scenario in

which data assimilation is feasible in principle.

o p— P —
o o ~ 0

r (covariance of errors in the data)

e
)

0.2 0.6 1.0 1.4 1.8
¢q (covariance of errors in the model)

Figure 1: Conditions for successful sequential data assimilation.

The condition implies that, for fixed m, the smaller the errors in the
data (represented by r), the larger can be the uncertainty in the model

(represented by ¢) and vice versa. Moreover, note that for very small ¢, the

13
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boundaries for successful data assimilation are (almost) vertical lines. The
reason is that if the model is very good, neither accurate nor inaccurate data
can improve it, i.e. data assimilation is not necessary. If the model is poor,
only nearly perfect data can help. We will encounter this balance condition
(in more complicated forms) again in the general case in the next section
and also in the analysis of particle filters and variational data assimilation.

Finally, note that the Frobenius norms ||Q||r = ¢v/m and ||R||r = rv/m
increase with the number of dimensions unless ¢ or 7 or both decrease with
m as shown in figure 1. We will argue in section 2.2 that in realistic cases,
the Frobenius norms of ) and R are moderate even if m or k are large
(asymptotically infinite). We also expect, but cannot prove in general, that
a balance condition as in figure 1 is valid in the general case (arbitrary

A, H,Q, R), with g and r replaced by the Frobenius norms of @ and R.

2.1.2 The general case

In the general case, the condition for successful data assimilation that must
be satisfied by uncertainties in the model (||Q||r) and data (||R||r) is more
complicated because the effective dimension is the Frobenius norm of the
solution of a Riccati equation which in general does not admit a closed form
solution.

However, if the covariance matrices ) and R have moderate Frobenius
norms, then the effective dimension of the problem can be moderate even
if m and k are large and, thus, data assimilation can be successful. To see

this, let X and P be the solution of the DARE respectively the steady state

14
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covariance matrix of a given (A, Q, H, R) data assimilation problem and let
Q < Q,ie. Q—Q is symmetric positive semi-definite (SPD). If R < R, then,
by the comparison theorem (Theorem 13.3.1) in [Lancaster and Rodman,
1995], X < X, where X is the solution of the DARE associated with the
(A, Q, H, R) data assimilation problem. From the Kalman formulas we know
that

P=X-XHY'(HXHT + R)'HX,

which implies that P < X. Moreover, for two SPD matrices C' and D,
C < D implies ||C||r < ||D||r. Thus, the smaller the Frobenius norm of @
and R, the smaller is the upper bound || X || on the effective dimension.

However, the requirement that these Frobenius norms be moderate is not
sufficient to ensure that the effective dimension of the problem is moderate;
in particular, it is evident that the properties of A must play a role; for
example, if the Lo norm of A exceeds unity, the model (1) is unstable and
successful data assimilation is unlikely unless the data are sufficiently rich to
compensate for the instabilities (see also [Stuart, 2010]). We have assumed
such difficulties away by assuming the pair (H, A) to be d-detectable and
(A, Q) to be d-stabilizable. However, unstable dynamics should be treated
carefully and in specific cases (for nonlinear problems) as in [Brett et al.,
2013).

While the model, or A, is implicitly accounted for in X, the solution
of the DARE, one can construct sharper bounds on the effective dimension
by accounting for the model (1) and data stream (2) more explicitly. To

that extent, we construct matrix bounds on P, from matrix bounds for the

15
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solution of the DARE [Kwon et al., 1992]. Let X < X,,, and X; < X, be
upper and lower matrix bounds for the solution of the DARE, for example,

we can choose the lower bound in [Komaroff, 1992]

Q<X =AQ'+HTR'H)'AT + Q < X,

and the upper bound in [Kwon et al., 1992]

X <X, =AX '+ H'R'H) AT + Q,

where X, = A(p '+ HT'R'H)TAT+Q, n = f(—M(A) - \(HTRTH)\ (Q)+
L2\ (HTR™YH), 201(Q))), f(a,b,¢) = (VaZ+bc — a)/2) and A\1(C) and
An(C) are the largest respectively smallest eigenvalue of the matrix C. Then

an upper matrix bound for the steady state covariance matrix is

P<X,-XH'(HX,H" + R)'HX,.

The Frobenius norm of this upper matrix bound is an upper bound for the

effective dimension.

2.2 The real-world interpretation of effective dimension

We have shown that there is little hope for reaching reliable conclusions
unless the effective dimension of the data assimilation problem defined by
equations (1) and (2) is moderate. We now give more detail about the

physical interpretation of this result.
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Suppose the variables x one is estimating are point values of, for example,
the velocity of a flow field (as they often are in applications). The Frobenius
norm of the covariance matrix @) is proportional to the specific kinetic energy
of the noise field that is perturbing an underlying flow. This energy should
be a small fraction of the energy of the flow, or else there is not enough
information in the model (1) to examine the flow one is interested in. We
can thus assume that the Frobenius norm of () is moderate. By the same
arguments, we can assume that the Frobenius norm of R is moderate, or else
the noise in the data equation overpowers the actual measurements. Since
moderate Frobenius norms of @) and R often imply a moderate Frobenius
norm of P, we typically are dealing with a data assimilation problem with
a moderate effective dimension, even if m and k are arbitrarily large.

Point values of a flow field usually come from a discretization of a stochas-
tic differential equation. As one refines this discretization, one can expect the
correlation between the errors at neighboring grid-points to increase. These
errors are represented by the covariance matrix ) and from Khinchin’s theo-
rem (see e.g. [Chorin and Hald, 2009]) we know that a random field with suf-
ficiently correlated components has a finite energy density (and vice versa).
This implies for the finite dimensional case that the Frobenius norm of @)
does not grow without bound as we increase m.

Another and perhaps even more dramatic instance of this situation is
one where the random process we are interested in is smooth so that the
spectrum of its covariance matrix decays quickly [Adler, 1981, Rasmussen
and Williams, 2006]. For practical purposes one may then consider m — d of

the eigenvalues to be equal to zero (rather than just very small). This is an
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instance of “partial noise” [Morzfeld and Chorin, 2012], i.e. the state space
splits into two disjoint subspaces, one of dimension d, which contains state
variables, u, that are directly driven by Gaussian noise, and one of dimension
m — d, which contains the remaining variables, v, that are (linear) functions
of the random variables u. Thus, the steady state covariance matrix is of
size d X d and the effective dimension is independent of the state dimension
and moderate even if m is large. Smoothness of the random perturbations
may be particularly important in data assimilation for PDE (e.g. in fluid
mechanics), since the PDE itself can require regularity conditions [Stuart,
2010).

Note that the key to the moderate effective dimension in all of the
above cases is the correlation among the errors and indeed, the data as-
similation problems derived by various practitioners and theorists show a
strong correlation of the errors (see e.g. [van Leeuwen, 2003, Ganis et al.,
2008,Zhang and Lu, 2004, Rasmussen and Williams, 2006, Adler, 1981, Miller
and Cane, 1989, Miller et al., 1995, Richman et al., 2005,Morzfeld and Chorin,
2012, Bennet and Budgell, 1987]). The correlations are also key to the well-
boundedness of infinite dimensional problems [Stuart, 2010] where the spec-
tra of the covariances (which are compact operators in this case) decay; a
well correlated noise model was obtained from an infinite dimensional prob-
lem in [Bennet and Budgell, 1987].

The geometrical interpretation of this situation is as follows: because
of correlations in the noise, the probability mass is concentrated on a d-
dimensional manifold, regardless of the dimension m > d of the state space.

In addition one must be careful that the noise in the observations not be
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too strong. Otherwise the data can push the probability mass away from
the d-dimensional manifold (i.e. the data increase uncertainty, instead of
decreasing it). This assumption is reasonable, because typically the data
contain information and not just noise. Similar observations were reported
for infinite dimensional, strong constraint problems for low-observation noise
(covariance of the error in the data goes to 0), see Theorem 2.5 in [Stuart,
2010].

Next, suppose that the vector x in (1) and (2) represents the components
of an abstract model with the several components representing various indi-
cators, for example of economic activity (so that the concept of energy is not
well-defined). It is unreasonable to assume that each source of error affects
only one component of . As an example of what happens when each source
of error affects many components, consider a model where Gaussian sources
of error are distributed with spherical symmetry in the space of the x’s and
have a magnitude independent of the dimension m. In an m dimensional
space, the components of the unit vector of length 1 have magnitude of order
O(m~%%), so that the variance of each component must decrease like m 1.
Thus, the covariance matrices in (1) and (2) are proportional to m~'I,, and
the effective dimension (for A = H = I,,,) is || P||r = (/5 — 1)/2m, which is
small when m is large. This is a plausible outcome, because the more data
and indicators are considered, the less uncertainty there should be in the

outcome (because the new indicators provide additional information).
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3 Review of particle filters

In importance sampling one generates samples from a hard-to-sample pdf p
(the “target” pdf) by producing weighted samples from an easy-to-sample
pdf, 7, called the “importance function” (see e.g. [Kalos and Whitlock, 1986,
Chorin and Hald, 2009]). Specifically, if the random variable one is interested
in is  ~ p, one generates samples X; ~ m,7 = 1,..., M, (we use capital

letters for realizations of random variables) and weighs each by the weight

The weighted samples {X;, W;} (called particles in this context) form an

empirical estimate of the target pdf p, i.e. for a smooth function u, the sum

M
Ey(u) = u(X;)W;,

j=0
where Wj = W;/ Z]Ni o Wj, converges almost surely to the expected value
of u with respect to the pdf p as M — oo, provided that the support of 7
includes the support of p.

Particle filters apply these ideas to the recursive formulation of the con-

ditional pdf:

p(anrl ’x")p(szrl ’anrl)
p(zn—i-l ‘zlzn)

p(l,O:n—i-l |Z1:n+1) _ p($0:n|zlzn)
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This requires that the importance function factorize in the form:
n+1

7_‘_(x():n—l—l’ZO:n—H) — 77(](170) H ﬂk(l‘k|ﬂj‘0:k_1,21:k). (3)
k=1

where the 7 are updates for the importance function. The factorization of

the importance function leads to the recursion

p(XF X P)p(Z7 T X

Tin+1 (X;T+1|X]Q:n, ZO:k)

Wit o W : (4)
for the weights of each of the particles, which are then scaled so that their
sum equals one. Using “resampling” techniques, i.e. replacing particles
with small weights with ones with large weights (see e.g. [Doucet et al.,
2001, Gordon et al., 1993] for resampling algorithms), makes it possible to
set Wj" = 1/M when one computes Wj"H. Once one has set WJ” =1/M
but before sampling a new state at time n + 1, each of the weights can be
viewed as a function of the random variable x?“ and is therefore a random
variable.

The weights determine the efficiency of particle filters. Suppose that,
before the normalization and resampling step, one weight is much larger
than all others; then upon rescaling of the weights such that their sum
equals one, one finds that the largest normalized weight is near 1 and all
others are near 0. In this case the empirical estimate of the conditional
pdf by the particles is very poor (it is a single, often unlikely point) and
the particle filter is said to have collapsed. The collapse of particle filters

can be studied via the variance of the logarithm of the weights, and it was
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argued rigorously in [Snyder et al., 2008, Bengtsson et al., 2008, Bickel et al.,
2008, Snyder, 2011] that a large variance of the logarithm of the weights
leads to the collapse of particle filters. The choice of importance function m
is critical for avoiding the collapse and many different importance functions
have been considered in the literature (see e.g. [Weir et al., 2013, Weare,
2009, Vanden-Eijnden and Weare, 2012, van Leeuwen, 2010, Ades and van
Leeuwen, 2013, Chorin and Tu, 2009, Chorin et al., 2010, Morzfeld et al.,
2012]). Here we we follow [Snyder et al., 2008, Bengtsson et al., 2008, Bickel

et al., 2008, Snyder, 2011] and discuss two particle filters in detail.

3.1 The SIR filter

A natural choice for the importance function is to generate samples with
the model (1), i.e. to choose 7,41 = p(z"*!|z™). When a resampling step is
added, the resulting filter is often called a sequential importance sampling

with resampling (SIR) filter [Gordon et al., 1993] and its weights are
n+1 n+1| yn+l1
Wi ocp(Z7 X)),

It is known that the SIR filter collapses if the probability measure induced
by the importance function 7,11 = p(z""!|2™), and the probability measure
induced by the target pdf, p(y"*!|z"+1)p(z"*+1|2"), have supports such that
an event that has significant probability in one of them has a very small
probability in the other. This can happen even in one dimensional problems,
however the situation becomes more dramatic as the dimension m increases.

A rigorous analysis of the asymptotic behavior of weights of the SIR filter
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(as the number of particles and the dimension go to infinity) is given in
[Snyder et al., 2008, Bengtsson et al., 2008, Bickel et al., 2008] and it is
shown that the number of particles required to avoid the collapse of the SIR
filter grows exponentially with the variance of the observation log likelihood

(the logarithm of the weights).

3.2 The optimal particle filter

One can avoid the collapse of particle filters in low-dimensional problems
by choosing the importance function wisely. If one chooses an importance
function 7 so that the weights in (4) are close to uniform, then all particles
contribute equally to the empirical estimate they define. In [Doucet et al.,
2000, Zaritskii and Shimelevich, 1975, Liu and Chen, 1995, Snyder, 2011] the
importance function 7, 11 (2" 120", 20H1) = p(z"H 2", 27, is discussed
and it is shown that this importance function is“optimal” in the sense that
it minimizes the variance of the weights given the data and XJ'. For that
reason, a filter that uses this importance function is called “optimal particle

filter” and the optimal weights are
Wit o p(Z2"H X7,

For the class of models and data we consider, the optimal particle filter is
identical to the implicit particle filter [Atkins et al., 2013, Morzfeld et al.,
2012, Chorin et al., 2010]. The asymptotic behavior of the weights of the
optimal particle filter was studied in [Snyder, 2011] and it was found that

the optimal filter collapses if the variance of the logarithm of its weights is
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large. A connection to the collapse of the implicit particle filter (for linear

Gaussian models) was made in [Ades and van Leeuwen, 2013].

4 The collapse and non-collapse of particle filters

The conditions for the collapse have been reported in [Snyder et al., 2008,
Bengtsson et al., 2008, Bickel et al., 2008] for SIR and in [Snyder, 2011] for
the optimal particle filter; here we connect these to our analysis of effective

dimension.

4.1 The case of the optimal particle filter

It was shown in [Snyder, 2011], that the optimal particle filter collapses if
the Frobenius norm of the covariance matrix of (HQHT + R) 0 g Az is
large (asymptotically infinite as k — 0o). However if this Frobenius norm is
moderate, then the variance of the logarithm of the weights is also moderate
so that the optimal particle filter works just fine (i.e. it does not collapse)
even if k is large. We now investigate the role the effective dimension of
section 2 plays for the collapse of the optimal particle filter.

Following [Snyder, 2011] and assuming that the conditional pdf has
reached steady state, i.e. that the covariance of 2”7 ! is P, the steady state
solution of the Riccati equation, one finds that the Frobenius norm of the

symmetric matrix

Y = HAPATHT (HQH” + R) ", (5)
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governs the collapse of the optimal particle filter. If the Frobenius norm of X
is moderate then the optimal particle filter will work, even for large m and k.
A condition for successful data assimilation with the optimal particle filter
is thus that the Frobenius norm of ¥ is moderate. This condition induces
a balance condition between the errors in the model and in the data, which
must be satisfied or else the optimal particle filter will fail; the situation is
analogous to what we observed in section 2.

To understand the balance condition better, we consider again the simple
example of section 2, i.e. we set H = A= 1,, and Q = ql,,, R=rl,. We

already computed P in section 2 and find from (5) that

4 _
1S]p = ym YL T2 4

2
2(q+1)
so that the balance condition becomes

qg? +4qr —q < 1
2(g+r) - ym’

where the 1 in the numerator again stands for a constant O(1), which we set
equal to 1 because this already captures the general behavior. Note that, for
m fixed, the left-hand-side depends only on the ratio of the covariances of
the noise in the model and in the data, so that the level sets are rays. In the
center panel of figure 2, we superpose these rays, for which optimal particle
filtering can be successful, with the (g, r)-region in which data assimilation
is feasible in principle (as computed in section 2). The left panel of the

figure shows what is in principle possible, for comparison.
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- Data assimilation possible

- Optimal/implicit particle
- Data assimilation not possible

filter works

- SIR filter works

4

2.0

1.0

r (covariance of errors in the data)
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¢ (covariance of errors in the model) ¢ (covariance of errors in the model) g (covariance of errors in the model)

0.0

Figure 2: Conditions for successful sequential data assimilation (left panel),
and for successful particle filtering; center panel: optimal/implicit particle
filter; right panel: SIR filter. The broken ellipse in the right panel locates
the area where the SIR filter works.

We find that the optimal particle filter can successfully solve most of
the data assimilation problems that are feasible to solve in principle (see
section 2). The exception are problems for which ¢ ~ r, i.e. the noise in the
model and data are equally strong.

Another way to see this is to set € = ¢/r so that the balance condition

for successful optimal particle filtering becomes

Ve +4de—e€ < 1
2(1+€) — /m’

which we solve for m and then plot the maximum dimension m as a function
of the ratio of the noise in the model and the noise in the data; all values
smaller than this maximum dimension are shown in figure 3 as the light blue
area. We conclude that the optimal particle filter works for high-dimensional
data assimilation problems if € is either small or large. The case of large € is

the case typically encountered in practice. The reasons are as follows: if €
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Figure 3: Maximum dimension for two particle filters.

is small, then the model is very accurate. In this case, neither accurate nor
inaccurate data can improve the model predictions (this case corresponds
to the vertical line in figure 2), i.e. data assimilation is unnecessary since
one can simply trust the predictions of the model (1). If € is large, then the
uncertainty in the data is much less than the uncertainty in the model, i.e.
we can learn a lot from the data. This is the interesting case and the optimal
particle filter (or the implicit particle filter) can be expected to work in such
scenarios. However, problems occur when ¢ ~ 1. We expect this case to
occur infrequently, because typically the data are more accurate than the
model.

It is however important to realize that the collapse of the optimal par-

ticle filter for € =~ 1 does not imply that Monte Carlo sampling in general
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is not applicable in this case. Particle filtering induces variance into the
weights because of its recursive problem formulation and this variance can
be reduced by particle smoothing. The reason is as follows: the variance of
the weights of the optimal particle filter depends only on the variance of the
particles’ positions at time n (see section 4.1), i.e. each particle is updated
to time n + 1 such that no additional variance is introduced (this is why
this filter is called optimal); however the particles at time n may be unlikely
in view of the data at n + 1 (due to accumulation of errors up until this
point). In this case, one can go back and correct the past, i.e. use a particle
smoother (see also section 5). However, the number of steps one needs to go
back in time for successful smoothing is problem dependent and, thus, we
cannot provide a full analysis here (given that we work in a restrictive linear
setting it seems more realistic to do this analysis on a case by case basis).
In particular, it was indicated in two independent papers [Vanden-Eijnden
and Weare, 2012, Weir et al., 2013] that smoothing a few steps backwards
can help with making Monte Carlo sampling applicable in situations where
particle filters fail or perform poorly. In [Vanden-Eijnden and Weare, 2012],
the particle smoothing for the “low-noise regime” (which is an instance of
the case where € ~ 1) is considered in connection with an application in
oceanography. In [Weir et al., 2013], particle smoothing was found to give
superior results than particle filtering for combined parameter and state esti-
mation, again in connection with an application in oceanography. However
the approximations for (optimal) particle smoothers become difficult and
computationally expensive as the problems get nonlinear.

In the general case (arbitrary A, H,Q, R), we can simplify the balance
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condition for successful particle filtering by using the upper bound for the

Frobenius norm of X :
-1
1S < JANEIH|EIPIFI (HQHT + R) ™ ||p.

If we require that this upper bound is less than y/m, then we find, using the

upper bound
-1
vm=|I||lp <|[(HQH" + R) ||¢|| (HQH" + R) " ||F,

that

AEIH|EPF < |HIFQlF + 1Rl F,

is a sufficient condition that the Frobenius norm of ¥ is moderate. As in
section 2, we find that the balance condition in terms of ||R||r and ||Q||F,

is simple in simple cases, but delicate in general.

4.2 The case of the SIR filter

The collapse of the SIR filter has been studied in [Snyder et al., 2008, Bengts-
son et al., 2008, Bickel et al., 2008], and it was shown that, for a properly
normalized model and data equation, this collapse is governed by the Frobe-
nius norm of the covariance of Hz™; undoing the scaling, and noting that
2"~1 has covariance P (the steady state solution of the Riccati equation),

we find that the Frobenius norm of
S=H(Q+APAT)H"R™.
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governs the collapse of SIR filters. If ||X||F is moderate, the SIR filter can
work even if m or k are large. This condition induces a balance condition
for the covariance matrices of the noises which must be satisfied or else the
SIR filter fails. For the simple example considered earlier (A = H = I,

Q =ql,, R =rl,), this condition becomes

V@2 +4qr +q - 1
2r - ym

For m = 100, the (g, r)-region for which data assimilation with an SIR filter
can be successful is plotted in the right panel of figure 2. We observe that
this region is very small compared to the region for which data assimilation
is feasible with an optimal particle filter.

We can also set € = ¢/r and obtain

Ve2 +4de+e < 1
2 - vm’

which we solve for m so that we can plot the maximum dimension for which
SIR particle filtering can be successful as a function of the covariance ra-
tio € (see figure 3). Again, we observe that the SIR particle can only be
useful in a limited class of problems. In particular, we find that the SIR
particle filter works in high-dimensional problems only if the model is very
accurate (compared to the data). However, we argued before that this case
is somewhat unrealistic, since we expect that the errors in the model be
typically larger than the errors in the data (or else the data are not very

useful, or particle filtering unnecessary because the model is very good). In

30



615

616

617

618

619

620

621

622

623

624

625

626

627

628

629

630

631

632

633

634

these realistic scenarios, the SIR particle filter collapses and we conclude
that, as the dimension m increases, it becomes more and more important
to use the optimal importance function or a good approximation of it (see
e.g. [Morzfeld et al., 2012, Weir et al., 2013, Weare, 2009, Vanden-Eijnden
and Weare, 2012] for approximations of the optimal filter).

In the general case, we can use an upper bound, e.g.
15l < [[HIFIR Ir (1Rl + |AIEIPI) .

and if we require that this bound is less than /m, we obtain the simplified

balance condition
H[1E (1QIlF + [|AIZ]PI]) < R

The above condition implies that the Frobenius norm of the covariance ma-
trix of the model noise, ), must be much smaller than the Frobenius norm

of the covariance matrix of the errors in the data, which is unrealistic.

4.3 Discussion

We wish to point out differences and similarities of our work and the asymp-
totic studies in [Snyder et al., 2008, Bengtsson et al., 2008, Bickel et al.,
2008, Snyder, 2011]. Clearly, the results of [Snyder et al., 2008, Bengtsson
et al., 2008, Bickel et al., 2008, Snyder, 2011] are used in our analysis of the
optimal particle filter (section 4.1) and the SIR filter (section 4.2). Moreover,

our analysis confirms Snyder’s findings in [Snyder, 2011], that the optimal
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particle filter is more robust in applications with large m and k because it
“dramatically reduces the required sample size” (by lowering the exponent
in the relation between the number of particles and the state dimension).
In [Snyder et al., 2008, Bengtsson et al., 2008, Bickel et al., 2008, Snyder,
2011], it was shown that the number of particles required grows exponen-
tially with the variance of the logarithm of the weights; the variance of the
logarithm of the weights is governed by the Forbenius norms of covariance
matrices (which are different for SIR and the optimal particle filter). Our
main contribution is to study the connection of these Frobenius norms with
the effective dimension of section 2: if the effective dimension is moderate,
then these Frobenius norms can be small even if m or k are large. Thus, one
can find conditions under which the SIR and optimal particle filters work.
We also explain the physical interpretation of our results and conclude that
the optimal/implicit particle filter can work for many realistic and large

dimensional problems.

5 Particle smoothing and variational data assimi-

lation

We now consider the role of the effective dimension in particle smoothing
and variational data assimilation. The idea here is to replace the step-by-
step construction of the conditional pdf in a particle filter (or Kalman filter)
by direct sampling of the full pdf p(z%"|z'™), i.e. all available data are
assimilated in one sweep. Particle smoothers apply importance sampling to

obtain weighted samples from this pdf, and in variational data assimilation
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one estimates the state of the system by the mode of this pdf.

It is clear that either method can only be successful if the Frobenius
norm of the covariance matrix of the variables conditioned on the data is
moderate (even if m or k are large), or else the samples of numerical or
physical experiments collect on a thin shell far from the most likely state
(to obtain this result, one has to repeat the steps in section 2). We now
determine the conditions under which this Frobenius norm is moderate.
As is customary in data assimilation, we distinguish between the “strong

constraint” and “weak constraint” problem.

5.1 The strong constraint problem

In the strong constraint problem one considers a “perfect model”, i.e. the
model errors are neglected and we set @ = 0 (see e.g. [Talagrand and
Courtier, 1987]). Since the initial conditions determine the state trajec-
tory, the goal is to obtain initial conditions that are compatible with the

data, i.e. we are interested in the pdf

. 1
p(z°[z"") ocexp (—2 (2% — o) 25" (2 - Mo))
X exp —%Z(zj—Hijo)TR_l (zj—HAj:L“O)

J=1

Straightforward calculation shows that this pdf is Gaussian (under our as-

sumptions) and its covariance matrix is

S =5t > (ANTHTRTTHA.
j=1
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As explained above, successful data assimilation for the Gaussian model
requires that the Frobenius norm of ¥ is moderate so that the samples
collect on a small and low-dimensional ball, close to the most likely state.
The condition for successful data assimilation is a moderate ||X||F, which in
turn induces a condition between the errors in the prior (represented by %)
and the data (represented by R), which can be satisfied even if m and k are
large. The situation is analogous to the balance conditions we encountered
before in sequential data assimilation.

We illustrate the balance condition for the strong constraint problem
by considering a version of the simple example we used earlier, i.e. we set
A=H=1,,Q=0, R=rl,, and, in addition, n = 1, ¥y = ogl,,,. In this

case, we can compute X and its Frobenius norm:

ogr
0'0—1—7’.

IZllF = vm

Figure 4 shows the values of r and o¢ which lead to an O(1) Frobenius norm
of 3. Three level sets indicate the state dimensions m = 10, 100, 1000; for a
given state dimension, the values of r and og below the corresponding curve
lead to ||X||F =~ O(1). We observe that, for a fixed m, a larger error in the
prior knowledge (corresponding to larger values of og) can be tolerated if
the error in the data is very small (corresponding to small values of r) and
vice versa. Similar observations were made in [Haben et al., 2011b, Haben
et al., 2011a] in connection with the condition number in 3D-Var. Moreover,
our analysis confirms what we know from the infinite dimensional problem

[Stuart, 2010]: as the error in the observation (r) goes to zero, the prior (o)
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Figure 4: Conditions for successful data assimilation (strong constraint).

plays no role; however its role is very important even for small observation
noise (r).

Variational data assimilation (strong 4D-Var) represents the conditional
pdf by its mode, i.e. by a single point in the state space. The smaller is
the ball on which the samples collect (i.e. the smaller the Frobenius norm
of ¥), the more applicable is strong 4D-Var. Particle smoothers on the
other hand construct an empirical estimate of the pdf via sampling. Under
our assumptions, we can construct an optimal particle smoother (minimum
variance in the weights) by directly sampling the Gaussian posterior pdf
(the weights of the particle smoother have zero, thus minimum, variance).
We conclude that under realistic conditions (moderate ||X||r) the optimal
particle smoother can be expected to perform well, even if m or k are large,

because it can efficiently represent the pdf one is interested in.
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The situation is different for other particle smoothers. Consider, for
example, the SIR-like particle smoother that uses p(xg) as its importance

function. This filter produces weights whose negative logarithm is given by

n
6=2> (2 —HA) R (20 — HAZ").
j=1
For n = 1, the variance of these weights depends on the Frobenius norm of

the matrix HAXgAT H" R~!, which has the upper bound
|HASoATHT R™Y| < ||H|[EIAIE] 2ol [#|1R]-

If we require that this upper bound is less than /m then we obtain (using
vm < ||A||r||A7|F) the condition

HI[ZAIF]ZollF < IR,

which implies that the errors before we collect the data must be smaller
than the errors in the data, which is unrealistic. In particular, for the simple
example considered above we find that oy < r/y/m. We conclude that, as
in particle filtering, particle smoothing is possible under realistic conditions
only if the importance function is chosen carefully.

Note that the results we obtained here are different than those we would
obtain if would simply put () = 0 in the Kalman filter formulas of section 2.
It is easy to show that for Q = 0 the steady state covariance matrix converges
to the zero matrix, provided the dynamics are stable. What this means is

that, with enough data, one can wait for steady state, and then accurately
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estimate the state at large n. What we have done in this section is to
consider the consequences of having access to only a finite data set, i.e.
making predictions before steady state is reached.

Finally, note that, in contrast to the sequential problem, the minimum
variance of the weights of the smoothing problem is zero, whereas particle
filters always produce non-zero variance weights. This variance is induced by
the factorization of the importance function 7, and since this factorization
is not required in particle smoothing, this source of variance can disappear
(or be reduced) by clever choice of importance functions. As indicated in
section 4.1, the reason for the reduction in variance of the weights is that
the data at time n may render the data at time n — 1 unlikely; the smoother
can make use of this information while the filter can not, since it is “blind”
towards the future. However, as the data sets get larger (and one eventually
runs out of memory), one will have to assimilate the data in more than one
sweep, thus inducing additional variance. Ultimately, smoothing as many
data sets at a time as feasible can not be a (complete) solution to the data

assimilation problem.

5.2 The weak constraint problem

In the weak constraint problem (see e.g. [Bennet et al., 1993]), one is in-

terested in estimating the full state trajectory given the data, i.e. in the
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pdf

An easy calculation reveals that this pdf is Gaussian and its covariance

matrix is
St ATQA —ATQ ! 0
—Q'a Q1+ ATQ YA+ HTR'H —ATQ-!
y»i= 0
_ATQ1
0 —Q'A Q'+ HTRH

For the same arguments as before, successful data assimilation requires that
the Frobenius norm of ¥ is moderate. This condition implies (again) a del-
icate balance condition between the errors in the prior knowledge (||Xo||r),
the errors in the model (1) (||Q||r) and the errors in the data (2) (||R||F).
If this condition is satisfied, data assimilation is possible even if m or k are
large.

As in the strong constraint problem, variational data assimilation (weak
4D-Var) represents the conditional pdf by its mode (a single point) and this
approximation is the more applicable, the smaller the Frobenius norm of
Y is. An optimal particle smoother can be constructed for this problem

by sampling directly (zero variance weights) the Gaussian conditional pdf.
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For the same reasons as in the previous section, we can expect an optimal
particle smoother to perform well under realistic conditions, but also can

expect difficulties if the choice of importance function is poor.

6 Limitations of the analysis

We wish to point out limitations of the analysis above. To find the condi-
tions for successful data assimilation, we study the conditional pdf and we
rely on the Kalman formalism to compute it. Since the Kalman formalism
is only applicable to linear Gaussian problems, our results are at best in-
dicative of the general nonlinear/non-Gaussian case. However, we believe
that the general idea that the probability mass must concentrate on a low-
dimensional manifold holds in the nonlinear case as well. Since Khinchin’s
theorem is independent of our linearity assumption, and since we expect
that correlations amongst the errors also occur in nonlinear models, one
can speculate that the probability mass does collect on a low-dimensional
manifold (under realistic assumptions on the noise). However finding (or
describing) this manifold in general becomes difficult and is perhaps best
done on a case-by-case basis, so that special features of the model at hand
can be exploited.

We have further assumed that all model parameters, including the co-
variances of the errors in the model and data equations, are known. If these
must be estimated simultaneously (combined parameter and state estima-
tion), then the situation becomes far more difficult, even in the case of a

linear model equation (1) and data stream (2). It seems reasonable that

39



797

798

799

800

801

802

803

804

805

806

807

808

809

810

811

812

813

814

815

816

817

818

819

820

821

estimating parameters using data at several consecutive time points (as is
done implicitly in some versions of variational data assimilation or particle
smoothing) would help with the parameter estimation problem and perhaps
even with model specification.

Concerning particle filters, we have examined in detail only two choices of
importance function, the one in SIR, where the samples are chosen indepen-
dently of the data, and, at the other extreme, one where the choice of samples
depends strongly on the data. There is a large literature on importance func-
tions, see [Weir et al., 2013,Doucet et al., 2000, Weare, 2009, Vanden-Eijnden
and Weare, 2012, van Leeuwen, 2010, Ades and van Leeuwen, 2013, Chorin
and Tu, 2009, Morzfeld et al., 2012, Chorin et al., 2010]; it is quite possible
that other choices can outperform the optimal/implicit particle filter even in
the present linear synchronous case once computational costs are taken into
account. In nonlinear problems the optimal particle filter is hard to imple-
ment and the implicit particle filter is suboptimal, so further analysis may
be needed to see what is optimal in each particular case (see also [Weare,
2009, Vanden-Eijnden and Weare, 2012] for approximations of the optimal
filter).

More broadly, the analysis of particle filters in the present paper is not
robust as assumptions change. For example, if the model noise is multiplica-
tive (i.e. the covariance matrices are state dependent), then our analysis does
not hold, not even for the linear case. Moreover, the optimal particle filter
becomes very difficult to implement, whereas the SIR filter remains easy to
use. Similarly, if model parameters (the elements of A or the covariances @

and R) are not known, simultaneous state and parameter estimation using
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an optimal particle filter becomes difficult, but SIR, again, remains easy to
use. While the filters may not collapse in these cases, they may give a poor
prediction. The existence of such important departures is confirmed by the
fact that the ensemble Kalman filter in the “perturbed observations” im-
plementation [Evensen, 2006] and the square root filter [Tippet et al., 2003]
differ substantially in their performance if the effects of nonlinearity are se-
vere [Lei et al., 2010]. However, our analysis indicates that, if (1) and (2)
hold, the ensemble Kalman filter, the Kalman filter and the optimal particle
filter are equivalent in the non-collapse region of the optimal filter.

Similarly, variational data assimilation or particle smoothing can be suc-
cessful if (1) and (2) hold. We expect that variational data assimilation and
particle smoothing can be successful in the nonlinear case, provided that
the probability mass concentrates on a low-dimensional manifold. In par-
ticular, particle smoothing has the potential of extending the applicability
of Monte Carlo sampling to data assimilation, since the variance of weights
due to the sequential problem formulation in particle filters is reduced (the
data at time 2 may label what one thought was likely at time 1 as unlikely).
This statement is perhaps corroborated by the success of variational data
assimilation in numerical weather prediction. However, the number of ob-
servations that should be assimilated per sweep depends on the various and
competing time scales of the problem and, therefore, must be found on a
case by case basis.

Finally, it should be pointed out that we assumed throughout the paper
that the model and data equations are “good”, i.e. that the model and data

equations are capable of describing the physical situation one is interested
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in. It seems difficult in theory and practice to study the case where the
model and data equations are incompatible with the data one has collected
(although this would be more interesting). For example, it is unclear to
us what happens if the covariances of the errors in the model and data
equations are systematically under- or overestimated, i.e. if the various

data assimilation algorithms work with “wrong” covariances.

7 Conclusions

We have investigated the conditions under which data assimilation can be
successful, according to a criterion motivated by physical considerations, re-
gardless of the algorithm used to do the assimilation. We quantified these
conditions by defining an effective dimension of a Gaussian data assimilation
problem and have shown that this effective dimension must be moderate or
else one cannot reach reliable conclusions about the process one is model-
ing, even when the linear model is completely correct. This condition for
successful data assimilation induces a balance condition for the errors in
the model and data. This balance condition is often satisfied for realistic
models, i.e. the effective dimension is moderate, even if the state dimension
is large.

The analysis was carried out in the linear synchronous case, where it can
be done in some generality; we believe that this analysis captures the main
features of the general case, but we have also discussed the limitations of
the analysis.

Building on the results in [Snyder et al., 2008, Bengtsson et al., 2008,
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Bickel et al., 2008, Snyder, 2011], we studied the effects of the effective
dimension on particle filters in two instances, one in which the importance
function is based on the model alone, and one in which it is based on both

the model and the data. We have three main conclusions:

1. The stability (i.e., non-collapse of weights) in particle filtering depends
on the effective dimension of the problem. Particle filters can work well
if the effective dimension is moderate even if the true dimension is large

(which we expect to happen often in practice).

2. A suitable choice of importance function is essential, or else particle
filtering fails even when data assimilation is feasible in principle with

a sequential algorithm.

3. There is a parameter range in which the model noise and the obser-
vation noise are roughly comparable, and in which even the optimal

particle filter collapses, even under ideal circumstances.

We have then studied the role of the effective dimension in variational
data assimilation and particle smoothing, for both the weak and strong con-
straint problem. It was found that these methods too require a moderate
effective dimension or else no accurate predictions can be expected. More-
over, variational data assimilation or particle smoothing may be applicable
in the parameter range where particle filtering fails, because the use of more
than one consecutive data set helps reduce the variance which is responsible
for the collapse of the filters.

These conclusions are predicated on the linearity of the model and data
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equations, and on the assumption that the generative and data models are

close enough to reality.

Acknowledgements

We thank Prof. P. Bickel of UC Berkeley for many interesting discussions,
for making our thoughts more rigorous (where possible) and for helping
us recognize the limitations of our analysis. We thank Prof. R. Miller
of Oregon State University for very helpful discussions and help with the
literature. We thank Prof. J. Weare for an interesting discussion. This
work was supported in part by the Director, Office of Science, Computational
and Technology Research, U.S. Department of Energy under Contract No.
DE-AC02-05CH11231, and by the National Science Foundation under grant
DMS-1217065.

References

[Ades and van Leeuwen, 2013] Ades, M. and van Leeuwen, P. (2013). An
exploration of the equivalent weights particle filter. Quarterly Journal of

the Royal Meteorological Society, 139(672):820-840.
[Adler, 1981] Adler, R. (1981). The geometry of random fields. Wiley.

[Atkins et al., 2013] Atkins, E., Morzfeld, M., and Chorin, A. (2013). Im-
plicit particle methods and their connection with variational data assim-

ilation. Monthly Weather Review, 141:1786-1803.

44



913

914

915

916

917

918

919

920

921

922

923

924

925

926

927

928

929

930

931

932

933

934

935

[Bengtsson et al., 2008] Bengtsson, T., Bickel, P., and Li, B. (2008). Curse
of dimensionality revisited: the collapse of importance sampling in very

large scale systems. IMS Collections: Probability and Statistics: FEssays
in Honor of David A. Freedman, 2:316-334.

[Bennet and Budgell, 1987] Bennet, A. and Budgell, W. (1987). Ocean data
assimilation and the Kalman filter: Spatial regularity. Journal of Physical

Oceanography, 17:1583-1601.

[Bennet et al., 1993] Bennet, A., Leslie, L., Hagelberg, C., and Powers, P.
(1993). A cyclone prediction using a barotropic model initialized by a

general inverse method. Monthly Weather Review, 121:1714-1728.

[Bickel et al., 2008] Bickel, P., Bengtsson, T., and Anderson, J. (2008).
Sharp failure rates for the bootstrap particle filter in high dimensions.
Pushing the Limits of Contemporary Statistics: Contributions in Honor

of Jayanta K. Ghosh, 3:318-329.

[Bocquet et al., 2010] Bocquet, M., Pires, C., and Wu, L. (2010). Beyond
Gaussian statistical modeling in geophysical data assimilation. Monthly

Weather Review, 138:2997-3023.

[Brett et al., 2013] Brett, C., Lam, K., Law, K., McCormick, D., Scott, M.,
and Stuart, A. (2013). Accuracy and stability of filters for dissipative

pdes. Physica D, 245:34-45.

Chorin et al., 2010] Chorin, A., Morzfeld, M., and Tu, X. (2010). Implicit
[ 9 9 9 9 9 9 p
particle filters for data assimilation. Communications in Applied Mathe-

matics and Computational Science, 5(2):221-240.

45



936

937

938

939

940

941

942

943

044

945

946

947

948

949

950

951

952

953

954

955

956

957

[Chorin and Tu, 2009] Chorin, A. and Tu, X. (2009). Implicit sampling
for particle filters. Proceedings of the National Academy of Sciences,
106(41):17249-17254.

[Chorin and Hald, 2009] Chorin, A. J. and Hald, O. H. (2009). Stochastic

tools in mathematics and science. Springer, second edition.

[Doucet et al., 2001] Doucet, A., de Freitas, N., and Gordon, N., editors

(2001). Sequential Monte Carlo methods in practice. Springer.

[Doucet et al., 2000] Doucet, A., Godsill, S., and Andrieu, C. (2000). On
sequential Monte Carlo sampling methods for Bayesian filtering. Statistics

and Computing, 10:197-208.

[Evensen, 2006] Evensen, G. (2006). Data assimilation: the ensemble

Kalman filter. Springer.

[Ganis et al., 2008] Ganis, B., Klie, H., Wheeler, M., Wildey, T., Yotov, 1.,
and Zhang, D. (2008). Stochastic collocation and mixed finite elements
for flow in porous media. Computational Methods in Applied Mechanics

and Engineering, 197:3547-3559.

[Gordon et al., 1993] Gordon, N., Salmond, D., and Smith, A. (1993). Novel
approach to nonlinear/non-Gaussian Bayesian state estimation. Radar

and Signal Processing, IEEE Proceedings F, 140(2):107-113.

[Haben et al., 2011a] Haben, S., Lawless, A., and Nichols, N. (2011a). Con-
ditioning and preconditioning of the variational data assimilation prob-

lem. Computers and Fluids, 46:252-256.

46



958

959

960

961

962

963

964

965

966

967

968

969

970

971

972

973

974

975

976

977

978

979

[Haben et al., 2011b] Haben, S., Lawless, A., and Nichols, N. (2011b). Con-
ditioning of incremental variational data assimilation, with application to

the Met Office system. Tellus, 63(A):782-792.

[Kalman, 1960] Kalman, R. (1960). A new approach to linear filtering and
prediction theory. Transactions of the ASME—-Journal of Basic Engineer-
ing, 82(Series D):35-48.

[Kalos and Whitlock, 1986] Kalos, M. and Whitlock, P. (1986). Monte

Carlo methods, volume 1. John Wiley & Sons, 1 edition.

[Komaroff, 1992] Komaroff, N. (1992). Iterative matrix bounds and compu-
tational solutions to the discrete algebraic Riccati equation. IEEE Trans-

actions on Automatic Control, 37(9):1370-1372.

[Kwon et al., 1992] Kwon, W., Moon, Y., and Ahn, S. (1992). Bounds in
algebraic Riccati and Lyapunov equations: a survey and some new results.

International Journal of Control, 64:377-389.

[Lancaster and Rodman, 1995] Lancaster, P. and Rodman, L. (1995). Al-

gebraic Riccati equations. Oxford University Press.

[Lei et al., 2010] Lei, J., Bickel, P., and Snyder, C. (2010). Comparison of
ensemble Kalman filters under non-Gaussianity. Monthly Weather Review,

138(4):1293-1306.

[Liu and Chen, 1995] Liu, J. and Chen, R. (1995). Blind deconvolution via
sequential imputations. Journal of the American Statistical Association,

90(430):567-576.

47



980

981

982

983

984

985

986

987

988

989

990

991

992

993

994

995

996

997

998

999

1000

[Miller et al., 1995] Miller, R., Busalacchi, A., and Hackert, E. (1995). Sea
surface topography fields of the tropical pacific from data assimilation.

Journal Geophysical Research, 100(CT7):13,389-13,425.

[Miller and Cane, 1989] Miller, R. and Cane, M. (1989). A Kalman filter
analysis of sea level height in the tropical pacific. Journal of Physical

Oceanography, 19:773-790.

[Morzfeld and Chorin, 2012] Morzfeld, M. and Chorin, A. (2012). Implicit
particle filtering for models with partial noise, and an application to ge-

omagnetic data assimilation. Nonlinear Processes in Geophysics, 19:365—

382.

[Morzfeld et al., 2012] Morzfeld, M., Tu, X., Atkins, E., and Chorin, A.
(2012). A random map implementation of implicit filters. Journal of

Computational Physics, 231:2049-2066.

[Rasmussen and Williams, 2006] Rasmussen, C. and Williams, C. (2006).

Gaussian processes for machine learning. MIT Press.

[Richman et al., 2005] Richman, J., Miller, R., and Spitz, Y. (2005). Er-
ror estimates for assimilation of satellite sea surface temperature data in

ocean climate models. Geophysical Research Letters, 32:1.18608.

[Snyder, 2011] Snyder, C. (2011). Particle filters, the “optimal” proposal
and high-dimensional systems. Proceedings of the ECMWE Seminar on

Data Assimilation for Atmosphere and Ocean.

48



1001

1002

1003

1004

1005

1006

1007

1008

1009

1010

1011

1012

1013

1014

1015

1016

1017

1018

1019

1020

1021

1022

[Snyder et al., 2008] Snyder, C., Bengtsson, T., Bickel, P., and Anderson, J.
(2008). Obstacles to high-dimensional particle filtering. Monthly Weather
Review, 136(12):4629-4640.

[Stuart, 2010] Stuart, A. M. (2010). Inverse problems: a Bayesian perspec-

tive. Acta Numerica, 19:451-559.

[Talagrand and Courtier, 1987] Talagrand, O. and Courtier, P. (1987). Vari-
ational assimilation of meteorological observations with the adjoint vor-
ticity equation. I: Theory. Quarterly Journal of the Royal Meteorological
Society, 113(478):1311-1328.

[Tippet et al., 2003] Tippet, M., Anderson, J., Bishop, C., Hamil, T., and
Whitaker, J. (2003). Ensemble square root filters. Monthly Weather
Review, 131:1485-1490.

[van Leeuwen, 2003] van Leeuwen, P. (2003). A variance-minimizing filter

for large-scale applications. Monthly Weather Review, 131:2071-2084.

[van Leeuwen, 2009] van Leeuwen, P. (2009). Particle filtering in geophysi-

cal systems. Monthly Weather Review, 137:4089-4114.

[van Leeuwen, 2010] van Leeuwen, P. (2010). Nonlinear data assimilation
in geosciences: an extremely efficient particle filter. Quarterly Journal of

the Royal Meteorological Society, 136(653):1991-1999.

[Vanden-Eijnden and Weare, 2012] Vanden-Eijnden, E. and Weare, J.
(2012). Data assimilation in the low noise regime with application to

the Kuroshio. Monthly Weather Review, accepted for publication.

49



1023

1024

1025

1026

1027

1028

1029

1030

1031

1032

1033

1034

1035

1036

1037

1038

1039

1040

1041

1042

1043

[Weare, 2009] Weare, J. (2009). Particle filtering with path sampling and an
application to a bimodal ocean current model. Journal of Computational

Physics, 228:4312-4331.

[Weir et al., 2013] Weir, B., Miller, R. N., and Spitz, Y. (2013). Implicit
estimation of ecological model parameters. Bulletin of Mathematical Bi-

ology, 75:223-257.

[Zaritskii and Shimelevich, 1975] Zaritskii, V. and Shimelevich, L. (1975).
Monte Carlo technique in problems of optimal data processing. Automa-

tion and Remote Control, 12:95 — 103.

[Zhang and Lu, 2004] Zhang, D. and Lu, Z. (2004). An efficient, high-order
perturbation approach for flow in random porous media via Karhunen-
Loeve and polynomial expansions. Journal of Computational Physics,

194:773-794.

Figure captions

Figure 1, Conditions for successful sequential data assimilation.

Figure 2, Conditions for successful sequential data assimilation (left panel),
and for successful particle filtering; center panel: optimal/implicit particle
filter; right panel: SIR filter. The broken ellipse in the right panel locates
the area where the SIR filter works.

Figure 3, Maximum dimension for two particle filters.

Figure 4, Conditions for successful data assimilation (strong constraint).
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