Worksheet 30: Substitutions
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ARE You COMING
To DINNER?
YEAH, BUT FIRST TM GONNA
GO (OMATOSE FOR A FEW HOURS,
HALLUCINATE VIVIDLY, AND
THEN MAYBE SUFFER AMNESIA
ABOUT THE WHOLE EXPERIENCE.
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1. Evaluate:
(a) [Va?—12° dz /X\) %
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Let u = 22 — 1, and thus du = 2z dz. Substituting in,

/\/ﬂﬁ$5 dx = /\/ﬂ %du (z*)

1
zi/ﬁdu(x‘l)
Noting that 22 = u + 1 by above,
1 2
=3 Vu du (u+1)
1
zi/ﬁ(u2+2u+1)du
1
—5/(ug+2u%—|—u%)du
1.2z 45 23
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=-u —u —u
7 5 3
And so, substituting back in:
2 5 1 :
:f(xQ—l)%—i-g(xQ—l)?—l—g(xQ—l)%—i—C

(b) [y d=

Let u = 23 + 1, and thus du = 322 dz. Substituting in,

2 Ldu

/,Ldz: 50U
2341 U

L fdu

3 U

%ln(u) +C

And so, substituting back in:

1
:gln(z3—|—1)+0



__sin(z)
f 1+c052(ac)

Let u = 1+ cos?(x), and thus du = —2sin(x) dx. Substituting in,

/ sin(z) dr — / —3du
1+ cos?(x) u

__ 1l fdu
) u

1
=——In(u)+C

And so, substituting back in:

1
=3 In(1 4 cos?(z)) + C

) [ Va2 + 123 da
Let u = 22 + 1, and thus du = 2z dz. Substituting in,

[ Vet e = [ Vg)ua?)
- /fdu< ?)
2

By above, uw = 2% + 1, and so 22 = u — 1:

And so, substituting back in:

2. Evaluate:

(a) 16 ln(z) d

T

Let u = In(z), and thus du = L dz. Substituting in,

el 1
/@dx:/udu
1 x 0

(b) fol ze=® dz



Let w = —z2, and thus du = —2z dz. Substituting in,

1 2 -1
/ ze ¥ dr = / ——e" du
0 0 2

1@1
=——e

(c) [y ava?—a?dx

2 — 22, and thus du = —2x dx. Substituting in,

a 0 1
/ v a? — 2 dx:/ —iﬁdu
0 a?

1 0

Let u=a

3. Sketch the lines y = 2z and y = 3z. Construct a series expression that gives exactly the area between the two over the interval
[0, 2].

Note that we may simply divide the interval [0,2] into n rectangles as usual, then subtract the (right-endpoint) rectangle for
y = 2z from the (right-endpoint) rectangle for y = 3z. This gives,

n

2-0,.2-0. 92—
I 3(E—i) - 2
ng&zg —[3(—) —

n

"0l = Jim 3 2820 - 20

4. How might you express the area from (3) as an integral?

Looking at the definition of the integral, the above corresponds to

/02(3(E —2z) dx

5. What if the lines were z = 3y, © = 2y, and I wanted the area between the two horizontally ([0,2] on the y-axis)?
We simply do the same thing only with respect to the y-axis:




/ (3y —2y) dy
0

6. Sketch the region enclosed by the two curves and find its area: y = 22, y = 4o — 22

Note first that y = 4z — 22 = (4 — ). This graph is thus an upside down parabola which crosses the z-axis at 0 and 4.
Drawing both graphs gives:

B
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Working with respect to the z-axis (we could do the y-axis, if we desired), the top function is always y = x? and the interval is
[0,2]. Thus the desired area is

2
/ x? — (4o — 2?) da
0

2
/ 2% — 4z + 2% dx
0

2
/ 222 — 4z dx
0
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