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1. Let P = 121_2%_ - For what values of [ is P maximum?
_ 1001
S PP4I+4
Taking the derivative, www.xked.com
P (I2 + 1+ 4)(100) — 1001 (21 + 1)

N (I2+1+4)?
~ (100)(I24+T+4—2I" — 1)

(I +1+4)2
~ (100)(—1*%+4)

(IZ+1+4)

_ (100) (=1 +2)(I +2)
o (IPHT+4)2

Setting the top equal to 0,

0=(—I+2)(I+2)
I=2-2

Note further that the derivative is undefined whenever the bottom of the fraction is zero—but this only occurs when the bottom
of the original function is also zero, and so these points are not in the domain of the function. We need only compare I = 2, —2:

P(2) =20

And thus I = 2 is the unique maximum.

2. Find the point on the curve y = \/z that is closest to the point (3,0).

Note that we wish to minimize the distance between the given function and the given point; we use, therefore, the distance
formula:

d=+/(z—3)>+(y—0)?

Furthermore, since we only consider points on the function y =/,

d=\/(z—3) + (VT —0)
Noting that d must be positive, and so maximizing d is the same as maximizing d?, we consider

d* = (z—3)* + (V& - 0)°
=(x-3)?2+x

Taking the derivative,

[d*]=2(x—3)+1
=2r—-5

dx



Setting the derivative equal to zero,

20 —5=0
5
T=3

5

=3

3. Find the area of the largest rectangle that can be inscribed in a right triangle with legs of lengths 3 cm and 4 cm if two sides
of the rectangle lie along the legs.

Note first that the formula we would like to maximize is A = (4 — z)(y). It remains, then, to eliminate either x or y from the
equation (we need x in terms of y or vice versa). To do so, note that the large triangle above is similar to the triangle above the
rectangle (they are both right and share an angle, and thus have the same angle measures for all angles). We therefore have,

r 4
y 3
4y = 3x
3,
Y=
Substituting into our area equation,
3
A=4—-2x)(-x)
4
3
=3z — ZmQ
Taking the derivative,
3
Al =3 - §$
and setting it equal to 0,
3
=2

And so the requested area is 3



4. (x) Find the area of the largest rectangle that can be inscribed in the ellipse z—z + z—j =1.

The equation we wish to maximize is A = (2w)(2z). Note first that the ellipse above has width a along the x-axis and height b
along the y-axis. To eliminate either w or z, we solve the equation of the ellipse for its positive component:

2 2
Yy
2=l
1.2
Yy = (b2)(1 - ﬁ)
b2
— /b2 — asz

Note next that any acceptable w value will be equal to y in the equation above for some x. Similarly, note that the = value will
be the same as z! We have, then,

And so, substituting into the area equation,

2
A=14z1/b2— b—222
Taking the derivative,
B2 Il

A =42 — =22 + (42) az”
h2 — LZZQ

a

4(b2 . Zé 2) tb; 2

_ 2 aZ 7
b2 — Zj“ 2
B B2 zsabz2 22
b2 2—222

and setting it equal to 0,



Noting that making the bottom of the derivative equal to 0 is the same as making w 0 and is thus not a maximum, the requested
area is:

a ) b2 a )
:4(Tﬂ) b —ﬁ(m)
a 7.,
— i3

_\ﬁab
T2

5. A cone-shaped drinking cup is to hold 27c¢m? of water. Find the height and radius of the cup that will use that smallest amount
of paper.

Noting that the surface area of a cone is given by
SA=mr?+mrl
We wish to minimize:
P =mrl

Furthermore, we are given that the volume of the cone must be 27cm?:

V=27
1
§7r7"2h =27
81
h=—
mr2

Analyzing the diagram above, note that—by the Pythagorean theorem, I = v/h2 + 72, and so:

Substituting into P,

Taking the derivative,

P =

812 2, (=2)81% 4 2
ox Tt ———r " +ar

812
m2rd +r?

2
— 814 4 oy2

™
812
2

3
3
A
+
3
[\v]



Setting the top equal to 0,

812
——r 42 =0
s
812 226 _
mrd mrd

and so,

—81% 4+ 27%r% =0

3%V2

NG

Note that no undefined values for the derivative are acceptable since they give [ = 0 and r = 0 respectively.

6. At which points on the curve y = 1 + 4023 — 32° does the tangent line have the largest slope?

We wish to maximize ¢y’ = 12022 — 152*. Taking the derivative,
y" = 2402 — 6023
Setting it equal to zero,

240z — 602> = 0
(240 — 602%) = 0

240 — 602> =0
z? =4
And thus,
z=0,%£2
Comparing these points,
f1(0)=0
F'(=2) = £(2) = 240

The points which maximizes the tangent line slope are therefore (2,225) and (—2, —223).

7. (a) Show that if the profit P(z) is a maximum, then the marginal revenue equals the marginal cost.
Assuming both marginal revenue (MR) and marginal cost (MC) exist, these are interpreted as the derivative of revenue (R)
and cost (C) respectively. The profit function is P(z) = R — C, and so—assuming no undefined derivative values—P(x) = 0
when MC or C’ is equal to MR or R'-the maximum by the extreme value theorem (assuming, again, that the derivative
is defined on the entirety of the original domain).



(b) If ¢(z) = 16,000 + 500z — 1.62% + .00423 is the cost function and p(z) = 1700 — 7z is the demand function, find the
production level that will maximize profit.

Note that the revenue function is given by ap(z)-that is, the price p(x) times the number of items x. Thus,
R(z) = 17002 — 72>
Finding MC and MR,

MR = 1700 — 14z
MC =500 — 3.2z + .01222

Setting them equal,

1700 — 14z = 500 — 3.2z + .01222
0= —1200 + 10.8z + .012z2
~—1200000 = 10800 12

1000 1000 “ T 1000
= —1200000 + 10800z + 1222

= 12( — 100)(x + 1000)

And thus,

x =100



