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Abstrakt

In dieser Bachelorarbeit werden GARCH(1,1)-Modelle zur Analyse finanzieller Zeitreihen unter-
sucht. Dabei werden zuerst hinreichende und notwendige Bedingungen dafiir gegeben, dass solche
Prozesse iiberhaupt stationdr werden konnen. Danach werden asymptotische Ergebnisse tiber rel-
evante Schétzer hergeleitet und parametrische Tests entwickelt. Die Methoden werden am Ende
durch ein Datenbeispiel illustriert.

Abstract

In this thesis, GARCH(1,1)-models for the analysis of financial time series are investigated. First,
sufficient and necessary conditions will be given for the process to have a stationary solution.
Then, asymptotic results for relevant estimators will be derived and used to develop parametric
tests. Finally, the methods will be illustrated with an empirical example.
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1 Introduction

Modelling financial time series is a major application and area of research in probability theory and
statistics. One of the challenges particular to this field is the presence of heteroskedastic effects,
meaning that the volatility of the considered process is generally not constant. Here the volatility
is the square root of the conditional variance of the log return process given its previous values.
That is, if P, is the time series evaluated at time ¢, one defines the log returns

Xy =log Py —log

and the volatility o;, where
o = Var[X? | Fi_1]

and F;_1 is the o-algebra generated by X, ..., X;—1. Heuristically, it makes sense that the volatility
of such processes should change over time, due to any number of economic and political factors,
and this is one of the well known “stylized facts” of mathematical finance.

The presence of heteroskedasticity is ignored in some financial models such as the Black-Scholes
model, which is widely used to determine the fair pricing of European-style options. While this leads
to an elegent closed-form formula, it makes assumptions about the distribution and stationarity
of the underlying process which are unrealistic in general. Another commonly used homoskedas-
tic model is the Ornstein-Uhlenbeck process, which is used in finance to model interest rates and
credit markets. This application is known as the Vasicek model and suffers from the homoskedastic
assumption as well.

ARCH (autoregressive conditional heteroskedasticity) models were introduced by Robert Engle
in a 1982 paper to account for this behavior. Here the conditional variance process is given an au-
toregressive structure and the log returns are modelled as a white noise multiplied by the volatility:

Xt = €t0¢
of =w+a X{ |+ ..+ apXthp,
where e; (the ’innovations’) are i.i.d. with expectation 0 and variance 1 and are assumed indepen-
dent from oy for all £k < t. The lag length p > 0 is part of the model specification and may be
determined using the Box-Pierce or similar tests for autocorrelation significance, where the case

p = 0 corresponds to a white noise process. To ensure that o7 remains positive, w,; > 0 Vi is
required.

Tim Bollerslev (1986) extended the ARCH model to allow o7 to have an additional autoregres-
sive structure within itself. The GARCH(p,q) (generalized ARCH) model is given by

Xy = eoy

0f =w+ a1 X}y + o+ apXP 4 P17y + o+ Byt

This model, in particular the simpler GARCH(1,1) model, has become widely used in financial
time series modelling and is implemented in most statistics and econometric software packages.
GARCH(1,1) models are favored over other stochastic volatility models by many economists due



to their relatively simple implementation: since they are given by stochastic difference equations
in discrete time, the likelihood function is easier to handle than continuous-time models, and since
financial data is generally gathered at discrete intervals.

However, there are also improvements to be made on the standard GARCH model. A notable
problem is the inability to react differently to positive and negative innovations, where in reality,
volatility tends to increase more after a large negative shock than an equally large positive shock.
This is known as the leverage effect and possible solutions to this problem are discussed further in
section 6.

Without loss of generality, the time ¢ will be assumed in the following sections to take values
in either Ny or in Z.



2 Stationarity

The first task is to determine suitable parameter sets for the model. In the introduction, we
considered that w,a, 3 > 0 is necessary to ensure that the conditional variance o7 remains non-
negative at all times ¢. It is also important to find parameters w, o, 3 which ensure that o has finite
expected value or higher moments. Another consideration which will be important when studying
the asymptotic properties of GARCH models is whether o? converges to a stationary distribution.
Unfortunately, we will see that these conditions translate to rather severe restrictions on the choice

of parameters.

Definition 1. : A process X, is called stationary (strictly stationary), if for all times t1, ..., t,, h € Z:

FX($tl+h, veny xtn+h) = FX(IEtl, .’L’tn)

where Fx(x¢,,...,24,) is the joint cumulative distribution function of Xy, ..., X;

n*

Theorem 2. Let w > 0 and o, f > 0. Then the GARCH(1,1) equations have a stationary solution
if and only if Ellog(ae? + 8)] < 0. In this case the solution is uniquely given by

J

= w(l + i H(aef_i + 5))

j=14=1

Proof. With the equation 07 = w+ (ae?_; + 3)o?_;, by repeated use on o;_1, etc. we arrive at the
equation

ko J k+1
of =w(l+ ) [[(aet; +8) + (] (aet; + )iy,
j=1i=1 i=1

which is valid for all £ € N. In particular,

(ae?—i + ﬂ))v
1

o2 > w(l+

k
Jj=

J
14=

since a, 3 > 0. Assume that o7 is a stationary solution and that E[log(ae? + 3)] > 0. We have
J J J
log B[] [ (aci_; + 8)) > Eflog ] [(acii + 8)] = 3 _ Ellog(aci_; + 9)]
i=1 i=1 i=1
and therefore, if E[log(ae? + 3)] > 0, then the product ngl(ae?_i + () diverges a.s. by the strong

law of large numbers. In the case that E[log(ae? + 3)] = 0, then 22:1 log(ae?_; + () is a random
walk process so that

J
lim sup Z log(ae? ; + ) = oo a.s.
J=ee o
so that in both cases we have
J
lim sup H(aef_i + 3) = o0 as.



Since all terms are negative we then have

j
o2 > lim supwH(ae?,i + ) = o0 as.

Jj—00 i—1

which is impossible; therefore, E[log(ce? + 3)] < 0 is necessary for the existence of a stationary
solution. On the other hand, let E[ae? + 3] < 0. Then there exists a £ > 1 with log £ + E[log(ae? +
B)] < 0. For this £ we have by the strong law of large numbers:

1 ¢ as,
log€ + — > log(aei; + ) == log& + Ellog(ac} + 8)] <0,
i=1

SO
n

tog(€" [[(aet_; + ) = n(log& + > log(aet_; + ) 2% —oo,
=1 i=1

and
n

& H(ae?_i +8) 2% 0.
i=1
Therefore, the series
oo J
w(l + Z H(ae?_,- + 5))
j=11i=1
converges a.s. To show uniqueness, assume that o; and &, are stationary: then
n
o1 — 64| = (e}, + B)lo}y — 671 = (€" [[ (et + B)E [0}, — 57| = 0.
i=1
This means that P(|o; — 64| > €) = 0Ve > 0, so o, = 0y a.s.
O

Corollary 3. The GARCH(1,1) equations with w > 0 and «, 5 > 0,have a stationary solution with

w

finite expected value if and only if o+ B < 1, and in this case: Elo?] = a5

Proof. : Since E[log(ae? + B)] < log(E[ae? + 8]) = log(a+ ) < 0, the conditions of Theorem 1 are
fulfilled. We have

oo ]

Elof] = Elw(1+>" [J(act;+5))]
j=li=1

—w(1+ Y E[[J(act; + 8))

j=1 1

1=

=w(l+ Z(a + 8))

B w
(I-a-=5)
if this series converges, that is, if a + 8 < 1, and oo otherwise. O



Remark 4. This theorem shows that strictly stationary IGARCH(1,1) processes (those where
a+ B =1) exist. For example, if e; is normally distributed, and e = 1, 8 = 0, then

Ellog(ae? + b)] = Ellog e2] = —(y +log2) < 0,

where v = 0.577 is the Euler-Mascheroni constant. Therefore, the equations X; = e;o4; 07 = X2 |,
or equivalently X; = e;X;_1 define a stationary process which has infinite variance at every t. On
the other hand, 07 = 07 ; has no stationary solution.

In some applications, we may require that the GARCH process have finite higher-order moments;
for example, when studying its tail behavior it is useful to study its excess kurtosis, which requires
the fourth moment to exist and be finite. This leads to further restrictions on the coefficients «
and S.

For a stationary GARCH process,

E[X/] = Ele;]E[o}]

0o
<1+2Haet 1—1—5)]

oo J oo oo k1
1+2ZH el Z—I—B2+ZZHH(O€€?_¢+@(@€?—J‘+B)]

k=1 1=1 i=1 j=1

ZWZE[e§]<1+QZ(a+5)j+§:§:E [(ae? + B)2" (a + B)PVI- k/\l>,

j=1 k=1 I=1

which is finite if and only if p? := E[(aef + 8)?] < 1. In this case, using the recursion o7 =

w+of(aef | + ),

Elo}] = w? + 2wE[aei_; + BIE[0}_] + E[(ae}_, + B)*Elo;_4]
= w? + 2w? T Z:Bﬁ + p’Elo}],

S0
l+a+p

1=p)(l—a=5)

In the case of normally distributed innovations (e;), the condition p? < 1 means

E[X/] = E[0}]E[e;] = w’E[e}]

E[(ce? + B)%] = &®Elef] 4 2a8E[e?] + 5% = 3a* 4+ 2a8 + (% = (a + B)* + 2% < 1.

The excess kurtosis of X; with normally distributed innovations is then

EXY] 3(1+a+ fw? 4
Var[X;2 7 (1 —a—B)(1—2a%— (a+f)?)(1=t=3)°
_ . 1-(a+p)
_31—2a2—(a+5)2 -3
202

= > 0,
1—2a%— (a+ B)?



which means that X; is leptokurtic, or heavy-tailed. This implies that outliers in the GARCH
model should occur more frequently than they would with a process of i.i.d. normally distributed
variables, which is consistent with empirical studies of financial processes.

More generally, for X; to have a finite 2n-th moment (n € N) a necessary and sufficient condition

is that E[(ae? + 5)"] < 1

Another interesting feature of GARCH processes is the extent to which innovations e; at time
t persist in the conditional variance at a later time atQ " - Lo consider this mathematically we will
use the following definition. For the GARCH(1,1)-process X = (X;), define

t+n t+n—1 k
_UOHaet+n 2+B +w Z Haet+n j—"_IB)
k=n j=1

Definition 5. The innovation e; does not persist in X in L! iff
E[rx(t,n)] = 0 (n — o0),
and almost surely (a.s.) iff
mx(t,n) 30 (n — o).
If every innovation e; persists in X, then we call X persistent.
To see how this definition reflects the heuristic meaning of a shock innovation persisting in the

conditional variance, consider that for a GARCH time series with finite variance,

l—a-—
E[rx(t,n)] = E[(E[a1f2+n] - E[Ut2+n ‘ QDW H a@t+n i+ B)]
l—a—-p
= (E[Uz?+n] - E[UtQJrn ‘ et]) w )
which tends to zero if and only if E[o7, ] — E[07,,, | €;] tends to zero as well.

Theorem 6. (i) If e; persists in X in L' for any t, then e; persists in X in L' for all t. This is
the case if and only if o+ 3 > 1.
(ii) If e; persists in X a.s. for any t, then e, persists in X a.s. for all t. This is the case if and

only if E[log(ce? + B)] > 0
Proof. (i) First,

t+n t+n—1 k
E[rx(t,n)] = of H Elae} ,_; + Bl +w Z H]E[aeirnfj + 4.
i=1 k=n j=1

For this value to be converge to zero (that is, for e; to not persist), we need E[o3] to be finite,
which means « + 8 < 1. On the other hand, let o + 8 < 1. Then we have

t+n—1
Elrx(t,n)] = ﬁ(a +6)"" +w Z (a+ B)"
k=n
w(a+ p)"



so e; does not persist.
(ii) Let Eflog(ae? + )] < 0. By the strong law of large numbers,

S log(ack; + 5) 3 Ellog(ae} + 5)] < 0

SO

logH el .+ B) —n( Zlog el Z+ﬂ))

=1
and therefore .
H(aef_i + ) L3 0.
i=1
This means that we have
t+n t+n—1 k
(t n _UOH O‘et—O—n z+ﬁ +w Z H aet—i—n j+ﬁ))a_s> 0.
k=n j=1
—0 —0

On the other hand, let E[log(ae? + $)] > 0. Then by the argument in the proof of Theorem 1, we
have

hmsupH aei_; + ) = oo as.

J—00 i=1

so that mx (t,n) cannot converge to zero.
O

It is a peculiar property of GARCH(1,1) models that the concept of persistence depends strongly
on the type of convergence used in the definition. Persistence in L! is the more intuitive sense,
since it excludes pathological volatility processes such as 0? = 302 ;, which is strongly stationary
since E[log(3e? + 0)] = —(v + log2) + log 3 < 0.

Definition 7. We call 7 := a+ [ the persistence of a GARCH(1,1) model with parameters w, a, 3.

As we have seen earlier, the persistence of the model limits the kurtosis the process can take.
Since the estimated best-fit GARCH process to a time series often has persistence close to 1, this
severely limits the value of a to ensure the existence of the fourth moment. From the representation
of 02 in theorem 2.1, we immediately have

Theorem 8. The autocorrelation function (ACF) of {X2} decays exponentially to zero with rate
mif <1



3 A central limit theorem

Having derived the admissible parameter space, we consider the task of estimating the parameters
and predicting the values of X; at future times ¢. Since X; is centered at every ¢, a natural
estimator for its variance is the average of the squares % oy X?. The following theorem will show
that, under a stationarity and moment assumption, this is a consistent and asymptotically normal
estimator.

Theorem 9. For a wide-sense stationary GARCH(1,1)-process X; with Var[X?] < oo, Elef] < 0o
and parameters w, a, B, the following theorem holds:

(Xf—E[Xf])g/\/’(O o 1+a+p (E[egl](1+aﬁ)+2ﬁ_ 1 5)’

' (1—a—p)2 1—p? 1—a-—

Si-
-

Il
—

t
where p? := E[(ae? + B)?] as in section 2.
Proof. By Corollary 2.2 the condition E[X?] < oo implies that o+ 3 < 1 and we have

w

E[X?] = E[o}] = 1—a-53

Similarly, we have seen that E[X}] is finite if and only if p> < 1 and in this case one has

l+a+p
(1-p)1-a=p)

Define Y; := X? — E[X?]. Then the variables {Y7,Ys,...} are weakly dependent in the following
sense:

E[X}] = E[0}]E[¢}] = wEl¢;]

Lemma 10. Let 51 < 9 < ... < 8§y < Sy +7r =1 and let f: R* — R be quadratically integrable and
measurable. Then

|Cov f(Yey, -, Ya,) Vil < CVE[2(Yay, o Ve, )]0

for a constant C' which is independent of s1, ..., Sy, 7.

Proof. Let w = w — E[X?]. Then we have

o j
Yt:wef(l—l-ZH ae; i+ B)).

j=14i=1
We define the helper variable
~ r—1 jJ
Y, =wef(1+ ) [](aci; +5))
j=11i=1
Then Y is independent of (Y, ..., Ys,) and by the Cauchy-Schwarz inequality:
’COV[ ( S19 Ysu) Y%” - ‘COV[ ( 81"“aYSu)7Y;5 - E”

< VE[2 (Y, oo Yo )IWE[(Y: — V)2




However, we have

oo J r—1 j
E[(Y; — wetZHaetl+B ZHaet,+ﬁ

j=1li=1 j=1li=1
oo J
HEIQ [ [(aeii +8))7

j=ri=1
= w?Elef|E[(] [ (aef_, + 8))E[(1 + Z H ae?_; + 8))%

k=1 Jj=r+li=r+1

2

= p” SE[e/Elo]
= pQTE[KE]v

and therefore

‘COV[ ( S15 00 Su Y;f ‘ < \/E \/E Yoisees )]pr-

Similarly, we will need an additional inequality:

Lemma 11. Let 51 < 53 < ... < 8y < Sy +7 =1 and let f : R* — R be bounded, measurable and
integrable. Then

|COV[ ( 817'”7Y;u)7yt}/t+h” < CHfHoopr
for any h > 0.

Proof. Define Y; as earlier. Then by Holder’s inequality,

|Cov[f(Yay, .oy Ye,), YiVirn]| = |Cov[f (Ve .., Vs, ), YiViss, — YiYiyn)|
<2l fllocE[| Y2 Yin — YiYignll-

Using the triangle and Cauchy-Schwarz inequalities, we have

E[|Y;Yign — YiYoun|] < B[[Y; = Yi|Yign] + erw|Yion — Yign|V
< \JEIY = W1 EDZ ] + VEVen — Vo) BT
< o B2\ B, + o JEYZ, ) EV,

(Covlf (Yar, ooy Yo,)s Yi¥ernll < 2B+ /EYZVEY)] flloop”

so that

10



The theorem to be proved is now

Sy B et Edlla s L,
Define N
0¥ = > E[YoYi] =E[Y§]+2) E[YoYi
and o .
o2 i Varwlﬁ >

Then we have

= E[X{] — E[X?] +2Z [(X2X3 - E[X2E[X?)).

However,

E[X§X}) = Elogoi]

k-1 jJ k

= E[o? (a0 (aei_; + B) + o? H (aei_. 4+ B))]
j=11i=1 i=1

= (ot 8)Biod) + o O gy

(1+a+5)(04—|—ﬁ)k+1—(a+5)k
1-pP)1-a-p) (Q-a-p)?

:(JJ2( )7

SO

l+a+p i 1
(1 pP?)(1—a—pB) (1—a-p)?
1+a+6)(a+6) (a+ B)F
*22 i-a-p) (-a-BP

0? = WElef]

_l’_

B w2 sl+a+p 1 l+a+8 1 = X

_1_a_/8(E[€t] s —1_a_5+2( 2 —1_a_5);(a+5))
? 1—(a+p)> 2+ 20+ 23 2

:(1_;}7_5)2(1@[6?] l(in) —1+ 1i¥p2 _1—a—ﬁ)

o, 1+a+p <E[e§](1+a—ﬁ)+2ﬁ_ 1 )

_w(l—a—,é’)Q 1_p2 1—04—IB

11



Since Y; is centered for every ¢, we have

N 1<
67 — 0| = I Y EYY) - o

s,t=1

= B 2 30 - " v - 02

nl
<2ZIE%Yk|+2Z E[Yo V3]
k= 1
< 2C4/E[YZ] Zp +2C4/E[YZ] Z——m (n — o0),
—0 —0

using the weak independence of the variables {Y;}, where the limit of the second sum is due to
Kronecker’s lemma since > ;- p* < oo. This means that 52 — o2 for n — oo.
We now define

Yy :XtQ_E[XE] (t<n)
T/ T/ -
By Slutsky’s theorem, it is enough to show that Y )" ; Wi, ; 2, N(0,1). For k < n define

Wn,t =

k k-1

Up k1= Var[z Wht| — Var[z Wit
t=1 t=1
Then we have
k—1
Up k= Var[W, ;] + 2 Z Cov[Wi,t, W k]
t=1
1 k—1
= —(E[Y?]+2) E[YY,
7 ]+ 23 B
=5 Calr tZ; E[Y,Yi]),
————
—0

S0 Ny tends to 1 as n — oo for all k. In particular we have maxy<y, v, — 0 (n — 00) and that
Up, is positive for all n > k > Ny for a large enough Ny € N. Without loss of generality, we may
assume that v, ; > 0 is true for all n, k.

For every n € N let Z,,1,Zp2, ..., Znn be independent random variables, also independent from
W, i, for every k, and such that Z,, , ~ N(0, vy, x). Since

Znt 4 oot T 23 N(0,1),
NN(Ovzk 'Un,k)

12



it is enough to show that
Elf(Wpi+ ...+ Wnn) — f(Zna+ ...+ Zpn)] =0 (n— 00)
for any function f € C3(R). Let f be any such function. For 1 < k < n we define the partial sums
Spk =Wpi+ . +Whi—1, Thp=Zpgy1+ ...+ Znn
(where Sy, 1 = T),, = 0), as well as
Api =E[f(Snp+ Wi+ Tok) — [(Snk+ Zng + Tok))-

Clearly,
E[f(Wai + oo+ Wan) = F(Zng + oo+ Zow) = 3 Anie
k=1

We now split A, , = A L AfL by defining

n,

Un

AL, = B (St + Wk + Tug)] = ELf (S + Tog)] = “SEELf" (St + T
Un

AP, = BLf (S + Zug + T = ELF Su + Tug)] = ZEEL (Sue + T

and consider each term separately. By applying Taylor’s theorem to f as a function in Z,, j, around
0, there exists a random variable &, € (0,1) with

z
A 22: = ]E[kaf,(sn,k + Tn,k)] +E[T£(fﬁ(5n,k + fn,an,k + Tn,k)] -

=0

Un,k

5 E[f"(Snk + Tok))]

where the first term is zero because Z,, j is independent of S, ., T}, . By the mean value theorem,

n n n n
2 3/2 1/2
S AP <o EIZE =0 W < Cf?;?fnvn{k > vk = 0(n — o0).
k=1 k=1 k=1 - k=1

N——
=1

Showing this for ASL is somewhat more difficult. Similarly to above, we find by Taylor’s theorem
a random variable 7, , € (0,1) so that

2

Wy Uy,
Anlgc =E[Wn e f (Snj + Tox)] + E[72 K (S + Toe Wk + Tok)] — T’kE[f"(Sn,k + T k)]
where
k-1
E[Wo ket (Sng + Tni)] = D E[Wo k(' (Snjr1 + Tog) = £/ (Snj + Tog))]
j=1
k—1
= EWnsWa " (Snj + &nkei W + To)]
j=1

13



for arandom variable &, 1, ; € (0, 1), again by Taylor’s theorem. Since vy, ; = E[W?2,]+2 Zf;ll E[W, :Wh i,
we then have

AN = STEW, Wi (F"(Sn + nk i Wi + Tok) — ELF" (Suk + Tok)])]

_ALD
7An,k

1
+ §E[W3,k(f”(5n,k + Tn,kWn,k + Tn,k) - E[f”(sn,k + Tn,k)m

_A1L2)
_An,k

For every d € N we split Afll}f) as follows:

A(l}f) _ A(1,2,1) +A(1,2,2) +A(1,2,3)

, n,k,d n,k,d n,k,d
where
1,2,1) 2 1" Y
A’ =EWE (f"(Snk + TogWak + Tog) — 7 (Snp—a + Tnk))]
ALZY = BIW2 (" (Snk—d + Tuk) — ELf" (Snk—d + Tui)))]
and

AED = BIW2 L (BIS" (Snked + Tu k)] = B[ (S + T )])]

From the second weak dependence lemma (Lemma 11), it follows that

1
AN = —[EVR(f" (Sus—d + Te) — ELF" (Sn—a + T

2
noz

1
= ‘Cov[f”(sn,k—d + Tn,k)7 Yk2]|
noz
< 1 " d
< — 1" lcp”,
noz

and therefore for every d > 0 there exists a Dy € N so that Vd > Dy:

n

1,2,2 1
S AUZY < ) ep? < 6.
k=1 Tn

For any such d, using the Cauchy-Schwarz inequality and the fact that f” is bounded, for any ¢ > 0:

n n n k
1,2,1
> A1 < CQCEW iy seym]) + D EWR il <evmy O (W)
k=1 k=1 k=1 j=k—d

n k
C Ce
= gE[YfHﬂmzeﬁ}] + S CE[Wakl D Wyl
n " k=1 j=k—d

14



for an appropriate bound C' > 0. Using the Cauchy-Schwarz inequality on every term in the above
sum, we have

C
|2A£le2d1 =52 E[Y Ly, zeymy] +*Z Z \/E W2, JE[W2 ]

" k=1 j=k—d
C Cld+1)e

< SEVP Ly, meym] + — 25— B[V <
T jEN

for large enough n and small enough €. In addition, we have

AUZD| = [EW2,]|[Elf “( wi—d + Tui)] = E[f"(Sng + Tl

< CIE[WZ,]] :E: (Wl
j=k—d

cd
= a3 ETIE)

which is summable over n. With § — 0 we have
n
Z AS}S) —0 (n— o00).
k=1

For the term AS}:) we use the triangle inequality and have for any d between 1 and k:

k—d
IAYDL < 1S EWa kW (" (Sng + e Wog + Tuk) — B (Snk + Tu))] 1+

j=1
k—1
+1 Y EWakWa i (f"(Snj + &k Was + Tok) — E[f"(Sns + Tui)])]
j=k—d+1

The first term tends to zero: for any ¢ > 0,

k—d
‘ZE[Wn kWnJ(f”(SnJ + &k, iWag + T k) E[f”(sn,k + Tnkm”
j=1
k—d
[flloo §~ %
= no2 r
Ml =pY _ 8
— n(l—-p)z —n

for large enough d (and n > d). The other term is split into three parts:

k—1

An1,71,,1) = Z E[Wn,kWn,j(f”(Sn,j + gn,k,jwn,j + Tn,k) - f//(Sn,jfd + Tn,k))]a
j=k—d+1
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k—1

ALY = N EWa i W (f"(Sng—d + Tag) = ELf"(Snja + Tui)))].
j=k—d+1

Y= N EWakWag (B (Sng—d + Tog)] — ELf"(Snj + Tu)))].
j=k—d+1

Using the weak dependence shown in Lemma 11, for large enough d:

k—1
1,1,2 1
AGD IS —5 D 1Covlf" (Snyma + Tog), YYil|
" j=k—d+1

IN

dp?®
o < 0.
Sl <

Additionally, for every e > 0,

n k—1
1,1,1)
|2Ankd [SCY. D EWaiWailgyy;zaeyl+
k=1 j=k—d+1
n k
+C Z W kW Ty f<nety D Wil
k=1 j=k—d+1 i=j—d
k—1 n k-1 i
C Ce
=% EY Yy, v zney] + = S B IWan kW[ [Wl]
" j=k—d+1 " k=1 j=k—di=j—d
C k—1 Ce n k—1 i
<=3 Y ENMYigvysee] + 500 > EIW kW [EIVE ]
" j=k—d+1 " k=1 ]ZkfdJrlz:] d
k—1 n 1 i
C Ce 2 9
S = > ENVYilgyy;sne] =3 > \/\/IEY FIE[Y?
N j=k—d+1 nk:l]zk d+1i=j—d
k-1 k-1
C Cde k=i 3
<= > EMYLviy;mney] + =3 Y p T RN
N j=k—d+1 nj=k—d+1
k-1

—0
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for large enough n with an appropriate € = €(n). Finally,

k—1
AL < (W W [ EBLF" (Sn o + Tuk) = £ (S + Tu)])
j=k—d+1
k—1 4 j—1
<ons? S (JEVAFIELY (W)
j=k—d+1 i=j—d
CAVEN?] 4y

Altogether, we have
Al ap'llf" e | CABIFIT(1—pt) | CaVERPI(L - p)
= o a3<1—m T <1— )

Od E[Y?2)(1—p

<3 —>0,

\ffﬂ(l— p)

letting n tend to oo and 0 to zero. Altogether, we now have

\ZA“]J — 0 (n — o0)

and the theorem is proved.
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4 Parameter estimation

Before attempting to estimate the parameters w, «, 8 of a GARCH(1,1) process, we first have to
show that they are unique - that they are the only parameters capable of defining the process.

Lemma 12. Let X; be a strictly stationary GARCH(1,1) model with a + 8 < 1. Then

oo
w fo—
O'tz = m + kgl O(,B 1X252—k'

Proof. Since § < 1 it is clear that the series converges with probability 1. Let Z; := ﬁ +
S0 apk~1X2 . Then one has
w o
w+ aXt2—1 +BZi1 =w+ othQ_l +(—w)+ —+ Z O‘Bkth—(kﬂ)
-8 =

w [e.e]
=757t Z O‘ﬂkth—(k-i-l) = 4,
1-5 k=0

so that Z; fulfills the same recursive equation as o2. However, by Theorem 1 the strictly stationary
solution is unique, so we must have Z; = o2 Vt. ]

Theorem 13. : Let X; be a GARCH(1,1) model with o + 8 < 1, w > 0 and where €7 is not a.s.
constant. Then the parameters w,a, 3 are unique.

Proof. : Assume that X; has two representations as a GARCH(1,1) process with parameters w, o, 5
and w, &, 8. By the above lemma, we can write

o0 ~ o
w ) Ak
o = —at E aftIXE = + E GTCA GRS
1-8 k=1 1- k=1

™

This means that afF 1 = @Bkil Vk; assuming otherwise, let ko be the smallest k& with apte~! 7
aBko=1 Then
N i—1 A nj—1 2
o2 5~ ﬁ + 2 ket (@ — & XE
t—ko — 48
0 o2 (ot — apf )
2

However, since e;_, is also stochastically independent from the right side of this equation, it must

be a.s. constant, which contradicts our assumption. Since afF~! = dBk_1 for all k, we have

[o¢] oo ~
az k—1_k ~ k=1 k @z
= aB T = aB" i = — V|z| <1,
Y > R

and by analytic extension we have
a(l — Bz) = a(l — Bz) Va.

Letting z = 0 we have a = &, which immediately leads to § = ﬁ and w = @. ]

18



Due to the complexity of the maximum likelihood function for GARCH(1,1) models, one gener-
ally uses an approximating function. Let § = (w, «, 8) and let (F;) be the filtration on Q generated
by {Xs: s <t}. Then one has

LO| xo,.c.xn) = f(xo, o0y @n | 0) = f(@n | Fno1)f(@n—1]| Fn-2)--.f(x1 | Fo)f(xo | 0),
SO

—log L(0 | 20, ..., wn) = —log f(xo | 0) = > _log f(a | Fr-1),
k=1

where f(xg, ..., 2, | 0) is the joint probability distribution of {Xj, ..., X;;} in a GARCH model with
parameters 6. With a large enough sample size, the contribution from f(xzg | #) is commonly
assumed to be relatively small and is dropped, resulting in the quasi maximum likelihood function

n—1

QL(O | 0, ..., xn) = — > _log f(zy | Fio1)

k=1

which is to be minimized. In the case of normally distributed innovations e;, we have

1 x%
f@ry1 | Fi) = eXP(—T)v
1/2%0,% Ok
SO
n —_

1 1 ) x?
log27r+2kz_l (logak(9)+ a%(9)>'

The parameter 6,, = (&, G, Bn) which minimizes this function given observations Xy = z, ..., X;, =

Q‘C’(e | xO?"',xn> = 9

2
Zp, or equivalently which minimizes [,(#) = £ 3"} (logo? + %), is called the Quasi-Maximum-
k

Likelihood estimator.

Theorem 14. (QMLE - strong consistency)

Let X be a GARCH-time series with parameters 6y = (wo, ag, Bo). Under the conditions
(i) 6o lies in a compact set K C (0,00) x [0,00) x [0,1)

(ii) e? is not a.s. constant

(iii) Bo < 1, ag # Bo, o+ Po < 1, wp >0

the QML estimator is consistent: 6, == 6, forn — oo

Proof. By Theorem 4.2, 6 is identifiable.

For each parameter 0, we define recursively o3 () = e and

o7 (0) = w+aXi_y + fop_1(0)

for k =1,...,n. Clearly, ai (0p) coincides with the true volatility. Since ag + B < 1, we know that
Eg,[X7] = Eg,[02(6p)] are finite for all k and therefore

Egy[|1a(60)]] = 1+ ) Egy[llog o]
k=1
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is also finite. Using the inequality logz < x — 1 (for x > 0),
1 o2(0)e?
Egy [|1n (0)[] — Egy 1 (00)1] = > Egy[log(a7(6)) — log(a7(60)) + % — ]

CINC R L qog PR(00)) | 0R(00)
= 2Bl s Sy 1120

a7 (6o)
a7 (0)
when 6 = 6. Since the parameter set K is compact, we have supgcr 8 < 1. Define

with equality only when = 1 Py,-a.s. for all k. Since 6y is identifiable, this happens only

~ 1 < X? 1< e2o2(0o)
ln(0) = = ) (logoi(0) + —/) = — > (logoji(6) + 5 =)
n ; k oi(0)” n ; F oz(0)
Then
sup|o?(6p) — o2(6)| = sup US|H(040€?—1' + Bo) — H(ae?_i + B)| < C'sup B
0eK ; ; 0eK
Using the inequality |log(§)| < mliflzjdy) for z,y > 0, we have
- RS |07(60) — o (0)] - 7(6o)
supll,(0p) — 1,(0)] < — sup Xi + |log
66K| ( 0) ( )’ n ;6&[( O']%( 0 0_13(0) k | ( 2(9) )|

I N 11~
< Csupj—Zﬂ Xk—i-C’sup——Zﬁ ,
n 9ckK W N
k=1 k=1
where supge i ﬁlef 22 0 since supgex B <1 and X ,3 has a finite moment of order greater than 0.
Using Kronecker’s lemma, we see that
7 a.s.

sup|l,(0) — 1,,(0)] — 0.

0eK
Finally, for every # € K and r > 0 let B, () be the open sphere with center 6 and radius r. Then
we have

liminf  inf  [,(f) >liminf  inf  [,(f) — limsup sup|l,(0) — 1,,(0)]
n—00 jeB,.(0)NK n—=o0 jeB,.(0)NK n—0o jef

I €2t
> liminf — Z inf <log oi(0) + w>
neo Mo — Ge B (0)NK oi(0)

2 9
. - 6o)
=FE inf log 02(0) + %
eo[éeBr(e)ﬁK( 5k (f) o2(0) )}

by Birkhoff’s ergodic theorem, using the fact that X is ergodic by condition (iii) . By Beppo-Levi’s
theorem (monotone convergence), we have

R 2 20)
E it (logo?(d) + TN L g (1000 (60) + 710)
oo ot (1080H0) + E5200) | = By g 60)
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as 7 — 0. This means that for every 6 # 6y € K, there is an open neighborhood U(#) of 6 in K

such that

efo(6o)
a%(6o)

Since K is compact, by the Heine-Borel theorem K is covered by a finite set of these open neigh-

borhoods U(#y), ...,U(6x) and B,.(6) for any r > 0. Since

liminf inf [,(0) > Eg, [log o1(60) +
n—00 Jeiy(0)

o . e20?(6p)
li inf 1,(0) < lim 1,,(6p) = lim 1,(0y) = Eg, [l o) + LA,
msup_ ff (6) < lim In(6) = lim 1y (00) = Eg, [log o1(6o) + 2(60) ]
for any r > 0, 6, must lie in B, (6p) for large enough n, and the theorem is proved. O

Theorem 15. (QMLE - asymptotic distribution)

Let X; be a GARCH-time series with parameters 6y = (wo, g, Bo). Define M = R x My x Mg C R3,
where My, = [0,00) if ag = 0 and R otherwise, and Mg analogously. Under the conditions

(i) O lies in a compact set K C (0,00) x [0,00) x [0,1);

(ii) et is not a.s. constant;

(iii) Bo <1, ag # Bo, g+ Po < 1, wyg > 0;

(iv) k = E[e}] < oo;

(v) E[Xf] < oo;

we have \/n(0,, — 6p) 2, &, where

¢ = arg jnf (¢ - Z)1J(00)(t = 2), Z ~N(0,(n—1)J(60)"")

and o2
1
0o) = Eg, | ————==02(,
‘]( 0) ) 0_11(00) 902 01( 0)]

is a positive definite matrix.
The proof of this theorem can be found in [4], Chapter 8. However, it is useful to see the
2 2
following equality. Let f;(0) = logo?(6) + i< 50 that L(0) = 370, fr(6). Since e? = s
o7 (0) n a7 (6o)
independent of o2(f) and all derivatives of o7 at 6y, we have

Ey, [Bfta(:())} =Eg,[1 — €?] - By, [03(190) 8025960)} =

where the derivatives are understood as one-sided in case 6y lies on the boundary of (0, c0) x [0, 00) X
[0,1). Additionally,

52
o0

i

} + Eg[2¢2 — 1] - By, [L 4

1 0% 9
o (00) 962" (90)}

——=—>0
02002""

Eg, [ (90)] = Eo,[1 — €] - Eg, [
= J(bo),

so we may equivalently write )

J(00) = Eq, [88929]%(90)}-

Note that when 6y lies in the interior of K, M = R3 and £ = Z is normally distributed.
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5 Tests

We can use the QML estimator from section 4 to construct tests for the significance of the coefficients
in the model; for example, to test between the hypothesis and alternative

Hy:a9=0 H;: o> 0.
However, for technical reasons, it is difficult to test ag = By = 0 simultaneously.

The LM test )
Let 1, (0) := Y 1_, logoi(0) + 0?(’“0) be the QMLE as in section 4 (removing the factor 1 for conve-

nience in the below equations). We construct 0, as the QML estimator under the constraint that
a = 0. First, we assume that the innovations e; actually are standard normally distributed, so that
the QML estimator [,, is the true maximum likelihood estimator. Under the assumptions that 6
is identifiable and X; has finite moments of up to 6th order, one has the convergence

7= 25 N(0, 1)

and
(6, — 00) = N(0,17Y)

2
where I = lim,,_, %%@ converges almost surely. The constrained estimator is then derived

through the method of Lagrangian multipliers: define A(0,\) = 1,(¢) — Aa. Then (On, \) =
argsup A(6, A). We have VA(6,,, \) = 0 and therefore

9
06

(0
a=0, —l,(0)=X][1
0

Let R= (0 1 0). Then we have

ViR (0, — 0,) = VaR(6, — 6y) = N (0, RT"'RT).

We have 1 9 L 8
= ——— ( ) = — — ) —
0 n@@lnen) nael”(%) I\/ﬁ(ﬁn 6o) + o(1)
and 19 19
so that
1 2 1

and therefore

= (RI"'RT) " "/nR (B, — 0p) + o(1) =5 N(0, (RIT'RT)™1).
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This means that

1 0, - A p
— —1,(0,) = RT = 0, RT(RI'RT)7'R).
i g () = BT J Py N RT (R R R
Let I, = %g—;ln(én), so that I, is a strongly consistent estimator for I. Then the LM statistic

LM(n) = (@) T 20 6n)

is asymptotically x2-distributed with Rank(R) = 1 degree of freedom.
In the case where e; are not normally distributed, one has in general

J = hm Vargo[ I,(0)] #1

faa

and it can be shown that the following limits hold:

1 0

%%znwo) 2y N0, )

and

V0, — 00) = N0, I JT7Y),
and therefore the LM statistic

g, = L(Om0n)

100, (6,,)
n. 00 ’

VI IART(RI;YJ, I P RT) 'R 5

It can be shown that this statistic is also asymptotically x2-distributed with Rank(R) = 1 degree
of freedom.

First, we show the problem that appears when attempting to test both ag = Sy = 0. Applying
the previous results to this case, we have 6y = (wp,0,0) under hypothesis Hy and therefore

where, letting x = E[e}],

1 1 wo wo

1 K—1
J = DE (ez —1)* | X2, (1 X2, wo)} = |wo Kwg Wl
0 wo 0 wo w(2) w(Q)

Since J is singular, no LM test can immediately be constructed.
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Testing ap = 0, we have 6y = (wo, 0, 8y) under Hy and therefore E[o7(6y)] = 125-. We then

Bo
have
1
1 8l ek — 1 D
Z X2, | 2w,
\/’ﬁ 69 ka 1 Uk 90) 0_1371(00)
1-8k a?_.(60) 17ﬁk71 .
where 0,3(60) = woi— g SO ];',%(190) = 1_%5 =: 94 and therefore
n (1 Vi Vi
. 1 0l (6p) . o k—1
J = JLH;OVM[% 90 = nh_{{)loﬂz Yk fi%‘fjgfl(@o) 71901271(90) )
k=1 \7k  Yk0j_1(00)  Ykoj_1(60)

and we have with g, = Y 11 Yk, Sn = D _pey 'ykai_l(e),

2ut 2 0 79”2
Sn— Sn—
B ' An n—9n 1 n- lgn
J =1 0
= nl—>ngo 1 sn(k—1) sn(k—1
k —9n —1 Snk—3gn

sn—g  sn(h=1)  sn(sn—g3)(k—1)

where the limit in each matrix entry exists. To see this, consider for example that with 0 < 5y < 1,

gnzzl_ o ' 1=fo Vo (n) +n+O0(1)
=1 1_/80 Bolog o "™ ’

where 1)g,(n) is the Sp-digamma function and

. 7/}50( ) o - . (T)H—Z
Jim = =logfo . Jim A—A)
n=

=0

by uniform convergence, so that lim,, s gﬂn = 1 Additionally, we have

n k 1)
kZ:: 1- 50 1 - 50)
- -1 -2 -1 1
OB =2) | BVt D)
(Bo —1)?Bo B log Bo
and % — 1 — By follows. Thus the limit J is indeed invertible, with inverse
1
0 -1
1—
a1 Oﬁo 16y _1-fo
k—1 Tl 175
1 =6 1=hHo
Kk—1 k—1
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On the other hand,

1 9?
In = *@ln(eo)

1 Z 0 {X2 J,%(Go) 80%(90)}

90| 203(680) o0
1 Z 2X? — 02(0) 0o (6y) (80,%(00))T
ni 20%(0) 06 00
g2 -1 X ()
= ﬁz 254 (6o) QXk—l ) kal Xk7410k71(90) )
k=1""F oj_1(60) Xi_y05_1(60) oy,—1(00)

A

which converges almost surely to %J due to the factor of % Defining J,, = “T_lfn where

~ 1

. 1R 2X? —0i(0n) _
Inzgz—wie X2l (1 X2, oi_1(6n)),
= 20k(0) o7ty (0n)
we have ] 5
RI;V 0 RT = B RITIRT = WCESY " ol
Sn(k —
and considering that -2 Ll (00) =350, z‘(’g()en) X2 | |, the LM statistic can be calculated.
5 FoL
-1 (0n

Testing for covariance stationarity

The GARCH(1,1)-process is covariance stationary if and only if ag + Sy < 1. The problem of
determining whether the process has a stationary solution or not may therefore be addressed with

a parametric test. Let
Hy:a0+ 5y >1 Hy a0+ o < 1.

Here, 0 lies in the interior of a compact parameter space K, so that the QML estimator is asymp-

totically normal:
V(o — 6,) 25 N(0, (k — 1))
and with R= (0 1 1), if Rfy =1, we have
(R, —1) 25 N(0, (s — 1)RIRT).
This leads to the asymptotic normality of the Wald statistic:

\/ﬁ(&n + Bn - 1) i} N(O, 1)

W, — :
V= )RR

and Hj is rejected if W,, < uq, where u,, is the a-quantile of the standard normal distribution.
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6 Variants of the GARCH(1,1) model

While the standard GARCH(1,1) and related GARCH(p,q) models are useful tools in econometrics,
they are unable to describe certain aspects often found in financial data. An important weakness
is their inability to react differently to positive and negative innovations - the conditional variance
considers only the squares of the innovations. However, many datasets display a leverage effect,
where negative returns correspond to higher increases in volatility than positive returns. Another
problem is the lack of clarity with regard to stationarity and persistence, where shocks may persist
in one norm but not in another in the GARCH model. The existence of almost-surely stationary
GARCH(1,1)-processes with infinite variance at every time ¢ is inconvenient.

A notable variant of the GARCH model which addresses these problems is the Exponential ARCH
(EARCH) model due to Nelson (1989). This has the additional advantage of greater flexibility

in the parameters by imposing the autoregressive relationship on log o?, which can take negative
values. The general form of the EARCH(1) model is

log o7 = w + B(les—1| — Elles—1]]) + ver—1.

It can also be shown that the conditions for stationarity, unlike the GARCH(1,1) model, are the
same for both wide-sense (almost sure) and covariance stationarity. A necessary and sufficient
condition for this is § < 1. However, the asymptotic properties of QML estimation for EARCH
models are not as well known as the GARCH case.

Another possible extension of the GARCH(1,1) model to allow for asymmetry is the QGARCH(1,1)
model of Sentana (1995):

of =w—+aX{ |+ Boj_y +ver-1,

where appropriate restrictions are necessary to ensure that o; remains positive. These are given
by w,a, 8 > 0 and |y| < 2y/aw. Many of the properties of the GARCH(1,1) model carry over

immediately to QGARCH. For example, the QGARCH model has unconditional variance ﬁ if
a+ 8 < 1 and undefined otherwise, and a4+ 8 < 1 is also necessary for covariance stationarity.

The AGARCH(1,1) (asymmetric GARCH) model developed by Engle and Ng (1993) is another
approach to allowing the GARCH model to react asymmetrically. It is defined by

X, =eoy, ol=w+a(Xi1+7v)*+ P02,

where v is the noncentrality parameter.
Another interesting model is the TGARCH(1,1) (threshold GARCH) model developed by Jean-
Michel Zakoian. Here, the autoregressive specification is given for the conditional standard devia-
tion instead of the variance:

Xt = eoy

o= w+ oﬁX;r_1 +a X, |+ foi—1

where X,;" = max{0, X;} is the positive part of X; and X, = min{0, X;} the negative. This is
another model developed to account for asymmetric reactions to shocks, which has the advantage of
being closer to the original GARCH formulation but also requires some non-negativity assumptions
for the parameters.
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7 GARCH(1,1) in continuous time

The diffusion limit

Heuristically, we will consider in this section whether increasingly frequent observations of the
time series will lead to a better model. Although this may seem intuitive, it is easy to see that this
should not be the case in general: even in a non-stochastic setting, increasingly fine interpolation
can lead to large errors without the assumption of differentiability. However, we will show that
highly frequent observations will lead to a more accurate model in certain cases, where the precise
meaning of “leading to a better model” will be the weak convergence of processes.

Nelson (1990) has studied the relationship between GARCH(1,1) and similar models, and stochas-
tic differential equations in continuous time. His main result is that in a sequence of GARCH(1,1)
models to increasingly small time intervals, under certain assumptions on the parameters, the
conditional variance process converges in distribution to a stochastic differential equation with
an inverse-gamma stationary distribution. This means that for sufficiently short time intervals
the GARCH log returns can be approximately modelled with a Student’s ¢ distribution. Since a
GARCH(1,1) process is Markovian, it is enough to consider convergence of Markov chains.

The following theorem gives conditions under which a sequence of Markov processes X, ( ) (k e N)
converges weakly to an Ito process as h tends to zero. Let D be the Skorokhod space of cadlag
mappings from [0,00) into R™, endowed with the Skorokhod metric. For every h > 0 let .FIEZ) be

the o-algebra generated by X ( ) L5 X Ig};b), P() be a probability measure on B", the Borel o-algebra

over R"™, and for every h > 0 and ke Nglet K ,g,i) be a transition function on R"; that means:

(i) for every z € R", K IEZ) (x,.) is a probability measure on B", and

(ii) for every A € B", K IEZ)(., A) is a measurable function.

and such that we have P(h)(X((kil)h € A| fli},i) = Klih)( ,5’,?,14) (M_as. VA € B, as well as
PO (XM = x kb <t < (k+1)h) = 1.

We define Xt( ) as the extension of X ,g},;) into continuous time; that is, Xt(
discontinuities at kh for all k. For h > 0 and € > 0 define

1
an(e.t) = 3 [ =)y - KL, oy

h)

is a step function with

1 (k)
bp(x,t) = h /(y - x)Kh,Lt/hJ (z,dy)
RTL
and for each ¢ = 1,...,n define

Chiie(z,t) /\ — )i *T K 1m) (2, dy)

where ay, and by, are finite if ¢, ;  is finite for all + with some € > 0.

Theorem 16. Let the following assumptions be fulfilled:
(i): There is an € > 0 so that for every R >0, T >0 andi=1,...,n:

lim sup Chie(z,t) =0
h=0z||<R, 0<t<T
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and continuous functions a : R™ x [0,00) — R™*"™ b:R" x [0,00) = R" so that

lim sup llap(z,t) — a(x,t)||p =0
h=0 |z|<R, 0<t<T

lim sup ||bh(xvt) —b(l',t)H =0
h=0||z||<R, 0<t<T

where |—||F denotes the Frobenius norm.
(i1): There exists a continuous function o : R" x [0,00) — R™ ™ so that

a(z,t) = o(z,t)o(x,t)T Vo € R, ¢t >0.

(iii): There exists a random variable Xy with distribution Py on (R™, B™) so that Xéh) 2, Xo.
(v): a,b, and Py uniquely determine the distribution of a diffusion process Xy with starting distri-
bution Py, diffusion matriz a(x,t) and drift b(z,t).

Then Xt(h) = X; where Xy is given by the stochastic differential equation

t

X; = X0+/ ds+/0

0 0

where By, ; is an n-dimensional Brownian motion independent of Xo. X; does not depend on the
choice of matrix square root o. In addition, for every T > 0, we have

P( sup [|X¢]| < o0) = 1.
0<t<T

This theorem can be applied to the GARCH(1,1) model with normally distributed innovations,
allowing the parameters «, 5, w to depend on h and making the innovations proportional to h. Let
Yi=>", <t X¢. Then one has the difference equations

h h n (h
Y = Yh((k?—l) + oy e

h h 1 h
(Ui(zk))Z =wh+ (02(11—1))2(/311 + BO‘h(eg(i—l))2>

with i.i.d. random variables (") ~ A’(0,1) (k =0,1,...). For B € B2 let v,(B) = P(V\",62) € B)
where we may assume that v}, satisfies condition (iii) of the theorem.

Let Fpi be the o-algebra generated by Yo(h), vy Yh((hk)—l)v O'(()h),. (h) Then

— h h h
E[h 1(Yh(k) Yh((k) 1)) | Fhr] = Ul(zk)E[egzk)] 0

and
B (01 — (0l)%) | Fial = (n+ (B -+ an — (o)),

so the limit condition in (i) can be fulfilled only if the limits

1— o —
limw—:wZO limMZO
h—0 h h—0 h
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2
. o . . « 2 . . .
exist. In addition, assuming limj_,o » = % exists and is finite,

B~ (o) — (@) 22 | Fisl
= 17 (wf = 201 = an = B0 + (1= — B2 (o)t + 203 (f)?)
= a?(a},))" + o(1),

and

E[h~ (Y = Y1) | Fuel = (o),

and
B~ (%) = V) (@hi)? = (@) | Ful =0,

for a term o(1) which tends to zero uniformly on compacta. Since
_ h h 1, _(h
Eh= (%) = Vi) | Pkl = 3R (o)) = 0
and

E[h~ {(oy011)) = (@)} | Fual = 0,

we have with € = 2,

ehie(w,t) = BNV = V() | Fu] —

o? 0
o) = (7 i)

b, o) = (w _0902) ,

assuming the limit conditions on oy, B, wp, condition (i) is satisfied. Letting 7 = <g

condition (ii). Under the assumption of distributional uniqueness, by Theorem 7.1 we have the
diffusion limit

and setting

0 2) fulfills
o

dY;g = O'tdBt
do? = (w — o})dt + aodWy,

for independent Brownian motions By, W;. Since the drift and variation terms are Lipschitz-
continuous, there exists a unique strong solution and therefore a unique distributional solution.
The corresponding Fokker-Planck equation for o7 is

0 1 92

%[(w — 0x) f] + 5@@ 2 f)

0

—flz,t) = —

2 fa)
where f(z,t) is the probability density of o7 given o3. A stationary distribution with p.d.f. g for

o? must satisfy g(x) = limy_,oo f(,t) and therefore

%a%?g(;ﬁ) = 2(w — Ox)g(x),
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SO

2 2
g/(ﬂf) = a2 (w — bz —« $)g($)
with solution 5
g(x) = Cam 20/ 2 exp(—2)

for a normalizing constant C'. This is the p.d.f. of an inverse gamma distribution up to the constant

factor and therefore
(zw/a2)(26/a2+1)
r20/a2+1) °’

so under the assumption that 26/a? +1 > 0,

ol N I120/0® +1, 2w/a?).
Theorem 17. Assume that 20/a? +1 > 0 with 0, o defined as above, and that
(0?2 2517120/ + 1, 2w/a?) (h — 0).

Then
("2 2y 1120/02 + 1, 2w/a?)
and

2
W el 2y (24 46/a)

as (h — 0) and kh remains constant.
Here, t(2 + 40/a?) is the Student’s t-distribution with 2 + 40 /a? degrees of freedom.
(h)

Proof. The first statement follows immediately from the above considerations since o;,;’ converges

(h)

in distribution to oy for h — 0 and k = % For the second statement, consider that %ehk is standard

normally distributed and independent of Ug,? for every h, k. Therefore we assume without loss of

generality that the process is stationary, that is,

(@2 ~ T (A p)

for every h, k, defining A = 20/a® + 1, p = 2w/a?. Since the density of (a,(f,?)2 is

g(x) = Ca=*! exp(%”)

with C' defined as earlier, the density of Ug,? is

_ 9(552) _ —22—1 —H
folx) = s 2Cx exp(—z),
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so that the density of the product \[ehk ahk is

so that the distribution of the product W ;:,? U,(Lk) =\ eg,? Jf(Lk) is

) = \/Em NS 5%;( ))

y2 —2)\ 1 F(Q)\—’_l)

which is the density of a t-distributed random variable with 2\ = 2 + 40/a? degrees of freedom.

The theorem is proved.

The COGARCH(1,1) model

O]

Recall that in the GARCH(1,1)-process with w > 0,«a,5 > 0, (see Theorem 3.1), we have the

representation

t—1 7

ZH el + ) +UOH ae? .+ )

]: =1
n—1 7 n—1

=w > exp()_log(aei ; + ) + af exp( D _(aej + B)).

j=0 i=1 k=0

This motivates the following continuous-time GARCH(1,1) variant due to Klippelberg, Lindner

and Maller:

Definition 18. Let (L:):>0 be a Lévy process adapted to a filtrated probability space (2, F, P, ;)
satisfying the usual conditions: F; contains every P-null set for any ¢, and F; = Ng>¢Fs. Define the

cadlag process
a(ALg)?

Xt:—tlogﬁ—ZIOg(1+ 3

s<t

) (t=0)
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and with a random variable oy independent of (L¢):>0, the caglad volatility process
t
o? = (w/eXSds +od)e = (t>0)
0
and the cadlag (integrated) COGARCH(1,1) process
G = /ades (t>0), Go = 0.
0

G: plays the same role as the cumulative log-returns Y; = Xy + ... + Xg from the GARCH
model described in section 1. The simplest example of a COGARCH(1,1) process is driven by
a Brownian motion: L; = B;. Since B; is almost surely continuous, we have X; = —tlog g, so

t_
= (w [ B7%ds+ o)Bt = w(lfggﬁl) + 02! In this case, o7 is deterministic. This is not surprising:
0

in general, the jumps AL, are the analogons to the innovations e, in discrete time.

Lemma 19. Let X; and o; be given as above. Then o? solves the stochastic differential equation
do}, = wdt + ofe™t=d(e ")

and therefore

o —wt+log6/ st—i—— Z 02(ALy)? + op.

0<s<t

Proof. : Let Yy = [[,<,(1 + M) Then

2
-Xz _ /Bt H(l + OZ(AIBLS) ): IBtY%,
s<t

and defining f(t,x) = B'z, we have by Ito’s lemma:

df (t,Yy) = (8'Y; log B)dt + 5*dYy,

and therefore

Xt—l—i—logﬂ/ XSds—l—ﬂZe_Xs AL)

s<t
using the fact that Y; has bounded variation. Since
¢ t s t s ¢
eXt/eXSds = /eXSd(/ eXrdr) +//6XTdrd(eXs) + [eXt,/eXSds]t
0 0 0 0 0

S

0
t t t
= /e_XSeXSdS—i—//eX’“drd(e_Xs) + [e_Xf,/eXSds}
t
0 0 0 0
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by integration by parts and the chain rule, and since

t t t
[e_Xt,/eXSds logﬁ/e Xs / /d[slogﬁ,s]s =0
0 0 0
t r
e Xt / Xsds—t—i-//eXTdrd
0 0

we have

SO

do? = wd(e ™ [ eXsds) + o2d(e™ )

= wdt +w | eXedsd(e™t) + o2d(e™Xt) = wdt + oleX—d(e”

o\ﬁ O\“
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8 Example with MATLAB

In this section, we use the GARCH methodology to analyze the exchange rate between the U.S.
dollar and the euro since its full introduction in 2002.

1.3 T T T T T T

Yalue of USD in ELIR

1 1 1 1 1 1
1] 500 1000 1500 2000 2500 3000 3500
Days since 1 Jan 2002 Source: DANDA,

The above graph shows the daily average value of USD in euros each day from January 1st,
2002 until July 9, 2011. First, the data is transformed into its log returns. With the original time
series named ”data”, the MATLAB code is simple:

for i = 1:length(data)-1

temp(i) = log(data(i+1l) / data(i));
end
global log_returns = temp;
plot(1:length(log_returns),log_returns);

where the log returns are saved as a global variable so that they can be accessed easily in other
functions later on.

34



This returns the graph below:
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Alternating periods of volatility and relative quiet are visible, as well as a period of intense volatility
in late 2008 (around 2500 days from the start) which likely corresponds to the subprime mortgage
crisis. At first glance, the data appear to have heteroskedastic effects. We now estimate the param-
eters using MATLAB’s optimization toolbox. The Gaussian quasi-maximum likelihood function is
implemented and stored separately in a file called QMLE.m:

function y = QMLE(param)
global log_returns;
sigma2(1) = param(1)/(1 - (param(2) + param(3)));
y = log(sigma2(1)) + (log_returns(1l)~2)/sigma2(1);
for i=2:length(log_returns)
sigma2(i) = param(l) + param(2)*log_returns(i-1)"2...
+ param(3)*sigma2(i-1);
assert(sigma2(i) > 0);
y =y + log(sigma2(i)) + (log_returns(i)“~2)/sigma2(i);
end

where param is a vector (w,a, ), sigma2(i) is o2 and log_returns(i) is X;.
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The function QMLE is now minimized over the compact set
(1510715, 5] x [1 %1071 1] x [1 % 10715, 1]

under the additional constraint that o + 8 < 1 — 10712, The reason for this is that the constraints
must be given in the form Ax < b instead of Az < b. This optimization is done with

[param, fval] = fmincon(@QMLE, [0.0000002,0.03,0.96],...
[0,1,1],1-10"-15, 1, [1,1b,ub, []1,options)

where Ib = 107°[1;1;1] is the lower bound and ub = [5;1;1] the upper bound for the parameters.
MATLARB generates the output

param =
0.0000 0.0248 0.9744
fval =
-3.4017e+004

and we find (after increasing the precision) our QML estimator
O =227%10"% &=0.0248, = 0.9744

The function also generates the reconstructed volatility process o? (9n) described in section 4:

w1
12 T T T T T T
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where the dotted line represents the stationary volatility.
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We can now simulate the process for the following year. Since the parameters were estimated
using Gaussian quasi-maximum likelihood, it is appropriate that normally distributed innovations
should be used for the simulation. Normally distributed pseudorandom numbers are generated in
MATLAB with randn. We define the function

function [sim,sigma2] = simul(param,last_sigma2,last_observ,t)

assert(length(param) == 3);

assert(last_sigma2 > 0);

assert (param(1)*param(2)*param(3) > 0);

innov = randn([1,t]);

sigma2(1) = param(1l) + param(2)*last_observ~2...

+ param(3)*last_sigma2;

sim(1) = innov(1)*sqrt(sigma2(1));

for i=2:t
sigma2(i) = param(l) + param(2)*sim(i-1)~2...

+ param(3)*sigma2(i-1);

sim(i) = innov(i)*sqrt(sigma2(i));

end

Four simulated volatilities are shown below:
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which correspond to the following predicted exchange rates:
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9 Discussion

In this thesis, we have considered the strengths and weaknesses of the GARCH(1,1) model in math-
ematical finance, as well as the practical questions of parameter estimation and implementation.
GARCH models and variants have become ubiquitous in the theory of economic time series since
their introduction only 25 years prior. This is due to the relative simplicity of the model and the
wide range of processes it can approximate. Related models such as the EARCH and EGARCH
models of Nelson (1989) provide the ability to account for emperical phenomena such as the lever-
age effect at the cost of a more complex asymptotic theory for the typical estimators.

The investigation of multivariate GARCH models remains an active area of research. The need
for such models arises when one considers a set of time series with significant interdependence; an
example of this is the stock price of a manufacturing firm and the commodity prices for the re-
sources it requires. The most general model replaces the GARCH specification with matrix-valued
coefficients as well as a log-returns vector X; and a vectorized volatility matrix o; (that is, such
that o7 is the conditional covariance of X;). This is known as the Vec model. However, this can
be very difficult to work with, as necessary and sufficient conditions to ensure that o? is positive
definite are difficult or impossible to derive. Therefore, the Vec model is often restricted to models
such as the BEKK model. The theory of these models is beyond the scope of this paper.

Another area of further research is the connection between GARCH models and stochastic volatil-
ity models. Two examples of continuous-time processes which are related to the discrete GARCH
equations are mentioned in section 7; these are the only such classes of processes known at this
time. The stationary distribution of the diffusion limit may also contain information about the
stationary distribution of the GARCH model and thus its long-term behavior. In addition, the
convergence to the diffusion limit is weak and does not necessarily imply that the GARCH model
and the diffusion limit must be asymptotically equivalent.
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