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ABSTRACT. We give a general formula for generators of the NL-cone, the cone of
effective linear combinations of irreducible components of Noether-Lefschetz divisors,
on an orthogonal modular variety. We then fully describe the NL-cone and its extremal
rays in the cases of moduli spaces of polarized K3 surfaces and hyperkahler manifolds
of known deformation type for low degree polarizations. Moreover, we exhibit explicit
divisors in the boundary of NL-cones for polarizations of arbitrarily large degrees.
Additionally, we study the NL-positivity of the canonical class for these modular
varieties. As a consequence, we obtain uniruledness results for moduli spaces of
primitively polarized hyperkahler manifolds of OG6 and Kum,,-type. Finally, we show
that any family of polarized hyperkahler fourfolds of Kums-type with polarization of
degree 2 and divisibility 2 over a projective base is isotrivial.
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1. INTRODUCTION

In the classical study of moduli spaces of curves, modular divisors, namely divisors
parametrizing curves satisfying special properties play an important role. For instance,
the calculation of the class of Brill-Noether divisors ﬂgﬁ, parametrizing curves C of
genus ¢ that admit a g when g — (r+1)(g —d+1r) = —1 was an essential step in Harris,
Mumford, Eisenbud’s proof that M, is of general type for g > 24 [HMS82, EH87].

In the case of the moduli space Foq of quasi-polarized K3 surfaces of degree 2d, the
most natural source of modular divisors is Noether—Lefschetz divisors. A very general
point (S, H) € Fyq has Picard group Pic(S) = ZH and so the locus in Fyy where
p(S) > 2 is a countable union of divisors, called Noether-Lefschetz divisors (or NL
divisors). Concretely, a Noether—Lefschetz divisor Dy, on Faq is the reduced divisor
obtained by taking the closure of the locus of points (S, H) € Fy4 for which there exists
a class 8 € Pic(S), not proportional to H, with 3% = 2h — 2 and 8.H = a.

Heegner divisors generalize Noether—Lefschetz divisors to arbitrary orthogonal modular
varieties D/I" by viewing Noether—Lefshetz divisors as images of hyperplane arrangements
in D under the modular projection 7 : D — D / I'. More precisely, let A be an even
lattice of signature (2, n) with bilinear form (-, -) (which extends to A¢) and D, the Type
IV domain given by one of the two components (exchanged by complex conjugation) of

{[Z2) eP(Ac) [(Z,2) =0,{Z,Z) >0} .

We assume that I' is a finite index subgroup of Ot (A), the group of orientation
preserving isomorphisms of A acting trivially on the discriminant group D(Aq,) = Ay, / A
and consider the quotient D, /T". The fundamental example to have in mind is when

A=Ay =U% @ Es(—1)® ® Zl, with ((,0)=—2d,

and T = O+ (Agq). Then Foy = Da,, / O+ (Agq) is a coarse moduli space for primitively
quasi-polarized K3 surfaces of degree 2d.

For v € Ag, one considers the hyperplane section D, = v+ N D,. With the quadratic
form Q(v) = @, for a fixed class u+ A € D(A) and m € Q(u) + Z non-positive, the

cycle > vepsn D, is T-invariant and descends to a Q-Cartier divisor H,,, on Dy/T,
Q(v)=m
called a Heegner divisor. In general, H,, , is neither reduced, nor irreducible and its
irreducible components, called primitive Heegner divisors, are denoted Pa ;. In the K3
case, Heegner divisors are related to Noether-Lefschetz divisors via Dy, = H_,, , if d fa
2

and Dy, = 2 H_,,, if d | a, where m = & — (h — 1) and p = al, for {, = £ € D(Asy)

the standard generator [MP13, Lemma 3].

Maulik—Pandharipande conjectured [MP13, Conjecture 3| that the rational Picard
group Picg(Fq) is generated by Noether-Lefschetz divisors Dj, ,. Bergeron-Li-Millson—
Moeglin proved a generalization of Maulik—Panharipande’s conjecture, showing that,
in fact, the Picard group with rational coefficients Picg(Da/I") of any such orthogonal
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modular variety with n > 3 is generated by Heegner divisors [BLMM17]. The rank of
Picg(Dy/T') was computed by Bruinier in [Bru02b].

An important invariant of an algebraic variety X is its cone of pseudo-effective divisors
Eff(X), which governs much of the birational geometry of X. The cone Eff(X) is defined
as the closure of the cone of effective R-divisors on X. In general, it can be quite difficult
to determine when Eff(X) is finitely-generated, let alone compute it explicitly.

In the case of an orthogonal modular variety D, /T, a natural subcone of Eff(D,/T")
is the NL-cone Eff" (D, /T) of effective R-linear combinations of primitive Heegner
divisors on Dy /T. The NL-cone contains the subcone Eff (D, /T") generated by the (non-
primitive) Heegner divisors on D, /T". The study of NL-cones was initiated in [Pet15], in
the case Dy /T = Fyq, where Peterson raised the following questions [Pet15, Section 4.5]:

(1) Is EffNF (Fyy) finitely-generated (polyhedral)?
(2) Can we compute generators for EffVY (Fpq)?
(3) Is there an effective divisor not in BV (Fyq)?
Bruinier-Moller [BM19] answered the first question affirmatively, showing that for a

general orthogonal modular variety X = Dy / O™ (A) such that A is of signature (2,n)
and splits off two copies of the hyperbolic plane, the cone Eff*F (X) is always polyhedral.

In this paper, we tackle Question (2) for X =D, / O* (A) under the same assumptions.
We consider the Q-vector space Sy 5 of vector-valued cusp forms of weight £ =1+ 7
with respect to the Weil representation and the coefficient extraction functionals in S,}/, A

Crmp t Ska — Q, § :am#qmeu = Qe

Let b > [k/12] be an integer such that the set of ¢, , with 0 < m < b and p € D(A)
generates Sy ,. Then, we consider the weakly holomorphic modular form

(1) A" Eopyr1apa(-1) = Z " ey
(

m,p)
—b<m

where A(7) is the scalar-valued discriminant modular form and E(s_)1125a(-1) is the
Eisenstein series of weight (2 — k) + 12b associated to A(—1) (see Equation (5)).

Our first result is the following, with the explicit bounds in Theorems 3.4 and 3.6.

Theorem 1.1. Let A be an even lattice of signature (2,n) with n > 3 and X =
DA/O+(A) its modular variety. Fixing b as above, there are explicit bounds = and (2,
depending on k, the discriminant of A, and the oy, , with —b < m <0 in (1), such that
(1) The cone EffY (X) is generated by all H_,,,, with 0 < m < Z, when A splits off
one copy of the hyperbolic plane
(2) The cone EffN" (X) is generated by all P_ns with 0 < A < Q, when A splits off
two copies of the hyperbolic plane.
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Theorem 1.1 together with its implementation in Sage package [Wila] enables the
computation of Eff"" (X) given any such A (see Section 1.1 below).

The proof of Theorem 1.1 relies on the relationship between Heegner divisors on X
and vector-valued modular forms with respect to the Weil representation for A. In
[BM19] the polyhedrality of the NL-cone is established by showing that the Hodge class
A lies on the interior of the NL-cone, and the rays Pa Q> converge to A\Qs¢ as A
grows. Establishing a concrete list of generators of EffVX (X) amounts to making the
convergence rate explicit which translates into bounding explicitly the growth of the
coefficients of the relevant vector-valued modular forms (see Section 3). For vector-valued
cusp forms of half-integer weight, despite the considerable literature on bounds for the
growth of Fourier coefficients, we are unaware of a general bound with explicit constants.
Using Poincaré series and Kloosterman sums we derive weak, yet explicit, bounds that
suffice for our purposes.

1.1. Explicit Computations of Eff"* (X). We then focus on cases where the quotient
X =D,/ O™ (A) arises as (a finite cover of) a partial compactification of a coarse moduli
space of polarized K3 surfaces or hyperkahler manifolds. We give explicit formulas for
Eff"" (X) in terms of generating rays for low-degree polarizations: see Table 1 for the
case of (quasi)-polarized K3 surfaces, Tables 4 and 5 for the case of hyperkéhler fourfolds
of K3[2]—type, and Theorem 7.8 for the case of Kumsy-type hyperkéahler manifolds. In the
case of Faq, the calculations in Table 1 confirm (aside from one additional generator in
the case d = 13) the predictions in [Pet15] who computed, for d < 18, the cone generated
by the set of 8d generators Pa s, for 6 € D(A),A € Q(5) + s with s = 0,1,2,3, and
conjectured that this cone coincides with BN (Fay).

In the case of hyperkihler fourfolds of K32-type we also record the NL-positivity of
the canonical class, noting that Ky lies inside Ef"F (X) as soon as the polarization
degree exceeds the lowest possible.

Note that a negative answer to Question (3) above would imply, via [BM19], the
polyhedrality of Eff (X). In contrast, a positive answer, would arise from exhibiting an
effective divisor which is not an effective linear combination of primitive Heegner divisors.
One possible approach in this direction would be to exhibit a big divisor lying on the
boundary of Eff Y% (X). For this it is helpful to describe the boundary of Eff"* (X).

1.2. Boundary rays for arbitrarily high discriminant. While the Sage package
[Wila] enables the computation of generating rays of Eff"* (X) for fixed A, the approach
becomes computationally infeasible as the discriminant of the lattice A grows large. In
Section 4, we study the behavior of the NL cones Eff* (D, /T') in relation to finite
maps ¢: D/I" — D/I' induced by a finite index embeddings A’ C A. We show in
Proposition 4.2 that the pullback along ¢ preserves both the boundary and the interior
of EfV" (D /T). In particular if Z is an element of OEff¥* (D /'), then every irreducible
component of ¢*Z is contained in OEfF (D / I ) Moreover, we provide an explicit
formula in Proposition 4.5 for the pullback of a (non-primitive) Heegner divisor under
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such a map. In combination with the explicit computations discussed in 1.1, this enables
one to exhibit explicit boundary rays of Eff** (X) as discriminant of the lattice A grows
arbitrarily large.

We carry this out in more detail in the case X = Fy4. There, for any r > 0, the
embedding Agg2 < Aoy given by ¢ — rf induces a finite map ¢: Fog2 — Foq. In
Proposition 5.3, we give an explicit formula for the support of the pullback ¢* P, , of a
primitive Heegner P, , € EfNVE (Faq)-

Example 1.2. In Table 2 we compute the pullback under ¢: F5,2 — F5 of the two
generating rays P9 and P_1, of Eff¥L (F,) when 2 < r < 8. For instance when
r = 8, we obtain that the components of ¢*P_; y are

P10, Poyjee,, P-12e,, Povaser, Poveae, Pt g -

This singles out some faces of the boundary of Eff"* (Fi55). On the other hand, the
unigonal divisor P_1 , in F; is known [Sha80] to be extremal (in the boundary of the
effective cone) and thus all components of its pullback under ¢ lie in the boundary of
Eff (Fy2). Thus our method produces explicit extremal faces for large d.

It is natural to ask whether in the K3 setting P_; ( is always in the boundary of the
NL cone and if there is an example where it is extremal. Note that for moduli spaces of
higher dimensional hyperkahler varieties P_; o, can be in the interior of the NL cone, see
Theorem 7.8. The formula given in Proposition 5.3 together with the computations in
Table 1 allow us for instance to conclude the following.

Theorem 1.3. The primitive Heegner divisor P_; ¢ lies in the boundary of EfNF (Fogqr2)
forall1 <d <20 and all r > 0.

1.3. Uniruledness results. Mukai in a celebrated series of papers [Muk88, Muk92,
Muk06, Muk10, Muk16] constructed unirational parameterizations of Fa, for low-degrees.
This has been recently improved by Farkas—Verra in [FV18,FV21]. Much less is known
for higher-dimensional hyperkéhler varieties, where known unirational parameterizations
are available only for a few cases, all of them for moduli spaces of hyperkahler varieties
of K3"-type, cf. [BD85,0’G06,IR01,IR07,DV10, BLM*21]. Constructing unirational
parameterizations in low degree for moduli spaces of hyperkahler varieties of generalized
Kummer and OG6-types is a challenge where, as far as we know, no single explicit
construction is known. Here we consider the simpler problem of establishing uniruledness.

In Section 7, we consider the moduli spaces M qgo4 and Mo oy, Which are
the period domain partial compactifications of the moduli spaces (MgG&M)O and

(/\/l%ume d)o parameterizing primitively polarized hyperkahler sixfolds of OG6-type
respectively 2n-folds of Kum,-type with a primitive polarization of degree 2d and
divisibility v. We remark that the moduli space M’(Y)GG,Qd is always irreducible and in the
case v = 2 it is non-empty only when d = —1, —2 mod 4. Similarly, setting d = 1 and
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v € {1,2}, the moduli space M;(umng is irreducible and in the case v = 2 its nonempty
only when n =2 mod 4.

Theorems 7.2 and 7.5 establish the following uniruledness results:

Theorem 1.4. The moduli space M%Gmd 15 uniruled in the following cases
(i) when v =1 ford <12,
(ii) when v =2 fort <10 and t = 12 with d = 4t — 1,
(iii) when v =2 fort <9 and t = 11,13 with d = 4t — 2.
The moduli spaces My, o and M, o are uniruled in the following cases:
(i) when v =1 for n <15 and n = 17,20,
(i) when v =2 fort <11 and t = 13,15,17,19, where n = 4t — 2.

An immediate consequence of the work of H. Wang and the fourth author [WW21,
Theorem 5.4] together with Lemmas 7.1 and 7.4, appearing here, is the rationality of
M um, 2 and unirationality of Mgqe s and Mg .

Our approach to uniruledness is inspired by [Pet15]. The idea is to express the
canonical class of (a smoothing of a toroidal compactification of) such a quotient
M =D,/ O* (A) in terms of Heegner divisors H,, . One then uses formulas of Kudla
[Kud03] and Bruinier-Kuss [BKO01] expressing the intersection of these Heegner divisors
with the power A™mM=1 of the Hodge class A in terms of coefficients of an Eisenstein
series in order to show that the intersection of the canonical class with A\4mM-1 g
negative. Since \™M~1 i5 a covering curve (in particular nef) the canonical class is
then not pseudo-effective and uniruledness follows from [BDPP13].

Lastly as part of Theorem 7.8 we establish

Theorem 1.5. The moduli space (/\/l%(umﬂ)o parameterizing polarized hyperkahler
fourfolds with polarization of degree 2 and divisibility 2 is quasi-affine.

Motivated by the questions treated in [BKPSB98, DM22] (see [BKPSB98, Theorem
1.3]) an immediate consequence is:

Corollary 1.6. Any family f : X — B owver a projective base B of polarized hyperkdhler
fourfold deformation equivalent to Kumsy with polarization of degree 2 and divisibility 2
18 1sotrivial.

Acknowledgements. This paper benefited from helpful discussions and correspondence
with the following people who we gratefully acknowledge: Daniele Agostini, Emma
Brakkee, Jan Hendrik Bruinier, Yagna Dutta, Gabi Farkas, Paul Kiefer, Giovanni
Mongardi, Gregory Sankaran, Preston Wake, and Riccardo Zuffetti.
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2. PRELIMINARIES

Let A be an even lattice of signature (2,n) with bilinear form given by (-,-). The
bilinear form extends to A¢ and we call Dy one of the two components of

{[Z2) eP(Ac) [{Z,2) =0,(2Z,Z) >0} .

Further, we denote by T" a finite index subgroup of the group O" (A) of automorphisms
of A fixing the component D,. The quotient of Dy by I' is often referred to as an
orthogonal modular variety. It is a quasi-projective variety [BB66] that for various
choices of lattice A and arithmetic groups I' turns out to be a partial compactification
of a coarse moduli space of polarized varieties. The first case of interest in this paper is
when

Nog = U @ Exy(—~1)*? @ Z¢, with ((,0) = —2d

and when the arithmetic group I' = Ot (A) is the group of orientation preserving
isomorphisms of A acting trivially on the discriminant group D(A) = AY/A. The
quotient

Foq = DAQd/(~)+ (A2q)

is a coarse moduli space for quasi-polarized K3 surfaces (S, H), i.e., where H is primitive,
big, and nef, of degree H? = 2d.

As mentioned in the introduction, a very general point (S, H) € F; has Picard
group Pic(S) = ZH, and a large source of geometric divisors comes from imposing the
condition that the Picard rank jumps. These are Noether—Lefschetz divisors. There
are different characterizations of these divisors: by keeping track of a rank two lattice
embedding L — Pic(S), by imposing the existence of an extra class § € Pic(S) with
fixed intersections (5%, 3 - H) = (2h — 2, a), and by looking at images of hyperplanes in
Dhp,, via the quotient map

Tod - DAM — fgd.

These are all equivalent approaches (see [MP13, Section 1 and Lemma 3]). In what
follows, we focus on the third approach.

2.1. Heegner and NL divisors. We assume I' C OT(A). Let Q(z) = %x) be the

corresponding quadratic form. For fixed v € AY C Ag, we set
D, =vNDy ={[Z] € Dr|{Z,v) =0} .
Let u+ A € AY/A and m € Q(p) 4+ Z non-positive. Then the cycle
(2) > D,
veEu+A
Qv)=m

is I-invariant and descends to a Q-Cartier divisor H,, , called a Heegner divisor. In
general, H,, , is neither reduced, nor irreducible. The existence of two vectors v,v’ € AY
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with the same square and discriminant class for which D, = D,/ is a source for non-
reduced components of H,, ,. Similarly, several I'-orbits of elements in A¥ with the same
square and discriminant class give rise to several (possibly non-reduced) components.

Under the given assumption that I' C O+ (A), all the components of H,,, have
multiplicity two if g = —p in A / A and all have multiplicity one otherwise. Further,
the line bundle O(—1) on Dy C P (A¢) admits a natural I'-action and descends to a
Q-line bundle X called the Hodge bundle. One declares Hyo = —A.

In the K3 case Foq = Dha,, / O+ (A24), Noether-Lefschetz divisors are often described
as the reduced divisor obtained by taking the closure of the locus

Dh.a C Fod

of points (S, H) for which there exists a class 8 € Pic(S) with 4> = 2h—2 and 8- H = a.
In this case [MP13, Lemma 3], if d does not divides a:

a?

,Dh,a:Hfm,,u with m = R_(h_l)’ andu:af*.

Here ¢, = % € D(Ayq) is the standard generator. If d divides a, then Dy, , = %Hm,u- One
denotes by Picg (Faa) the subspace generated by all NL divisors Dy, ,, or equivalently,
Heegner divisors H,, ,. Maulik-Pandharipande conjectured [MP13, Conjecture 3| the
equality

Plcg (.ng) = PiCQ (ng) .

This is now a theorem:

Theorem 2.1 (Theorem 1.8 in [BLMM17]). Let A be an even lattice of signature (2,n)
with n >3, and ' C OT(A) a finite index subgroup. Then the rational Picard group of
DA/F 1s generated by Heegner divisors:

Pic§ (Da/T) = Picg (Dy/T).

Note that the above theorem in particular implies that irreducible components of H,, ,
must be linear combinations of other Heegner divisors. When I' = OF (A) the relation is
explicit and follows from Eichler’s criterion [GHS09, Proposition 3.3], [Son23, Proposition
2.15]: if A splits off two copies of the hyperbolic lattice U, then the SO" (A)-orbit of a
primitive element v € AV is determined by Q(v) = m and v+ A € AY /A. This leads to
the following definition (see [Pet15,BM19]). The primitive Heegner divisor Pa s is the
image via the I'-quotient map 7 : Dy — Dr / [ of the cycle

3) S D,

vES+A primitive
Q)=A

When A splits off two copies of U, and I' = Ot (A), the divisor Pa s is irreducible and
reduced when 6 # —¢ in D(A) and otherwise has multiplicity two. The relation between
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Heegner and primitive Heegner divisors [BM19, Equations (17) and (18)] is

(4) = > > Pusand Pag= > u(r) Hy .

r€Z>0 d€D(A) r€Z>0 ceD(A)
r2lm  ré=p rZ|A ro=6

where the yu(:) in the second equation stands for the Mobius function. Here 72 | m

means exactly that there is a class 6 € D(A) such that m/r? € Q(8) + Z

As stated in the introduction, our main object of study is the NL-cone Ef** (DA/F)
generated by primitive Heegner divisors, or equivalently irreducible components of
Noether-Lefshetz divisors.

2.2. Rational Picard group of orthogonal modular varieties. A recently estab-
lished key feature of our setting is that for a large collection of orthogonal modular
varieties the Q-vector space Picg (A / F) can be seen as a space of vector-valued modular
forms. This is what we explain now.

Let A be an even lattice of signature (2,n) with quadratic form @. The discriminant
group D(A) = AY/A is a finite abelian group endowed with an induced Q/Z-valued
quadratic form. The group algebra C[D(A)] is finitely generated and we denote the
standard generators by {e, | © € D(A)}. The metaplectic group Mp,(Z) is a double

cover of SLy(Z) defined as the group of pairs (A, ¢(7)) where A = ( (z Z € Sy (Z),

and ¢(7) is a choice of a square root of the function ¢7+d on the upper half plane H. The
product in Mp,(Z) is given by (A1, ¢1(7)) - (Aa, ¢2(7)) = (A1 Az, ¢1(Aa7)da(7)). There
is a canonical representation of Mp,(Z) attached to A called the Weil representation
A Mpy(Z) — GL(C[D(A)]). See [Bor98, Section 4] for a concrete description in
terms of the standard generators of Mp,(Z). Let k € 1Z. A holomorphic function

f:H — C[D(A)]

is called a modular form of weight k and type py if for all g = (A, ¢) € Mp, (Z) and
TeH

FAT) = () palg) - f(7).
and f is holomorphic at the cusp at co. Modular forms of weight k£ and type pj form

a finite-dimensional C-vector space denoted Mody, ». Such a modular form f admits a
Fourier expansion centered at the cusp at infinity of the form

Z Z am,uqme/u

HGD(A) me %Zzo

where as usual ¢ = €?™7. Here N is the level of A, that is, the smallest positive
integer such that N - @ is integral on AY. Further, from [Bor99, Lemma 4.2] and
[McGO3, Theorem 5.6], one can find a basis for Mody o where all Fourier coefficients are
rational numbers.
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The modular form f is called a cusp form if ag , = 0 for all isotropic elements 1 € D(A),
i.e, the function )  a,,q™ vanishes at the cusp of H. The function f is called an
almost cusp form if a,,, = 0 for all isotropic elements p except possibly 0 € D(A) (see
for instance [Pet15, Section 3.3]). Cusp forms and almost cusp forms form subspaces

SkJ\ C MOdZ’A C MOdeA.

Let I, be the stabilizer in Mp,(Z) of the cusp at infinity. Assume further that 2k = 2—n
mod 4. Then for every half integer k£ > 2 the Eisenstein series

(5) Ek,A(T) — Z ¢(T>2k X pA(A, (ﬁ)*leo — Z em,pqmeu
(A,0)€T o0 \Mpy (Z) m,u

is in Moda. The coefficients e,, , are rational numbers that were computed in [BKO1].
As QQ-vector spaces one has

MOdZ’A = @Ek,A 5> Sk,A-
Following the notation in [Pet15, BM19], consider the coefficient extraction functionals

Cmy s Mody , — Q

o= cmulf).

where ¢, ,(f) is the (m, u)-th Fourier coefficient a,,,, of f. These functionals generate
(Mod; A)V. The key theorem that allows us to study the effective cone is the following:

Theorem 2.2 ([Bor99, McG03, Bru02a, Brul4, BLMM17]). Let A be an even lattice of
signature (2,n) with n > 3 splitting off two copies of U, and T' C OF(A) a finite index
subgroup. Then the map

(6) p: (Modj )" — Picg (Da/T), Cmp = Homp

is an isomorphism of Q-vector spaces for k =1+ n/2.

Remark 2.3. Under the above isomorphism ¢, the Hodge class A is identified with the
functional —cg sending Ej 4 to —1 and Sy a to 0.

The fact that ¢ is a well-defined Q-homomorphism follows from [Bor99, McG03],
injectivity follows from [Bru02a, Theorem 0.4] and [Brul4, Theorem 1.2], and surjectivity
is Theorem 2.1.

2.3. Effective and NL cones. It was shown in [BM19] that, on the right-hand side of
(6), the functionals ¢,, , converge projectively to —cg o as m grows. This implies that the
cone spanned by all H,, , is polyhedral. Using the formula (4), Bruinier-Méller moreover

show that the cone EffVX (DA / O+ (A)) generated by primitive Heegner divisors Pa s is
polyhedral, answering [Pet15, Question 4.5.2]. More precisely, [BM19] shows that there
is a neighborhood U of QoA strictly contained in Ef"* (DA/6+ (A)) and a value A
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such that for all A > Ay, we have Px s € U. The NL-cone EfNVE (DA/6+ (A)) is then
the convex hull of the divisors Pa s for A < A,.

Formulas for the NL cones Eff* (F,y) for low values of d were conjectured in [Pet15]
by looking at truncated Fourier coefficients of the modular forms generating Mod%, Auy?

2 9y

see [Pet15, Remark 4.7.1]. More precisely, for d < 18 Peterson used (6) to compute the
cone generated by the 8d generators Pgs)4js for 6 € D(Agq) and j € {0,1,2,3}. He
then conjectured that this cone coincides with EffN* (F,y) for these values of d.

Confirming these formulas for a given d requires explicitly computing the ¢ and Aq
described above. This has to do with finding concrete bounds analogous to Deligne’s
bound for scalar-valued Hecke eigenforms of integral weight. Once these U and my
are computed, calculating EffM* <DA / Ot (A)) can be accomplished by computer. See
Section 3 for more details.

Let X be a normal Q-factorial quasi-projective variety with Picg (X) a finite dimen-

sional Q-vector space. The effective cone Eff (X) is the cone in Picg (X) generated by
all effective Q-divisors up to linear equivalence:

Eff (X) = (E € Picg (X) |E is effective)q_ .

When X is projective and h'(X,Ox) = 0, then Picg (X) coincides with the Neron-
Severi group NS(X)g and one recovers the standard definition. The definition for
R-divisors is the same. Further, the cone is often not closed and the closure is called
the pseudo-effective cone, denoted Eff (X).

3. NL-CONE COMPUTATIONS

Throughout this section, we assume that A is a lattice of signature (2,n) with n >3
splitting off one copy of the hyperbolic plane. We moreover consider the half-integer
k=14n/2.

As described in Section 2.3, in order to compute the NL-cone Eff* (DA / O+ (A)> for
a given lattice A, one needs to calculate a neighborhood U of QoA strictly contained in
EfNE (DA / O+ (A)) and an explicit value € such that Pas € U for all A > Q. Further,
as in Subsection 2.2, we view Modj o and Sy A as Q-vector spaces.

In order to find such an explicit €2, we fix a rational basis {fi,... far} for Sia. Let

e = Ej A be the Eisenstein series defined in (5). We use the isomorphism (6) to identify
each H_,, , with the coefficient functional ¢, , and hence a tuple

Cmp(es fro- o ar) = (Cmu(€)s Cmpu(f1) -, Cmpu(far)) € QYL

Intuitively, as m increases, the coefficients ¢, ,(€) of Ej o grow more rapidly than those of
any cusp form, and therefore ¢, ,(e, fi1,..., far) converges projectively to (—1,0,...,0),
which corresponds to the Hodge class A (see Remark 2.3). This convergence is proved in
[BM19, Proposition 4.5]. However to produce the required neighborhood ¢ and bound
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2, we need to make this convergence quantitative: we need explicit upper bounds for
the Fourier coefficients of vector-valued cusp forms and an explicit lower bound for the
coefficients of the Eisenstein series.

The coefficients of e can be expressed in closed form [BK01] and a lower bound of the
form ¢, ,(€) > Cya - mF~1, where Ci.a 1s an explicit positive constant depending only
on the lattice A and weight k, easily follows, cf. [BM19, Propositions 3.2 and 4.5]. As
for cusp forms, despite the considerable literature on bounds for the growth of Fourier
coefficients, we are unaware of a general bound (with explicit constants) that applies to
our situation so we derive one below. The bound we derive is only the trivial bound
O(mF*/?), but this is sufficient to distinguish it from the growth of the lower bound for

Cm,u(e)-

We will use the fact that the space of cusp forms Sy 5 is spanned by Poincaré series

1 _ i 9T b b

c,d€Z,
ged(e,d)=1

These are characterized through the Petersson inner product

— dxd
(f.g) = / o 2 B T o S

peD(A)

by the fact that they represent (up to a constant factor) the coefficient extraction
functionals: an arbitrary cusp form

(7) (A= Y anuare
HED(A) me L7
has Fourier coefficients a,, , which can be written

(4mm)*—+

® s = gy (- P

This implies that to bound the coefficients of arbitrary cusp forms, it is sufficient to
bound the growth of the “diagonal” coefficients of Poincaré series. More precisely:

Lemma 3.1. Suppose the coefficients of
Pk(mu Z Z Cm'ynﬁqeﬁ
BED(A) neQ(B
satisfy a bound of the form
(e, )] < C -
for some positive constants A and C. Then the coefficients of every cusp form (7) satisfy
the bound
(| < C-mAPHED2 L |
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with constant
- (47T)(k’—1)/ 2

C .= V.
['(k—-1)

Proof. From (8) it follows that the Petersson norm of Py (n, ) is

Tk —1)

1B gn || = \/<Pk,(m,u>> P () = rm) 2 [ pu (1, 1)
< /O T(k = 1) (4m)M2-1/2 . A2+ (-2,
The Cauchy—-Schwarz inequality then yields
(4mm)F1
|G| = WKJC s P m)|
(47m)k—1
< S M- 1Pl
2
< (47T)F(k )/ K_ A/2+(k=1)/2 I1f]- 0

The following lemma gives an explicit bound of the form required in Lemma 3.1.

Lemma 3.2. For any half-integer k > 5/2, the diagonal coefficients cp, ,(m, i) of
Py (m.p) satisfy
|Conu(ms )] < C-m

with constant
(2m)*

C=C(k) =

Proof. From [Bru02a, Chapter 1.2], the Fourier coefficients of

Z Z cmaﬂ(n7 B)qneﬁ

BeD(A) neQ(B)+Z
are given by the formula

Cmu(M, 6)—27T< ) Z Ji_1(4m/mn/c) - Re[ kac(,u,m,,B,n)],

where K., is the generalized Kloosterman sum
Kc(,u, m, /B, n) _ Z 62m(ma+nd)/c<p<M)_1€M, €5>,
de(Z/cZ)*

and J is the usual Bessel function. For our application, the trivial bound | K.(u, m, 8,n)| <
¢ will be enough.

The Bessel function satisfies the bounds

M
| J—1(2)| < —= YR where M ~ 0.78574687
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(cf. [Lan00]) and
k-1

x
|Jk—1(x)| 2k ]_1—\( )
(cf. [NIST:DLMF], 10.14.4). For small values of ¢ (say ¢ < n), we use the first bound:

lzn:%(]k_l(é‘:ﬂ'\/%/c) . Re[e—kac<lu’m767n)iH < (47.‘.\/%)—1/3]\4 . zn:cl/fﬂ
c=1 -

< (47T)71/3m71/6M . n7/6'

We use the second bound for ¢ > n:

> %Jk—wm/fs) Ree ™ K, (1, m, B,n)] | <

c>n

(QT)k—l(mn)(k—l)/Q 1
(k) pt ck=1
g (2 )L (b= 1)/2 (3K)/2
- L(k)(k —2)
ik < [ dt — ) Altogether, we have

et
L(k)(k—2)

(In the last step, we used

C>n
(1-k)/2
|Cm, (1, B)] < 27r<%> - (4m) "B VN TS

For the diagonal coefficient (m, u = (n, 8), we obtain

k
|Cm.(m M)|<21/37T2/3M-m+&~m.
AT = '(k)(k—2)

The claim follows because 2'/372/3M < 2.125. O
We now describe how to use the bounds of Lemma 3.1 to make the argument of

[BM19] explicit, thereby proving Theorem 1.1.
We will first describe how to compute the cone of Heegner divisors Eff (DA / 6+(A)>

Let (Modz’ A)v be the space of linear functionals on Mody, 4 and consider the cone C
generated by the coefficient extraction functionals

o
Conpy - Mod,aA — Q, E A" € > Q-

Write ¢ = Ympu€ + Sm,pu, Where e is the functional

e(Ek’A) =—-1, e =0,
Sk,L
and s, ,(Ex ) = 0. In particular,
EkA *eO_ZVm,uq €

We need to find an open neighborhood of e contained in the cone C. As in [BM19],
there is a finite set of indices (m;, i;), 1 < i < N and positive rationals \; such that
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Vv
Cnyp; SPANS Sk,L and

N
o) > M =
=1

Following [BM19, Proposition 3.3|, the \; can be constructed as follows. For b
sufficiently large (explicit) positive integer let f be the weakly holomorphic modular
form

f(7) = AT Bgoprimacy(r), where A(r) =n(r)* =¢- (1 -¢"*
n>1
is the scalar-valued discriminant modular form. Recall that

A(r) ™t =q"- (H . _1qn> =q" (ZP(”)Q"> :

n>1

where p(n) is the number of partitions of n. In particular the coefficient of ¢™ in the
expansion of A~? is zero for m < —b and the Fourier coefficients of the product f(7)
can be computed explicitly. We write

f(T) = Z Z am,uqmeu‘
nED(A(-1)) meQ
As a consequence of the residue theorem one has that for any cusp form f € S 4,

D CmpComu(f) =0

(m,p)
—b<m<0

and we simply have to choose b > [k/12] large enough such that the above functionals
C—m,u SPan S,\v/, A- Then taking such a collection as a generating set and \; = a_a% with
m; > 0 one can ensure (9) holds. This is the only input needed to produce a bound for
a generating set of both the Heegner and the NL-cones.

Example 3.3. As an example, we take the lattice A = A4 corresponding to the moduli
of degree four K3 surfaces. Then S% A, 18 two dimensional generated by

fr = (=128 — 57344 + .. ) eo + (¢"/* = 7¢"S + .. ) es,

+ (4864¢%% + 368640¢°2 + .. ) ear. + (¢ — T¢"F 4 .. ) ean,
fo=(—14q — 568¢> +...) eo + (32¢”/% +544¢"/% + . ) ey,

+(q"% = 188¢°% 4 .) ear, + (324" + 544¢"° + ) ey,

Here the dots mean higher-order terms. Since [k/12] = 1, we take b = 1. Then

AN =g (14142 +3¢ +5¢  + 77 +..)"

= ¢ ' 4+ 24 +324g + 31284 + . ..
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and one obtains

AL E;A(_l) = q_leo + 64q_1/8eg* + 14q_1/2e2z* + 64q_1/8e34* + 84eq + Z Q"€

(m, )
m>0

Recall that ¢, ,, = ¢;n,—,. One easily checks that the set of all ¢, , with 0 <m <1, in

this case {cm, ., Hiq with indices

(ma, 1) = (1,0), (ma, p2) = (1/8,4.), (ms, ps) = (1/2,2L,), and(ma, pa) = (1/8,3(.)

generates S,\é A, Then with A\; = &7, Ay = M\ = and \3 = Equation (9) holds.

84’ 84’ 84’

We will need to transfer these results for the Petersson norm in terms of the ¢2-norm
on QM. Recall that we identify each functional s,,, with the tuple

(Smp(f1),s s Smpu(far)) € Qv

where fi, ..., far is a rational basis of Sj 4.

Define an inner product on Modj , as follows: for f € Sk then | f| is the usual
Petersson norm and we declare the Eisenstein series Ej ;, to have norm one and be
orthogonal to S a.

To pass from ||f|| to the {>-norm || f||s2, we need a rational basis whose Petersson
norms can be estimated explicitly. One such basis was described in [Will8]:

(10) fm,u = Z Pk,()\Qm,Au)-
A=1

These are convenient because their Petersson norm is easy to bound using Lemma 3.1.
Indeed, writing f,,, = > c(n,v)q" e, one has

il <3 it
A=1

)
_CT(k- _
I'( k) 1||f | < Z

m)k/2
T i
_ C- F(k — ) (k 2) ||f H 1—k/2
(4m)k— i )
Therefore,
G'F(k_l) ‘C(k_2) 1-k/2
< .
HfmuH = (47T>k—1 m ’

So with respect to this basis, the Petersson norm and the ¢2-norm on Q of s, , are
related by
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[smu(F)]
1/l

[[$m.ull = sup
140

> — S
2 ST Z' 0P

(47)k=1 - max; m k/2 !

= E T = 1)k = 2)\/M sl

Now we can bound the number of generators of the cone C.

Theorem 3.4. For any choice of \; and m; as above (see Equation (9)), the cone C
generated by all coefficient functionals is already generated by c,, ,, with

R - Clp\2/@h)
)

where C, p is any constant such that the Fourier coefficients e(m, p1) of Eya are bounded
from below by

e (

|em,u’ 2 Ck,A ' mkilu

where R > 0 s such that the convex hull Cs of j:l—:“ contains the ball of radius R with
respect to the (?>-norm, and where

(O (k — 1)¢(k — 2)vM

b= k/2—1

(4m)k=1 . max; m,

where C is the constant from Lemma 3.1.

Remark 3.5. Note that Cg contains an open neighborhood of 0 by [BM19]. To compute
a concrete radius R, we write Cg C QM as an intersection of finitely many half-planes,
say {z : (v,z) < a}, and take R to be the minimum of |a|/||v]|,2, where the latter is the
standard ¢2-norm on Q™. As for the choice of a constant Cy 5, when the discriminant
of A'is D, it that can be derived from [BM19] is

16 /m\% VD 1-1/p
CkA— 5 (5) .C(k;—l/Q)F(k:) H 1_1/p2k—1'

primes
p|D

As an example, for the lattices A = Ay and k& = 21/2, this bound is approximately

1
Chon % 0.0002286 - Vd [ —/ZO
g L 1/p
podd

Proof of Theorem 35.4. The coefficient functional s,, , is bounded in operator norm by

smull < C -2
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by Lemma 3.1, and therefore in ¢?>-norm by
| $mullez < B - m*/?

with the constant B by (11). Recall that |le|]| = 1. Since C 1, is such that

k—1
Y, 2 C’k,A -m )
we have
c B _
H o < ‘ml k/2‘
TYm,p 22 Ok,A

Therefore, if %ml_k/ 2 < R then ¢, belongs to the interior of C.

O

Since the functionals ¢, , correspond to the (non-primitive) Heegner divisors H,, ,
under the isomorphism (6) of Theorem 2.2, Theorem 3.4 describes a generating set for

the Heegner cone Eff* (DA/6+(A)>.

We will now use the bounds of Theorem 3.4 in order to compute the NL-cone
EfNE (DA/()*(A)). As is the case in [BM19], we need to impose the added assumption
that A splits off two copies of the hyperbolic plane.

To state the explicit bound € in the case of the Pa s generating EffV* (DA/(S*(A)),

define the functionals
bas = Z p(r) Z Ca/r2,os

rE€ZL>0 c€D(A)
r2|A ro=0

such that via the isomorphism (6) one has ¢(pas) = Pas is the corresponding primitive
Heegner divisor by Equation 4. Let P be the cone generated by the pas. As in the
case of the Heegner cone, using the isomorphism of Theorem 2.2, a description of the

generators of P gives a description of the generators of BV (DA / O+ (A))

Theorem 3.6. Let B,Cy n and R be the constants of Theorem 3.4 and assume A has
discriminant D and splits off two copies of the hyperbolic plane. The cone P is already
generated by pas with

R- C]f,A -M 2/(2-k)
A= (B-<1+D-<c<k>—1>>2) ’

M::l—%( I1 (1+L1>)— I1 (1—]ﬁ>>>0.215.

p prime

where
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Proof. By Lemma 3.1 and the triangle inequality, for any cusp form f, we have

pasI<C-I- 3 S (7%)/%

r€ls0 oc€D(A)
r?|A  ro=6

<C. (Kl -Ak/z-ir_k~|{0€ D(A) : ro =0}

r=1
< CAME |- (14 D (CR) - 1),
On the other hand, if Fj;, denotes the Eisenstein series then the proof of [BM19,
Proposition 4.5] shows that
pas(Era)l 2> leas(Era)| - M
with the constant M defined above.

So we can copy the proof of Theorem 3.4, with the upper and lower bounds for ¢, ,
replaced by those for pa s: we multiply Cy p by M and C' (as part of the constant B)
by ¢(k) - D. O

Example 3.7. Continuing Example 3.3, the special basis (10) for S 21 5, consists of the
series

7159053 7683852

fise. = mﬁ * 7159051f2
; B 1 £t 209563208f
Y22 T 590517 2219305817

With respect to this basis, the convex set Cg is the triangle with vertices
(—7159053/4,—1/2), (—1/2,—3880799/602547), (2143005 /2873041, 122245370/979706981).
This triangle can be described by the inequalities € R? with
((2,602547), ) > —3880800, ((38,—108856407),x) > —13582800,
((—3175198,602547), ) > —2293200,

so we obtain the radius
. 3880800 13582800 2293200
R = min (

1(2,602547)[" ][ (38, —108856407)]| " ||(—3175198, 602547)

for the largest incircle centered at zero.

> ~ 0.1248

We have implemented Sage package [Wila], which, given a lattice A satisfying the
given hypotheses of this section, applies method described above together with the

bounds of Theorem 3.6 in order to compute the NL-cone Eff"* (DA / o (A))

The bounds above are far from being sharp. For example, with £ = 21/2 and A = Ay,
d < 10, the upper bound for A in Theorem 3.7 is given in the following table (rounded
to three decimal places):
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—1 [d=2 [d=3 [d=4 [d=5

Bound | 132.245 | 101.641 | 110.616 | 110.252 | 119.500
d=6 |d=7 |d=8 |d=9 |d=10
Bound | 130.571 | 119.825 | 124.493 | 142.932 | 140.355

On the other hand, in all cases we were able to compute, the cone of primitive Heegner
divisors is already generated in discriminant A < 2. As a practical matter, we found it
far more efficient to compute the cone generated by Heegner divisors with A < 2 and
then check afterwords that it contains all Pa s with A up to the above bound.

In Sections 5-7 below we explicitly compute EffVF (DA / Ot (A)) in the cases of moduli
of polarized K3 surfaces and hyperkahler manifolds.

4. FINITE MAPS AND NL-CONES

Now we place ourselves in the following situation. Let A, A’ be two even lattices of
signature (2,n) with n > 3, and A’ C A a finite index embedding. Let I' € OF (A) be an
arithmetic group and I'" a finite-index subgroup of the stabilizer of A’ in I". Then both
I' and I act on the same period domain D = D, = D, and the modular projection
D — D/F factors

(12) D p/T" 2 DT

Proposition 4.1. In the above setting,

¢*Ef" (D/T) c VY (D/T')  and ¢.EfY" (D/T') c EAN* (D/T).

Proof. Let P be an irreducible component of H,,, in D/I'. By definition (2), there
exists an hyperplane D, C D with v € AY C Ag such that Q(v) = m,v = p mod A
and 7t (D,) = P. Consider the I'-invariant hyperplane arrangement

U Dg(v)'

gel

Note that g(v) € A C (A)". In particular each mr(Dy(,)) is a component of H,, s with
g(v) =0 mod A’ and up to positive multiplicities

¢*P§ Oy (UDg(v)) < Z Hm,é-

ger sED(A)

This shows that ¢*P is a sum of irreducible components of Heegner Q-divisors on D / I
Similarly, let P be an irreducible component of a Heegner divisor H,, , in D / ['". There
exists v € (A/)Y with 3 gert Dy(w) descending to P via 7. The inclusion AY C (A ) has
finite index, let r be the smallest positive integer such that rv € AY. Since D, = D,.,,
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up to multiplicities we have

(b*P < 7 (U Dg(rv)) < Hrgm,é-
deD(A)

g€er’

O
In fact, in the case of the pullback map ¢*, we can say something even more precise.

Proposition 4.2. In the setting above, assume further that the Hodge class \ (resp. X')
lies in the interior of EfN" (D/T) (resp. EY" (D/T)), then
¢* BN (D/T) C OEEN (D/T')  and ¢ (EEY" (D/T))" c (B (D/T'))".

In particular if Z is an element of OEAN* (D/F), then every irreducible component of
»*Z is contained in OEANT (D/F’).

Proof. Let Z be an element of the boundary OEf* (D / F). Since by assumption the
Hodge class A is contained in the interior (EffNL (D / F))O, we have that for any € > 0,
the class Z — e lies outside of EfV* (D/F). If ¢* (Z — e\) € EffVE (D’/F), then by

Proposition 4.1 we have that the class
¢ (Z — e)) = deg(¢) (Z — )
lies in EfVE (D / F), which is a contradiction. Therefore,
O (Z —eX)=¢"Z — e
lies outside of EfVL (D / I’ ) for all € > 0. Note that by assumption ¢*A = X\ also lies in
the interior of (EffNL (D/F’))O. Hence ¢*Z lies in the boundary OEfY (D/F).

Similarly, if Z lies in the interior (EffN L (D / F))O, then for |e| > 0 sufficiently small,
the class Z—e lies in Eff"F (D/F) and so by Proposition 4.1, we have that ¢*(Z —¢c)) =
¢*Z — e¢* A lies in EfN" (D'/T). It follows that ¢*Z is in the interior (EfY" (D'/T))".

OJ

Remark 4.3. When A splits off two copies of U and I’ = O (A), then by [BM19, Section
4] the Hodge class is in the interior of the NL cone.

Let p € Ag and consider the reflection with respect to a negative

(13) op:vr—>v—2<v’—p>p€O(AQ).

{0, p)
The element p is called T-reflezive if (p, p) < 0 and 0, or —o, isin I' C O" (Ag). Note
that 0, € O (Ag) when (p, p) < 0. The same holds for —o, since —Id € OT(A) when A
has signature (2,n). Recall that the divisibility div(p) of a primitive element p € A is
the positive generator of the ideal (p, A) C Z. The reflection ¢, is in O(A) if and only if

div(p) is Q(p) or 2Q(p).
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The modular projection 7 is simply ramified [GHS07, Theorem 2.12 and Corollary
2.13] (see also [GHS13, Section 6.2]) along the union of hyperplanes D, where p is
[-reflexive. Further, since 7 = ¢ o 7, the finite map ¢ also simply ramified.

For v € A we denote by v, the primitive element in AY given by v/div(v). For p € Ag
we denote by P, (resp. Pp’) the irreducible and reduced divisor supported on the image
mr(D,) (resp. mr/(D,)). In particular, P, = P,,, and when p is primitive in A, with
p« = p/div(p), if (m,u) = (Q(p«),ps +A), then P, = P, , if 2u # 0 in D(A), and

P,= %Pm,u otherwise. The reduced branch divisor of 7 is then given by

(14) Br (nr) = Z P,
pr—orb.
p T-ref.

where the sum runs over PI-orbits of reflexive primitive elements p € A. Further, since
r = ¢ o 7y, the finite map ¢ is simply ramified at

(15) Ry= > P - Y P

PI’—orb. PI’—orb.
p D—ref. p I'—ref.

Proposition 4.4. Let A be an even lattice of signature (2,n). Then, the reduced branch
divisor of the modular projection 7 : Dy —> DA/OJr (A) always contains %H—Lo-

Proof. In light of Equation (4) the reduced Heegner divisor $H_; 4 is the sum of P, s
where p, € AV is primitive and for some integer r > 0

rp. € A and Q(rps) = O“p*,—;p*) = 1.

We have to show that for all such p, one has +o,, € O*(A). Note that (rp,,rp,) = —2

implies that rp, is primitive in A. Then the inclusion +o,, € 6+(A) follows from
[GHS07, Proposition 3.1]. O

4.1. Pull-back formula. The finite index embedding A’ C A corresponds to the
isotropic subgroup

H = A/A' C D(N) = (A’)V/A’
with the natural projection p : H+ — HL/H = AV/A. The map
¥ :C[D(A)] — C[D(A)]

SN epuy  if w e Ht
o .
0 otherwise.
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is equivariant with respect to the Weil representations p, and pys and induces a linear
map [Mal9, Lemma 2.1 and Corollary 2.2] given on Fourier expansions by:

Y Modiy — Modi . > Cul@en— > | Y Du(a) | e
WweD(N) ueD() \ pwemt
p(p)=p

Then the dual map ¢ : (ModZ?A)v — (Modz’A,)v acts on coefficient extraction
functionals by
Crnp 7 Cmp O Y = Z Cmp -

weHt
p(p)=p

In particular, via the isomorphism (6), the map on Picard groups Picg (D / r )
Picg (D/F ) is given by H,, , — Zu rep=1(0) H! . We observe that this map is, up to
multiplicities coming from ramification, the map from geometry given by the pullback
via the algebraic map ¢ : D/F’ — D/F sending I-orbits to I-orbits.

Proposition 4.5. The pullback ¢* : Picg (D/I‘) — Picg (D/F’) 1s given on Heegner
divisors up to multiplicity by

Supp (¢* Hp,y,) = supp Z

wep

Proof. Recall that H,, , is given by the quotient

Hpp=| Y. D,
vEu+A
Qv)=m

Further the projection p : H+ — D(A) induces a disjoint union decomposition of the
class p+ A € D(A) given by

w+ A= H W+ A, where Z D, = Z Z D,.

W eHL veEU+A W eHL vep/ +N
p()=p Qv)=m p(p)=p Qv)=m

Since for each p + A, the cycle 3 yeqnr D, is I'-invariant and descends to H), , in
Qv)=m
D / I7. At the level of supports we have

ot (Hpmp) = U D, /F/ = supp Z Hpp

vEU+A w'eH+
Q(v)=m p(u)=p
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5. MobuLl OF K3 SURFACES

As an example of how to apply the results of Sections 3 and 4, we now specialize to
studying the NL-cones Eff VX (F,4) and the finite maps of Section 4 in the case of moduli
spaces JFaq of quasi-polarized K3 surfaces. In this case Agg = UP* @ Eg(—1)%2 @ A;(—d)
and if £ and ¢’ are the generators of A;(—d) and A;(—dr?) respectively, the finite index
embedding Agg2 < Agg is given by ¢/ — rf. Further I = OF (Agq) and TV = O+ (Aggr2)
(see [GHS13, Lemma 7.1]), and the map ¢ in (12) is on coarse moduli spaces ¢ : Fogz —>
Foq. We will denote by 7, : D — Fag2 and 7 : D — Fyy the corresponding modular
projections and {e, f} will denote the standard basis of the first copy of U. From
[GHS07, Corollary 3.4], one has that a primitive element p € Agy with (p,p) < 0 is
[-reflexive if and only if

(16) (p,p) =—2 or (p,p)=—2d and div(p) € {d,2d}.

For p = Az + ml with x € U%®? @ Eg(—1)% primitive, the divisibility is div(p) =

ged(A, 2dm) and p. = m - #C(lp)ﬁ*.

Corollary 5.1. The reduced branch divisor of the modular projection w: D — Foq in
terms of primitive Heegner divisors P s is given by

1
Br(n) = 3 (P—Lo +Na-P_1 gy, + Mg P‘%v”*)

(17) + Y Pt > P

0<m<d/2 0<m<d
m2=1 mod d m2=1 mod 4d

with My =1 if d = 2 and zero otherwise, and

N, = 1 d=1 mod 4
0 otherwise.

Further, the ramification divisor of ¢ : Fog2 —> Faq in terms of primitive Heegner
divisors P’ is given by

Ry= > P+ > P+ > P —Br(m)

PT'—orb. PI’—o7b. PI'—o0rb.
<§7§>:72 <§7§>:72d <§7§>:72d
div(2)=d div(2)=2d

where the sums run over PI"-orbits of primitive elements p € Nyg,2,

s = s(p) = ged (r, diva,, , (p))
and Br(r,) is given by the same expression as (17) replacing d with dr?, P with P', and
¢ with 0.

Remark 5.2. Recall that for p € Ag we denote by P, (resp. P)) the irreducible and
reduced divisor supported on the image mr(D,) (resp. 7 (D,)) and when p is primitive
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in A, with p, = p/div(p), if (m, 1) = (Q(ps), p« + A), then P, = P, , if 210 # 0 in D(A),
and P, = %Pm,u otherwise.

Proof of Corollary 5.1. This is a direct consequence of (14) and (16). Since D(Agy) is

cyclic generated by the class of /, = 2%, when (p, p) = —2 the orbit of p only depends on

its divisibility, which is either 1 or 2, the second case occurring only when d =1 mod 4.
Two orbit representatives are then e — f and 2 (e + % ) + ¢, with corresponding
indexing pairs (Q(p.), p« + A2q) given by (—1,0) and (—1,d¢,). If instead (p, p) = —2d,
imposing div(p) = d forces p = Adz + ml with m? = 1 (mod d) and p, = 2m/,.

Conversely, for each such 0 < m < d an orbit representative is d (e + m2d_1 f> + mt.

The argument is similar for div(p) = 2d.

We obtain in this way all the terms in (14). to take multiplicity into account, observe
that P, = P_, and that P, , has multiplicity two when 26, = 0, in particular, Pﬁ,%
has multiplicity 2 if and only if d = 2.
iva, . 5 (p)

2dr2

d
For the second equation, note that ’S—’ = A ( T+ m§€ is primitive in Ayy; and

[-reflexive. The equation then follows from (15). O

5.1. Computation of Eff"* (F,;) in low degree. The method of Section 3 together
with the bounds of Theorem 3.6 (and their Sage implementation [Wila]) allow us to
compute the generating rays of Eff"% (Fyy) for low d. These calculations confirm (aside
from one additional generator in the case d = 13) the predictions of [Pet15, Remark

4.7.1 and Table 4.5]. We record these calculations in Table 1.

We remark that, using the formula Kr,, = 19X — $Br(m) together with the first part
of Corollary 5.1, one can express the canonical divisor Kr,, in terms of generating rays
of EffNE (Fyq), thereby determining the positioning of K F,e With respect to EfYE (Foq).
These calculations already appear in Peterson [Pet15, Table 4.5]. For all values of d
appearing in Table 1 (namely for 1 < d < 20) the canonical divisor Kx,, lies outside of
EfNY (Fag).

5.2. Boundary divisors in degree 2dr?. In the case of the moduli space of quasi-
polarized K3 surfaces Foq, we consider for any positive integer r > 0 the finite map
¢: Foarz — Foq induced, as in Section 4 by the embedding of lattices Agg2 < Aoy is
given by ¢ + r{. It follows from Proposition 4.2 that the pullback along the finite
map ¢ of any divisor lying in the boundary of Eff* (Fyy) lies in the boundary of
Eff"Y (Fog2). In particular, the pullback of any generating ray appearing in Table 1
lies in the boundary of EffNY (Fyy,2).

Proposition 5.3. Let P, , be a primitive Heegner divisor on Faq. Let 7y be the order of
pin D(Agg) and write pn = %daﬁ*, where ged(a,y) = 1. Then, letting r > 0 be a positive
integer, the support of the pullback ¢* Py, ,, under the finite map ¢: Faogrz — Faq 15 given
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by the formula
Supp <¢*thu‘) — U P%72dr(alj—'ys)£;7
ks)el(mp)
where the index set I(m,p) C Z X Z is given by all (k,s) € Z x Z such that

(i) 1 <k <r and k divides m,

(i) 0 < s < kr, subject to the condition that ged (k, 27d(a + 73)) =1 and

d
;(a + 75)2 = —ym mod vk?,

where the last congruence denotes that the difference of the two rational numbers
is an integer multiple of vk2.

Proof. We may choose a primitive representative p € Aoy of the (N)+(A2d)—0rbit of elements
in P, , of the form p = y(e+ tf) + af, where p has divisibility v and t = m — A/%cﬂ, SO

that (p, p) = 2v*m (and thus Q(p,) = g’%’;) = m). By primitivity, ged(vy,a) = 1.

Now a primitive element v = ykz + al € Aog with k € Zwg, © € U2 @ Eg(—1)%?
primitive, and div(v) = 7 is in the same O™ (Asy)-orbit as p if and only if v, = p, and
(v,v) = (p, p). Namely v is in the same O*(Agq)-orbit as p if and only if v, = %laé* is
congruent to %daf* modulo Ayy and 272/{2@ —2da? = 29*m. The condition %da = 27da
mod 2d is satisfied if and only if @ = (a 4 ys) for some integer s.

Therefore such a v exists if and only if one can produce a primitive z € U%? @ Fg(—1)%?
such that

272]{:2@ —2d(a + vs)? = 2v*m.

This is equivalent to the condition
d

(18) —(a +vs)*> = —ym mod vk*
Y

Moreover, note that the condition div(v) = 7 implies

2
ged <k, —d(a + 73)) = 1.
v

Further, the primitivity of p ensures ged(vk,a 4+ vs) = 1 and the primitivity of v. In
particular, elements of Ayg in the same OT(Ayq)-orbit as p are all of the form

(19) Vs = vkx + (a + vs)L,

for any choice of integers k, s and x € U%?@ Eg(—1)%? primitive, subject to the condition

2
(20) ged (k;, —d(a + ’ys)) =1 and g(a +75)? = —ym mod vk
g g
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For such a choice of k, s, let A = ged(r, a + sy) and consider the element wy s = $vy s,

see (19). Observe that
a+ sy

-
s = =k 4
W, )\fy T + \
is primitive in Asg2, since ged(5vk, “52) = 1 (using that ged(F, 2Vd(a +s)) =1 and
gcd(‘”%, 1) = 1). Moreover, note that Awy s € 7 Agq C Aggr2. Then we have
r? r? 2r2y2m
(W5, Wh,s) = ﬁ(vk,s,vk,s) = ?@’U) =z

Further, the divisibility of wy, s is given by

2d
ged (gfyk, QdTQHTm) = %gcd (k, TT(a + S’}/)) = %gcd(k‘,r}.

It follows that

(gm0, ety atsy
k,s)x* %g(}d(k‘, ,,a) A ’I""}/ng(k, ’l") fngd(k’, T) *
2r24%m 1 m
Q (twes)e) = =2

A2 2(Fged(k,r))? - ged(k,r)?
Therefore, the choice of integers s, k& corresponds to the component of ¢* P, ,, given by

P m 2dr(a+svy) o
gcd(k,r)2’ vged(k,r) ~*

However, if the pair (s, k) satisfies (20), then so does the pair (s,ged(k,r)). Since

both (s, k) and (s,ged(k,r)) correspond to the same component P, 2dr(a+sy,, Of
ged(k,r)2” vged(k,r) *

¢* Py, ,, we may restrict ourselves to pairs (s, k) as above where k divides r. Further,

since ged (k, %d(a + 75)) = 1, the integer k is coprime with 27‘1 and we may restrict
further to the case that k divides m. Such a pair (s, k) then yields uniquely to
the component of ¢*F,, , given by ’

Pﬂ 2dr(a+sy) g -
k2’ vk *

Similarly, we can reach all possible elements w& by taking 0 < s < kr. Note
that the condition (20) on (s, k) depends only on the value of s modulo k2. Since we
have assumed that k divides r, we thus may restrict to the case 0 < s < kr. This gives
us the formula for the support of ¢*F,, ,,. O

Example 5.4. We consider the case of F5 and apply Proposition 5.3 to compute the
pullback ¢*P_; o under the finite map ¢: Fyg2 — F» for some low values of r in Table 2.

Proof of Theorem 1.3. The theorem follows immediately from Proposition 5.3 together
with Proposition 4.2 and the computations of Table 1. O
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6. HYPERKAHLER FOURFOLDS OF K3Z-TvyprE

Let (X, L) be a primitively polarized hyperkéhler fourfold of K3®-type. Then the

Beauville-Bogomolov—Fujiki lattice (H*(X,Z), gx) is isomorphic to
AN=UP® Es(-1)®? @ A, (-1).

The polarization L comes with two invariants singling out a component of the moduli
space. These are the Beauville-Bogomolov-Fujiki degree 2d and the divisibility ~ €
{1,2}. Further, when v = 2, then d = 4t — 1 for some ¢t > 1. We will denote by
MZ{S[Q} 0 the partial compactification of the corresponding moduli space given by the
modular variety Dy, /Mon®(A, h), where after choosing a marking, Ay, is the orthogonal
complement of h = ¢;(L) in A, and Mon*(A, k) = O (A,), cf. [Marll, Lemma 9.2] and
[BBBF23, Proposition 3.7].

Unirational parametrizations of these moduli spaces are only available in degree 2d = 2
fory=1,and t = 1,3,5 with 2d = 8t — 2 for v = 2, ¢f. [BD85,0’G06,IR01,IR07,DV10],
see also [Mon13, Proposition 1.4.1]. Further, from [GHS10,BBBF23] it follows that

1 —o0o ifd=1 9 —o0 ift=1,3,5
Kod (MK?,[?LQd) - {20 if d > 12, Kod <MK3[2],8t—2> = {20 if t >12,t = 10.

With this in mind, in addition to computing the NL cones of these moduli spaces, we
aim to understand the positivity properties of their canonical classes. Recall that the

canonical class for these moduli spaces M;B[Q] ,q 18 given by the formula

1
(21) Ko =20\ — §Br (7a)
K

321 24
where X is the Hodge class and Br () is the branch divisor of the projection D —
Dy, /O™ (An).

We will denote by Ag and A; the lattices UP? & Eg(—1)%2 @ Qq (resp. @Q;) where

—2d 0 =2t 1
Qd:Z€+Z(5:( 0 _2) and Qt:Zu—l—Zv:( 1 _2>.

These correspond to the lattice Ay, for (X, L) in M%S[QLQ p when v = 1, respectively
v = 2 with d = 4t — 1. When v = 1, the discriminant group is isomorphic to
Z / 2d7. x 7 / 27, generated by ¢, and d,. When v = 2, the discriminant group is
isomorphic to Z/dZ and is generated by (2u + v),.

The computation of Br (7;) requires the following lemma classifying reflexive elements.

Lemma 6.1 (Proposition 3.2 and Corollary 3.3 in [GHS07]). A primitive element p € Ay
with (p, p) < 0 is reflexive if and only if one of the following holds

(i) (o, p) = =2,
(ii) (p, p) = —2d and div(p) = 2d,
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(iil) d is odd, {p, p) = —2d and div(p) = d,
(vi) d is even, {p,p) = —2d, div(p) = d, and p. = 2ml, mod Ay with m* = 1
(mod d).

Further, a primitive element p € Ay with {p, p) < 0 is reflexive if and only if one of the
following holds

(i) (p;p) = =2 and div(p) =1,

(ii) {p,p) = —2d and div(p) = d,
where d = 4t — 1.

Proof. The only case which is not treated in [GHSO07] is when v = 1, d > 1 is even,
(p,p) = —2d, and div(p) = d. In this case (see [GHS07, Equation (18)] the vector p
being reflexive is equivalent to

(22) 20=—(p,r)p. mod Ay for v € {l,, 0.}

Since the divisibility of p is d, we can assume p = dz+ml+2\d, with x € U@ Eg(—1)%?
and m, A € Z. For v = §,, Condition (22) becomes 0 = (p,d,) = 1(p,d) = —%\p,. Since
p is primitive, the class p, has order d, hence A has to be even and p, = 2m/l,+\d, = 2m/,
mod Ag. With v = d,, Condition (22) implies 2/, = —2m(p, L, )0, = =% (p, )l = 2m2/,.

Since (£,) = Z/2dZ, the condition holds if and only if m? =1 (mod d). O
The equation (14) gives us the following classes in terms of primitive Heegner divisors.

Proposition 6.2. Let my (resp. m) be the modular projection Dy, — DAd/6+ (Ag)
(resp. for Ay). Then, the reduced branch divisor is given by

1
Br(ma) =5 (P—l,o TP 15 +Cra Py s +Coa Py g + Mg Pﬁ,%)

+ Z Pfé,2m€* + Z Pfﬁ,mf*

0<m<d/2 0<m<d
m?=1 mod d m2=1 mod 4d

+ Coa - § PZ—dI,Qm&-i-(S* + § Pt e, ys.-

0<m<d/2 0<m<d
4m?=1 mod d m?=1 mod d
%53 mod 4 md_153 mod 4
Where My =1 if d = 2 and zero otherwise, and

1 d=0 mod4 1 d=1 mod4
Cig= . and Cyq = .
’ 0 otherwise ’ 0 otherwise.

Similarly, for m; one has:

1
Br (ﬂ't) = §P71,0 + Z P—é,m(2u+v)*7

0<m<d/2
m2=1 mod d

where d = 4t — 1.
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Remark 6.3. Note that the last summand of Br (74) is zero when d # 0 mod 8.

Proof of Proposition 6.2. The proof follows from Equation (14) and Lemma 6.1. As
in Corollary 5.1, it is an elementary case-by-case analysis. By Eichler’s Criterion, for
each square and divisibility (2r,~) singled out in Lemma 6.1 there is a contribution to
the sum for each orbit of a primitive element with the given square and divisibility or,
equivalently, for each pair ((p, p), p«) € 2Z x D(A) with (p, p) = 2r and ord(p.) = 7.
For the sake of brevity, we will only treat the first case, the rest are analogous. If
(p,p) = —2, then div(p) € {1,2}. If div(p) = 1, then p, = 0 in D(A,) and there is
only one orbit. One can take as representative p = e — f. This accounts for P_; . If
div(p) = 2, then p, has order two in D(Ay):

P« € {04, dl,, 0, + dl,}.

If p, = 0., then one can take as orbit representative p = d. This accounts for the
contribution P%ﬁ*. If p. = dl,, then pis of the form 2z+ad+3¢ with x € UP?@® Eg(—1)%?,
a even and  odd. Since (p, p) = —2, this forces d = 1 mod 4. Then one can take
as orbit representative p = 2 (e + % ) + £. This accounts for the contribution of
Coa- Pfidg*. Similarly, if p, = 6, + d/l,, then p is of the form 2x + ad + ¢ with both «, 8

odd. In this case (p,p) = —2 forces d = 0 mod 4, and one can take as representative
p=2(e+4f)+8+¢, accounting for the contribution Cj 4 - P_1 4, 45, The other cases
are treated similarly. O

Example 6.4. As an example of these computations of the branch divisor of Br (74), in
Table 3 we list the class of the branch divisor of 7, in the split case for low polarization
degrees in terms of primitive Heegner divisors as well as a linear combination of Heegner
divisors generating the Picard group.

Using the description of Br(7,) in Proposition 6.2, one can compute the canonical

- 2!
classes of the moduli spaces MK?)[Q]’M.

K32 24
of the canonical class for d < 5 in the split case, and t < 5 with d = 4t — 1 in the

non-split case are as appear in Tables 4 and 5.

Theorem 6.5. The generators of the NL-cone EffN* (./\/l7 ) as well as the position

Proof. The description of the generators of the NL-cones EffV* ( 3(3[2] ) d) is computed

using the Sage program [Wila| following the procedure described in Section 3. The
positivity of Ky o is calculated using Proposition 6.2 and (21) together with the
K3

2d
explicit descriptions of the NL-cones.

O
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7. MobuLl OF Kum, AND OG6-TYPE

Let (X, L) be a primitively polarized hyperkahler sixfold where X is deformation
equivalent to O’Grady’s six-dimensional example [O’G03]. In this case the Beauville—
Bogomolov-Fujiki lattice (H? (X, Z) , qx) is isomorphic [Rap08] to A = U3 @ A;(—1)%2.
Further, the monodromy group coincides [MR21] with the full group OT(A). If h =
c1(L) € A with (h,h) = 2d > 0, then v = diva(h) can be 1 or 2.

We denote by Aj, be the orthogonal complement of A in A. The period domain
Mbcs2d = DAh/OJr (A, h) is a partial compactification of the moduli space parame-
terizing primitively polarized hyperkéhler sixfolds of OG6-type with a polarization of
degree 2d and divisibility ~. It is always irreducible [Son23, Section 3] and when v = 1,
is non-empty for all d > 1 and when ~ = 2, is non-empty only for d = 2,3 mod 4. Not
much is known about the global geometry of the moduli spaces Mggw.

In the split case v = 1, Ay, = U2 @ A;(—1)"? & Aj(—d). When v = 2, then
Ay = U®? @ Q,, where

-2 1

when d =4t — 1
1 =2t

0o -2 1 when d = 4t — 2.

We denote by 41, d; the generators of the two copies of A;(—1) in A, by {e, f} and
{e1, f1} the canonical basis of two orthogonal copies of the hyperbolic plane.

Lemma 7.1. The polarized monodromy group Mon® (A,h) C Ot (A,) is a double
extension of the stable orthogonal group of A;,. More precisely

O+(A7 h) = <6+(Ah)v O',.@>,

where
01 — 0o if v =1,
k= f+(e1+fi)+d—06 ify=2,d=4t—1,
01 — 02 ify=2,d=4t — 2.

Proof. Let h € A be an element with (h,h) = 2d and divy(h) = 7. Since A and Ay,
contain two copies of the hyperbolic plane, the map O(A) — O(D(A)) and the respective
one for A, are surjetive. In particular, [O*(A) : 6*(/&)] = 2. Since OF (A, h) = OF(Ay),
see for example [ABL24, Lemma 3.13], either O*(A) is equal to OT(A,) or it is a
double extension.

By Eichler’s Criterion we can always assume h = e + df when v = 1, and h =
2(e+tf)—0dy0r h =2(e+tf)— (0 +3d2) when v = 2. Assume v = 1. Since d; —dy € Ap,
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the reflection 0,5, € OT(A) fixes h and exchanges the two generators of D(A), so
0s5,—5, € OT(A, h) and o5, s, € OT(Ay). The others are analogous. O

Theorem 7.2. The moduli space MZ)G&M 15 uniruled in the following cases
(i) when v =1 for d <12,
(ii) when v =2 fort <10 and t = 12 with d = 4t — 1,
(iii) when v =2 fort <9 and t = 11,13 with d = 4t — 2.

Proof. We will show that M), = DAh/6+ (An) is uniruled. Since OF (Ay) € Mon?(A, h),
there is a dominant map M; — MgGmd giving us uniruledness for the moduli space.
Let Mﬁfr be a toroidal compactification of M),. Toroidal compactifications of locally
symmetric manifolds of type O(2,n) are normal and have at worst finite-quotient-
singularities, in particular, rational and Q-factorial, see [AMRT10]. Riemann-Hurwitz
shows that szor = 5\ — 1Br () — b9, where § is the boundary divisor and the value of
b > 0 depends on the choice of the toroidal compactification and the ramification at
the boundary. Since A is ample on the Baily-Borel compactification € : /\_/lzor — /\_/lfB,
and WEB \ M}, is one dimensional, we can choose a representative for the class (e*\)*
which does not meet the boundary of ./\_/lzor. The curve class (e*)\)4 is nef and intersects
trivially 6. Let n : Y, — Mﬁfr be a smoothing. Note that n*(e*A)* is nef and if
Ky, - n*(e*A\)* < 0, then Ky, is not pseudo-effective. By [BDPP13] this would imply
that Y}, (and therefore My) is birationally covered by rational curves. Note that the
projection formula and the fact that ¢ - (€*A)* = 0 implies

Ry o (€)' = (5A= 3Br(m)) - (€N

Since the curve (€*A)* does not intersect the boundary, if D C M, is a divisor and D
the closure of D in M20r7 then, the intersection of (¢*A)* with D is the degree of the

closure of D in M, with respect to A. Intersecting with (e*A)* defines a linear map
given by the Baily—Borel degree deg : Picg (M) — Q. Theorem 2.2 gives us then that

(23) Y (Homp (€0)*) g™e, € Mods , .

mop
Further, by [Kud03, Theorem I] (see also [Kud03, Corollary 4.12] this is a multiple of
the Eisenstein series £ A defined in (5). Now nefness implies

(24) H_ .- (€Nt =—C- cmﬁu(E%Ad) and (€M)’ =C'- CO’O(E;Ad),

vV
where ¢, ,, € (Mod% Ad> is the (m, p)-coefficient extraction functional, and C' is a
27

positive constant. By Proposition 4.4 we have $H_; o < 3Br(mq) and (24) gives us
(25)

1 . 1 . 1
(5)\ — §Br (7Td>> -(6 )\)4 S (5)\ — ZH_LO) -(E )\)4 =C (50070 <E%7Ad> + Z_Lc_l’o (E;Ad>) .
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There is a concrete formula [BKO1] for the coefficients of the Fourier expansion of
Eisenstein series. This has been implemented in SAGE by the fourth author [Wilb]. We
exhibit the highest cases for which we obtain a negative intersection product. When
7 =1and d=12. In this case if we write E7 , = > uenay) Eul@)e,, then

272 1472 3390 8204
E —1—-"Z4— 2 3 4
0(q) 39 3 ¢ 13 ¢ 13 ¢

In particular from (25) we obtain

+ O(g%).

272
Kﬁ~ﬁ@ﬂf§(%<5—il><0

This gives us the theorem. When d = 4t — 1 and v = 2, the highest degree for which we
obtain uniruledness is ¢ = 12. In this case the Fy summand of Eg’ A, 18

1052352 5438160 , 15409296 , 907200 ,

E(g) =1 — 5
(q) 51911 ©~ 51911 ¢ stoi1 ¢~ 103 ¢ TOW@)
and
1052352
v (€S0 (5 4-51911)

which leads to the same result. Similarly, when v = 2 and d = 4t — 2 with t = 13 the
Ey component of the Eisenstein series of weight % corresponding to Ay, is

108 620 ,

Eyg)=1— —qg— = 3
0(q) A’ + O(q”),

which leads to the same result. The lower-degree cases are done in the same way. [

7.1. Generalized Kummer case. Let (X, L) be a primitively polarized hyperkéhler 2n-
fold where X is deformation equivalent to a fiber of the addition map A"*) — A on an
abelian surface. In this case the (H?(X,Z), qx) is isomorphic to A = U@ A;(—(n+1))
and the monodromy group [Mon16], [Mar23, Theorem 1.4] is:

(26) Mon® (A) = {g € 0% (4)] x(9) - det(y) = 1}

where y : OF (A) —» {1} is the character defined by the action of Ot (A) on D(A).
Let h = ¢1(L) € A, with (h, h) = 2d and divisibility 7. Since SO (A) € Mon? (A), up
to monodromy one can always assume h = (e +tf) — ad for appropriate ¢ and a, where
4 is the generator of A;(—(n + 1)).

For v = 1,2, the lattice Ay, is in the form U%®% @ Qg (resp. Q; with d =4t — (n + 1))
where

. [ —2d 0 _ B —2t (n+1)
Qa = ZI+70 = < 0 —2(mn+1) ) and Q= Zu+Zv = ( (n+1) —2(n+1) ) '
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Lemma 7.3. For v = 1,2, the polarized monodromy group Mon? (A, h) C OF (A,) is a
double extension of SO+(Ah). More precisely,

o ify=1,

Mon? (A, h) = <§(/)+(Ah),a,.@>, where Kk = { _
voify=2.
For v > 3 there is equality Mon? (A, h) = §(/)+(Ah).

Proof. Observe that, for any g € O (A,h), we have det(g) = det(g |a,). Then the
statement is essentially [ABL24, Lemma 3.7]. For v = 1,2 we also need to prove that

0. € Mon?(A) via the restriction: since det(o,) = —1, this is equivalent to prove
that, if we see k as an element of A, we have —o,, € Ot (A) i.e. x(0,) = —1. Since
k =3(y—1)f — 0, this can be checked via an explicit computation. O

For v = 1,2, the period domain M?{umnzd = Dy, /Mon® (A, h) is a partial compactifi-
cation of the moduli space of hyperkahler 2n-folds of generalized Kummer type with a
primitive polarization of degree 2d and divisibility ~. It is always irreducible [Ono22]
and never empty for v = 1 (the split case). When v = 2 it is non-empty only for

=—(n+1) (mod 4).

Lemma 7.4. Ford=1 and v = 1,2, one has
(27) (Mon? (A, h), —1d) = OF (Ay),
or equivalently PMon? (A, h) = PO (A),) = PO (A,).

Proof. Note that, under our hypothesis, —o,, € O+ (Ap). For v = 1, this holds since
l, = —L,. For v =2, observe that |D(A,)| =d-(n+ 1) =n+ 1, hence D(Ay) = (K.)
since k = v is primitive with divisibility n + 1; clearly o, (k.) = —k.. Now we prove (27)
under the more general hypothesis that —o, € O (Ag) i.e. x(0,) = —1.

We can write OF (An) = Uijer1o1y Mig,
O* (Ay) such that (y(g),det(g)) = (i, 7). Clearly SO+(Ah) = M, 41 and, under our
hypothesis, o, - S/(\)+(Ah) = M_, ;. By Lemma 7.3 then Mon® (A, h) = My UM | ;.
Now —Id € M_; 1, since Ay, has even rank, hence —Id -M; ; = M_; ; and (27) follows. [

where M, ; is the set of isometries g €

Theorem 7.5. The moduli spaces My, o and Mg, o of hyperkihler 2n-folds of
generalized Kummer type with polarization of degree 2 and divisibility v = 1,2 are
uniruled in the following cases:

(i) when v =1 for n <15 and n = 17,20,
(ii) when v =2 fort <11 and t = 13,15,17,19, where n = 4t — 2.

Proof. We show that D,, / 6+(Ah) is uniruled and by Lemma 7.4 we conclude uniruled-
ness for /\/l'{(um%z. As in the proof of Theorem 7.2, from Proposition 4.4 we have that
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the intersection of (e*A)® with the canonical bundle Ky on a smooth model of a toroidal
compactification is bounded from above by

(28) Ky - (eA)* < (4)\ — i (HLO)) (€N = e o(E) + icw(E),

where F/ = FEs,, is the Eisenstein series corresponding to Aj. Again, we exhibit only
one case. If E=3" .\ Eu(g)e,, one computes [Wilb]:

263 263 4

Eolg) = 1- 20— 52 +0(¢*) ifn=20and y=1
0 1— 1805 28802 4 O(gd) if n =4t — 2 with ¢ = 19 and v = 2.

From (28) we obtain Ky - (¢*A)® < 0. Since (¢*A)? is nef, the canonical class Ky in
both cases sits outside the respective pseudo-effective cones. Uniruledness follows from

[BDPP13]. 0

We remark here that (see Lemma 7.4) the modular variety
M%(umg,2 = DAh/6+ (Ah) )

where A, = U®? & Ay(—1), is known to be rational [WW21, Theorem 5.4]. More
concretely, there is a finite union of Heegner divisors H, see [WW21, Equation 5.8|, such

that the algebra of meromorphic modular forms M} <6+(Ah), 7—[), that is, meromorphic

sections of \**¥ with k € Z and poles supported along H is finitely generated by
forms of positive weight. By work of Looijenga [Loo03] the projective variety X =

Proj <@k20M}C <6+, H)) is a compactification of D/ O* — H that interpolates between
the Baily—Borel and toroidal compactifications. When the generators are relation-free,
as it is shown in [WW21] for A, = U®? @ Ay(—1), the resulting ring is a polynomial
algebra with generators of mixed weights. In this case Xisa weighted projective

space, in particular rational. The same holds for some of the first OG6 cases. Indeed
if A, =U @ A (-1)® or A, = U @ A (—1)% @ Ay(—1), then [WW21, Theorem

5.4] implies that the resulting modular varieties Dj, / O™ (Ay) are also rational. We
summarize the results relevant for this paper:

Theorem 7.6 (Theorem 5.4 in [WW21]). The moduli space Mg, , is rational and
the moduli spaces M@qg ¢ and Mpgg, are unirational.

Proof. This is an immediate consequence of [WW21, Theorem 5.4] together with Lemmas
7.1 and 7.4. m

We observe that the strategy in Theorem 7.5 fails for v > 3. In this case, a nef curve
intersecting the canonical class negatively would have to intersect the boundary of a
toroidal compactification. The reason for this is that the canonical class sits always in
the interior of the NL-cone, even further, it is the restriction of an ample class on the
Baily—Borel model.
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Proposition 7.7. For v = 3,6, when non-empty, the canonical class of every component
M of the moduli space Mg{um2,2d s given by

K = 4.

In particular, it lies in the interior of the NL-cone and it has positive intersection with
any complete curve not intersecting the boundary of a toroidal compactification.

Proof. By Lemma 7.3, the branch divisor of the modular projection 7 : Dy, —
DAh/Mon2 (A, h) is trivial, since both o, and —o, have negative determinant on a
lattice of even rank, see Equation (14). O

Finally, we describe the structure of the NL-cone for some of these moduli spaces:

Theorem 7.8. The NL-cones in terms of the minimal set of generating rays for the

moduli spaces Micum, 2 Mium,.2 07€ given by:

NL 1 _ NL 2 _
EH (MKumg,Q) — <Pf%75*, Pi’£*>(@>0 Cm,d EH (MKqu,Z) — QZOP*%’%'
Further, the moduli space (M%(umﬂ)o parameterizing polarized hyperkahler fourfolds
with polarization of degree 2 and divisibility 2 is quasi-affine.

Proof. The structure of the cones follows from Theorem 1.1 and the results of Section 3
together with [Wila]. Recall that the period map [Ver13]

(29) ( I’y(umg,Qd)o — DAh/MOD (A7 h) = g{qu,Qd

is an open embedding. In particular, if the complement /\/l?(umﬂd— (/\/l?mm%2 d)o contains
an ample divisor, then (Miy(umg,Zd)o is quasi-affine. When v = 2 and d = 1, it is enough
to show that the complement contains a divisional component of NL-type. Indeed, if a
primitive Heegner divisor P, is contained in the complement of the image of (29), then

P, must be a positive rational multiple of A, in particular, ample. Then, (Mium%g)o is
BB

an open in the complement of a hyperplane in D / O+ cPV , i.e. quasi-affine.
Recall that if (X, H) is a polarized hyperkéhler fourfold of Kums-type, then
<H2 (X,Z) 7QX) =A

with A = U3 @ A;(—3). We call § the generator of the last factor and h = ¢;(H). By
[Yos16], see also [MTW18, Page 452], an ample class h cannot lie in the orthogonal
complement in H''(X,R) of classes p € NS(X) whose square is —6 and divisibility in
H*(X,Z) is 2,3 or 6. In particular, if such a class is orthogonal to h, then D, defines a
hyperplane in D,, and the image of the period map misses the corresponding divisor
P,. Singling out classes in H'(X,Z) whose orthogonal complements give the chamber
decomposition of the positive cone C(X) C H"'(X,R) is a general method to describe
the complement of the image of the period map, see for instance [DM19, Theorem 6.1].
In the second case of the theorem, it is enough to show that there exists an integral class
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p € Ay, of square (p, p) = —6 and divisibility in A given by diva(p) € {2,3,6}. Since
é()Jr(A) C Mon?(A), one can assume h = 2(e + f) — 6, and taking p = 3f — § one has
the desired property. In this case the divisibility in A is 3, and the missed primitive
Heegner divisor in Mg, 5 is P, = P_ O

wle

1
3
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8. APPENDIX

Here we list various computations of generating rays for NL-cones, branch divisors,
and NL-positivity of the canonical class for moduli spaces of hyperkahler varieties.

Table 1: Generating rays of the NL-cone of Fyy

d | generating rays of Eff"" (Fyy) # gen. rays | dimg Pic(Faq)
1| P19, P2 2 2
05 l
) 3.
2 P_1707 P—%,€*7 P—%,QE* 3 3
3| Py, Py Py, Posgy 4 4
4\ Pao,Px g Pigy, Poo gy Poyae 5 4
i) Pfl,O’ P7271()7€*, Pf%,%*a Pf%,s&n Pf%,u*? Pf%,5é* 6 6
6 | P19, P_2 P P 3 P > P . 7 7
A LOs & —ohbor b =200 5 2300 5 =240, — 5 5L
1
—1 60,
7| P_19,P_1 P P o P 4 P 2 8 7
LOs & —oebor b =2 200 5 =2 300 T —2 400 T —22 5L,
Pfg,ee*a Pfg,m
8 | P19, P_1 P 3, P P o P 10 8
1,05 —ﬁ,&ﬂ —§7£*’ —§,2f*7 —5735*7 —5745*
Pf%,w*a Pf%,Gé*’ Pf%,w*a P,ng*
9 P_]_70, P_%’g*, P_%7£*,P_%72£*, P_%072£*, P_%73£* 13 9
Pf%A@*’ Pf%,Sé*’ P*1,6€*7 Pf%jé*? Pfg,SE*u Pfl,%*’
P s
71,98*
10| P19, P_2 P . P o P > P s 11 10
L0 & — 5l & —55,200 5 — 5,300 T =2 400 1 =250,
Pf%ﬁéw P—%,mv P—%,se*a P—ﬁ,ge*v P—%,loe*
11 P, P 1 P 45 P 1 P 12 P 9 16 11
L0 & -l & =300 5 =15 ,2000 1 — 37,2000 — 5,36,
Pfﬁ,i’»&u Pfﬁ,u*v P,%’M*, Pfl%ﬁé*? Pfﬁ,ﬁ*? Pfg,ﬁ*?
P—%,Sé*ﬂ P—%,ge*a P—%,wz*: P—%,nz*
12| P19, P 2 P s, P 1 P s P 15 12
1,05 7@,[*7 7@,[*’ 73,28*7 7E,3£*7 7§,4€*
P—%,M*? P—g,ﬁé*v P—ﬁ,mv P—%,?éu P—é,se*v P—%,ge*v
P—ﬁ,lo&: P—g,ne*, P_1120.
13| P19, P 1 P s, P 1 P s P 4 16 12
1707 —53,[*7 —57[*7 _T3’2Z*7 —5*2,35*7 —§,4€*
P—g—g,w*a P—%,GZ*’ P—g—g,ma P—%,sz*» P—g—g,ge*» P—}—g,maa
P_%,ne*:P_%m*, P—i,m*v P—g,m*
14| P19, P 2 P s, P 1 P o P > 18 14
1,00 & — el £ =28 000 1 —45.2000 1 — 25,300 1 —2 40,
P—%,M*’ P—%ﬁ&u P—%,?&u P—%,Sé*v P—%,Qé*v P—%,lOZ*a
P o P 4 P . P57 P P 3
— ol 1l T =2 120,00 7 — =2 130,00 7 = 26,1300 7 — 5,140,001 — 5 144,
15| P19, P 2 P, P P 16 P s 20 15
LOs & — o5l B =85 00 1 — 15,2000 1 — 12,2000 1 — 55 30,
P—%AE*? P—%,M*a P—%,Gé*’ P—%,?&u P—%,B&u P—%,Sé*a
Pf%,ge*a Pfg,loé,n Pf%,ntz*v Pf%,ne*a Pfg,lﬂ*? Pf‘g—g,mew
Pf%,lﬂ*? Pfg,me*
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16 | P19, P_2 P e, P 1 P 1z P o 20 14
L0y & —ar b £ =2 0 4 —55,2000 1 — 38,200 5 — 27 3L
P—i,u*a P—g—i,&se*v P—%,Gé*v P—g—g,mv Poyge. P—é—z,ge*’
P 9 P 57 P 1 P 41 P 1 P 17
—E,lOéu —6—4,11€*7 —Z,l%*v —6—4,136*7 —1—6,146*7 —1—6,14&’
P—g,wz*vp—l,lﬁf*
17 P_ P 1 P 69 P 1 P 18 P 9 23 16
LOs & — el b =82 00 © —15,2000 1 — 32,200 — 5 3,
P—%,Sé*’ P—%A&u P—%,M*’ P—%,M*? P—%,?E*v P—}—?S&u
Pfg,%a Pf%,loe*apf%,nm Pf%,uéw P7%,12é*7 Pf%,wzw
P,%JM*,P,%JM*, P,%W*, Pf%,m*a Pfg,m*
18 P,LO, Pf%’E*J Pf%yé*’Pfflg,Ze*’ Pf%’ze*, Pf%,Sé* 25 17
Pfg,u*a Pf%,u*a Pf%,Séu Pf%ﬁ&u Pf%’,ma P_s g,
P 1 P 9 P 7 P 49 P_ P 25
—5: 0T =590 1 —45,1060 T =25 1140 1,124, — 25,1300
P—%,m*? P—%,w*a P—g716z*7 P—7—12,17e*, P—%lma P—%,lSEu
P—g,m*
].9 P_ P 1 P 77 P 1 P 20 P 9 27 17
1,05 —%74*7 —%78*7 _T9’2€*7 _ﬁ’2£*7 —%,3£*
P—%,M*’ P—%AZ*’ P—%A&u P—%,M*’ P—%,G&u P—%,?Eu
P—%,Sé*’ P—%,%*a P—%,Qﬁ*a P—l%,ll)é*v P—%,llfw P—%,l?é*v
Pf%,liséwpf%,l?)f*? Pf%,lu*? Pf%,lf)é*’ Pf%,me*a Pf%,lm*?
Pf%,IS&N P—%,lsm P—%,lge*
20 P,LO, P,Q}O, Pf%vg*’ Pf%}e*, Pfgflo,2€*7pf%,2£* 28 19
Pfg%,:se*a Pf%,%, Pfé,u*a P,%,%, Pf%ﬁé*v Pf‘;g,ma
P—g,se*a P—;—O,ge*v P—%,ge*v P—i,loz*a P—%,ne*a P—3,12£*7
P—%,L‘Mu P—%,me*, P—%,IM*’ P—%me*: P—é,wz*» P—%,m*a
P—%,lse*ap—%,m*v P—%,me*a L1200,

TABLE 2. Irreducible components of ¢7P_;, and ¢:Pfﬂ* under

Op: Fogr2e — Fo

Components of ¢ P_ o Components of ¢*P_1,
) 105

P—l,O; P71,4£; Pfi,ge;

P10, Pt op, Py Po1ge, Poign

P_10,P_180,P_1 160

P—%,u;’ P_%,m;

P10, Paaoes Povoor, Pt o

P—i,&se;a P—i,mz;» P—i,%e;

P_10, P_1120, P_1240,, P_1 360",

P 1gp,P_1 P 1
6o F-Lage, -1 30z

Pfl,()’ P—4—19,2[;7 P,1’14g;’ Pfl,28€;7 P,1,42g;,

Pﬁ,u;: Pfi,zw*? Pfi,:sw;y Pfi,z;ge;

QO | O O =] W[ N 3

P10, Pyjees Pt ap s Poasae, Povase,, Poigae

Pfi,Sé;a Pfi,zzw;? Pﬁ,m@;apﬁ,%e;
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TABLE 3. Ramification divisor of w4 : D — Faq.

in terms of P’s in terms of H's

3 <P—170 +P o1, +P ) sH_ 10
2 %( 10+ P, +P125>+P1* %(Hq,o—i-H,;%)
3 %( 10+P_;5>—|—P_;’%+P$74* —H—10+H12z*
4 %( 10+P16 +P14£*+6*>+P—i,2£*+P—L6,£* ‘H—10+H 120,
D %( 10+ P, +P15e>+Pf%,ze*+Pf%,e +P 1y | 3H-10+ H_ 1o
6|3 < —10 P, > TP 1o+ P2 P 1 sH 10+ H_1 9,

TABLE 4. Generating rays of the NL-cone of M%@m by With d <5

generating rays of EffVF <M1 2.9 d) Picard rank | position of K
P—l,Oap—i,ZNP—i,é*?P—l 016, 4 out
PfL()’Pfl,e*,Pigye*’Piiﬁ*,Pf%’é'*,Pi%’Z*:Fé"*’ 6 1n

2 4
P,LO,Pi%’e*,Piwe ,Pf;(;,Pi;e*Jr(;*,Pi;’%*, 7 1mn
P—%,QZ*—HS*? —3 300 P10, 45,
P—107P7157P 17£,P 15,P77€+5,P 125, 9 in
P_%%,P 326+ ,P 2304 P 12 30,46 ,P_1 4l
P 140,464
P_1,o, P—f z*vP—ﬂ 0 P_;’é*,P toton P 120, 12 n

10°

P—ﬁ 24*7P 24640 P = 34*,P TS P_ 444*

20

P—%,M*Jﬂs* P 2L A, +5*>7P—i,54* P 2 5Ly P 3,50+




CONES OF NL DIVISORS

TABLE 5. Generating rays of the NL-cone of /\/lf(B[Q] gt With t <5
. NL 2 . ol
t | generating rays of Eff (MK?)[Q]&_Q) Picard rank | position of K
]_ P_LO, P,l (2upv)« 2 Out
37 3
2 P_]_70, P_l (Qu+v)x 4 P 4 (dup2v)4 P_g (6u+3v)x 4 mn
77 2 R A 7 7
3 P,LO, P,i (ut6v)x 5 P 1 (Qugpv)x Pfﬁ (2utv)x 6 mn
1107 11 10 11 110 11
P_i (4u+2v)x 4 P_& (6u+3v)x P_i (But4v)x
11° 11 11° 11 11° 1 .
P_LO,P_Q u+2v,P_i u+8v,Pfi 2uy v, 8 1mn
3’ 3 157 15 15° 15
P_E 2utv P_g 3u+2v P_Q 3ut4v P_i 4u+2v
UTY ) ) )
157 15 57 5 5 5 157 15
P_L Tu+1lv 5 P_m Tu+1lv
152 15 152 15 -
P,l O,P_i u+10v7P_L 2u+u,P_@ 2utw 9 mn
’ 197 19 197 19 197 19
P,l 3utllv, P,i dut2v, Pfﬁ dut2v, Pfg Sut12v,
19° 19 197 19 19 19 197 19
P_i 6ut3v, P_H Tu+13v P_E Butdv , P_Q 9u+14v
197 1 192 19 19° 19 192 19
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