Math 105 Notation

5.1

M(m,n) - the m x n matrices with real entries, also denoted M when m and n are clear from context.
For A € M(m,n) we write [A];; for the (7, j)th entry of A. If the entries are given as a;;, we also write
A = (aij)1<i<m.

1<5<n
L(R™,R™) - the linear transformations from R™ to R™, also denoted £ when R™ and R™ are clear
from context.

Ty for A € M(m,n) - the linear transformation from R" to R™ induced by the standard action of an
m X n matrix on an n-dimensional vector.

T - the isomorphism from M (m,n) to L(R™,R™) defined by A+ T4.

5.2

U - usually an open subset of R™.

p - usually a point in U.

x; - the jth coordinate of a vector x

(Df)p - the derivative of a function f: U — R™ at a point p € U

R(v) - the Taylor remainder (implicitly depending on a function f: U — R™ and a point p € U),
defined by the formula f(p +v) = f(p) + (Df)p(v) + R(v)
fi - the ith coordinate function of a vector valued function f

8?;’;(? ) _ the jth partial derivative of the ith coordinate function of a vector valued function f
J

Df - the (total) derivative or Fréchet derivative of f, usually thought of as amap Df: U — L(R"™, R™).

5.3

D" f - the rth derivative of f, thought of as a map D" f: U — L"(R™,R™).

L7 (R™ R™) - r-linear maps from R™ x --- x R™ to R™, isomorphic to £L(R™ ,R™).
—_—
7 times

fx = f - for a function f and a sequence of functions (fi)ren, with fi, f: U — R™, this notation
means the sequence converges uniformly to f on U.

I fll- - the C™ norm for an function f: U — R™ of class C”, defined by
111, = max {sup ). -...sup (D711}
peU peU

C"(U,R™) - the set of C" functions f: U — R™ with [/ f||, < oco.

5.7

R - a rectangle in R?, usually given by R = [a,b] x [¢,d]. Has area denoted |R| = (b — a)(d — ¢).
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G - a grid on a rectangle R = [a,b] X [¢, d] given by G = P x Q where
P={a=zy<z1 < - <xp =0b}

is a partition of [a.b] and
Q={c=yp <y < <yp=d}

is a partition of [c, d]

R;; - a subrectangle of R determined by a grid G. If G is as above, then R;; = [x;—1, ;] X [yj—1,¥;].
Note that |Rij| = (l‘i — xi_l)(yj — yj—l) = AxlAy]

S - sample points in R determeind by a grid G. If G is as above, then S = {s;;: 1 <i<m, 1 <j <n}
where s;; is any point in R;;.

R(f,G,S) - the Riemann sum of f corresponding to the grid G and samples points S. It is the number

R(f.G,S) = Ziy&nm\

=1 5=1

L(f,G) - the lower (Darboux) sum for a bounded function f with respect to a grid G. It is the number
G) =" mylRyl,
i=1 j=1
where m;; = inf{f(z,y): (z,y) € Ri;}.
U(f,G) - the upper (Darboux) sum for a bounded function f with respect to a grid G. It is the number
=D My|Ryl,
i=1 j=1
where M;; = sup{f(z,y): (z,y) € R;;}.

I} r [ - the Riemann integral of the function f over the rectangle R

i R 7, TR f - the lower and upper integrals of f, respectively, defined as the

/f—mwﬁ /f inf U(/. G).

For bounded functions f, these always exist and f R < TR f with equality if and only if f is Riemann
integrable.

Xs for a subset S C R? - the characteristic function of S, defined by xs(z,y) = 1 if (z,y) € S and
xs(z,y) = 0 otherwise.

|S| for a bounded subset S C R? - the area of the set S, which exists if S is Riemann measurable. It
is defined as |S| = [ xs for any rectangle R O S.

/. g [ - for a Riemann measurable set S C R? and f Riemann integrable on some rectangle R O S, this
integral is defined as [, fxs

Jac. () - the Jacobian of C* function ¢: U — R™ (defined on an open subset U C R") at a point z,
given by the number det((Dy).).
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5.8

Cr(R™) - the set of k-cells in R, which are smooth functions ¢: [0, 1]¥ — R™. The unit k-cube [0, 1]*
may also be denoted I*.

% - for ¢ € C,(R™) and I = (iy,...,i) € {1,...,n}* this is the partial Jacobian of ¢ defined at

u € [0,1]* by
T (u) e F(u)
8 811.1 auk
%(u) = det : :
ailk (u) ai: (u)

a IR IR EEEE) 1
Also denoted 221 = CICTR O
ou O(ut,...,ur)

dy; - a basic differential k-form on R™. For I = {1,...,n}* this is the functional on Cy(R™) defined by
dpr
o[ %
( ) [071]k (9u
and this number is called the I-shadow area of .

fdyr - a simple differential k-form on R™. For I = {1,...,n}* and f: R® — R smooth this is the
functional on Cj(R™) defined by

_ o1
i) = [ foel

QF(R™) - the set of (general) differential k-forms on R™. These are linear combinations of simple
k-forms: w =" frdy;.

C*(R™) - the set of all functionals on Cj(R™); thus C¥(R") D QF(R").
J,w-for p € Cy(R") and w € Q*(R") this is equivalent notation for w(y).

a A B - the wedge product of two forms o and 3. For o = Y, ardy; € Q*(R") and 8 =, bydys €
QFf(R™), this is the k + ¢-form on R™ given by dor.garbdyry.

dw - the exterior derivative of form w. For w = " frdy;, we have dw = > d(fr) A dyr, where d(f7) is
the 1-form given by

~ Ofr

d(fr) = T%dyj'

J=1

T, - the pushforward of ¢ € Ci(R™) by a smooth map T': R® — R™. It is the k-cell in R™ given by
Tp :=Toype Cr(R™).

T*w - the pullback of w € QF(R™) by a smooth map T: R™ — R". It is the k-form on R™ given by
[T*w](¢) = w(Twp). More explicitly, if w = > frdy; then

T*w = Zf, o TdTy,
I

where if I = (i1,...,4x) then dTy = (dT;,) A -+ A (dT3,).
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5.9

e Jp - the boundary of ¢ € Cix(R™). It is a (k—1)-chain in R™: a formal linear combination of (k—1)-cells.

It is given by
k

0 =3 (~1P* (po it —po ),

j=1
where /1,179 [0,1]*=1 — [0, 1]* are the maps defined by
Mu, . uper) = (ug, . S, Ly, . up—1)
Lj’o(ul, - 7’U,k,1) = (’U,l, ey ’LLj,l,O,’U,j, - ,uk,l).
37 - the jth dipole of p € Cx(R™) for j =1,...,k. It is the (k — 1)-chain given by
8p=gpoiht —poidP.
QF(U) - the set of differential k-forms on U, for U C R™ an open subset. These are linear combinations
of simple k-forms on U: fdys for f: U — R a smooth function and I a k-tuple in {1,...,n}.
Ci(U) - the set of k-cells in U, which are smooth maps ¢: [0,1]* — U.

B(U) - the set of exact k-forms on U; that is, the w € QF(U) on U such that w = da for some
a e QFLU).

ZF(U) - the set of closed k-forms on U; that is, the k-forms w € Q¥(U) such that dw = 0.

H*(U) - the kth de Rham cohomology group of U, which is the vector space quotient of Z*(U)/B*(U).

6.1

|B| - the volume of a box B C R™.

m*(A) - The outer measure of a set A C R?, which is defined as the quantity:

m*(A) = inf {Z | Bi|: {Bi}ren is a countable covering of A by open boxes} .
k=1

6.2

M(R?) - the collection of Lebesgue measurable subsets of R, also denoted M, which are those subsets
E C RY satisfying the Carathéodory condition:

m*(X)=m*(XNE)+m* (XNE) VX cCR

m(E) - the Lebesgue measure of a Lebesgue measurable set E € M, which is just its outer measure.
Gs - a class of set: we say G is a Gy set if it is the countable (or finite) intersection of open sets.

F, - a class of set: we say F is an F, set if it is the countable (or finite) union of closed sets.

Measurable Functions

e R - the set RU {—0o} U {400}, called the extended real line. By convention, we take 0 - 0o = 0.
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e a.e. - “almost everywhere.” We write this when a condition/property/equality holds except possibly
on a measure set; e.g. f = g a.e. means that the functions f and g agree except possibly on a measure
zero set.

The Lebesgue Integral

e LT(R9) - the space of Lebesgue measurable functions f: R? — [0, 00]. Also denoted £7.

e [ f dm - the Lebesgue integral of a function f.

Integrating R-valued Functions

e fi - the positive and negative parts of a Lebesgue measurable function f: R¢ — R. Defined as
f+ = Ixr1(0.00) f= ==X @00

e L'(R? m) - the space of Lebesgue integrable functions f: R? — R. Also denoted L'(m). Later
redefined to be the set of equivalence classes of such functions under the equivalence relation

f~g = f=gae.
e ||f|l1 - the L-norm for a function f € L'(m). Defined as

1711 =/|f| dm.
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