Math 105 Homework 9 Solutions 4/4/2018

Exercises:

1. Let T: R2 = R3 be the smooth function defined by
T(z1,2) = (22 4 22, 2120, 21 — 23).

For w = yady(13) € Q?(R3), compute the ascending presentation of T*w.

2. Let ¢ € C2(R?) be defined by
p(u) = (cos(2muq ), sin(2muy), ug).

Compute the dipoles §'¢ and 6%p, and the boundary d¢. Describe these (using words or pictures),
making sure to note the proper orientations.

3. Let w € Q'(R?). Assume w is closed: dw = 0.

(a) For p,q € R?, let ¢, € C1(R?) be such that ¢(0) = 1(0) = p and ¢(1) = (1) = ¢. Show that
S = [,w
[Hint: consider o € C2(R?) defined by o(s,t) = (1 — s)p(t) + sb(t).]
(b) Fix p € R%. Define h: R? — R by h(q) := [ w where ¢ is a I-cell in R? satisfying (0) = p and
(1) = q. Show that h is a smooth function with dh = w.

Solutions:

1. According to the formula we proved in class,

T w =1y o TdTy NdT3 = TodT) A dT5 = z129dTy N dT5.

Now
oT; T
dT) = ldzl + 71d2:2 = 221dz1 + 229d2o
82’1 322
oT: oT:
dTs = —3dzl + —3dz2 =dz — 3z§d22.
82’1 822

Thus using the distributive property and signed commutativity we have

T*w = 2129 (221dz1 + 220d22) A (dzl — Szgdzg)
= 2122 (0 - 62’1236&2(1,2) + 22’2d2(271) + 0)
= 2122(—621,25 - 222)dz(172)

= (—62725 — 22123)dz(1 9)

2. We first compute:

§'o(t) = po it t(t) — poui(t)
= (cos(2m), sin(27),t) — (cos(0), sin(0), ¢)
= (1,0,¢) — (1,0,1),
which is equal to zero even as a formal difference. Let us visualize this formal difference: as ¢ ranges

over [0, 1], the first term yields the segment [(1,0,0),(1,0,1)] (oriented upwards), while the second
term yields the same segment but oriented downwards.
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3.

Next we have compute

p(t) = pou®l(t) — g o ()
= QO(L 1) - (p(t’ O)
= (cos(2mt),sin(27t), 1) — (cos(2wt),sin(2wt), 0).

As t ranges over [0, 1], the first term traces out a circle with center (0,0,1) and radius 1 in the plane
z = 1 in the counter-clockwise direction when viewed from above. The second term traces out a circle
with center (0,0,0) in the plane z = 0 in the clockwise direction (because of the negative sign).

We then have for the boundary:

Dp = 6tp — 6%p = 0 — 6%p = (cos(2mt),sin(27t),0) — (cos(2xt), sin(27t), 1),

which can visualized exactly as %¢ but with the orientations reversed. ]

(a)

Letting o be as in the hint, we have
Slo(t) = oot (t) —oo0(t)
=o(1,t) — o(0,t)
while
820(s) = 0 01 (s5) — 0 0 1>0(s)

=o(s,1) —o(s,0)

= [(1=5)p(1) + syp(1)] = [(1 = 5)0(0) + 5¢(0)]

=[(1 = 5)g+sq] = [(1 = s)p + sp]

={a} —{p}-

Now, since dw = 0, we have by the general Stokes’ formula:

Oz/dw:/w:/ w—/ w:/w—/w—/ w.
o do Sty 82 P %) 82

Since 6% is a difference of two constant 1-cells, the last term in the last expression above vanishes.
Hence fw w= fq) w as claimed. O

For ¢ € R?, part (a) implies h(q) does not actually depend on ¢ and hence we may replace it with
any 1-cell in R?. So for ¢ € R? consider ¢, € C;(R?) defined by

$g(t) = (L= t)p + tg.

Note that W =q; — pi, t = 1,2, where p = (p1,p2) and ¢ = (q1, ¢2)-

Now, since w € Q1 (R?), we can write w = fdx + gdy for some smooth functions f,g: R? — R.
We then compute

h(q) = / w = fdx + gdy
q hq

=/O Joy(t)(qr —p1) +govy(t)(g2 — p2) dt.

By a theorem from class, we can take partial derivatives under the integral. Hence, f and g being
smooth functions implies all orders of partial derivatives of h exist. In particular, for each r € N
all the order r partial derivatives of h exist and are continuous (since the order r 4+ 1 partials
exist), which implies & is of class C". Since this holds for all » € N, h is smooth.
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Finally, we compute dh.

1
oh (/0 9 [f oq(t)(q1 — p1)] + 9 (g0 ¥q(t) (g2 — p2)] dt) das

87ql n oq dq2
1
Of (q(t)) 99(14(1))
= | 2= y(qy - t) + =L gy — po) di
/0 B (q1 —p1) + fothy(t) + B (g2 — p2)
Note that % = % by virtue of dw = 0. Thus we can continue the above computation with

oh 1
= / (Df) gy (a — D)t + o tbg(t) dt

:/0 %[f Yg(t)t] dt = forhy(1) — 0= f(q),

where we have invoked the fundamental theorem of calculus in the second-to-last equality. A
similar computation yields g—:z = ¢(q). Thus dh = w. O
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