Math 105 Homework 12 Solutions 4/25/2018

Exercises:

1.

Let f: R? — R. Show that f is measurable if and only if f~'({c0}) € M(RY), f~1({—oc}) € M(R?),
and f~1(U) € M(R?) for every open U C R.

2. Let f: R? — R be measurable. Show that the collection
A:={S cR: f719) e MR},
is a o-algebra:
(i) 0 e A
(ii) If E € A, then E° € A.
o0
(iii) If {E,}nen C A, then U E, € A.
n=1
Moreover, show that A contains every open subset, closed subset, G5 subset, and F, subset of R.

3. Let B C R be a box, and suppose f: R? — [0,00) is Riemann integrable over B. Show that the
Riemann integral of f over B is equal to [ f dm, the Lebesgue integral of f over B.

4. For f € LY(m), show m({z: |f(z)] = 0o}) = 0.

5. (a) Suppose f € L'(R,m) is uniformly continuous. Show that ‘ l‘im f(z) =0.

Tr|—0o0
(b) Find a positive, continuous f € L*(R,m) such that limsup f(z) = oo.
TrT—0o0
6. Let 6 = (61,...,0,) € (0,00)". For f: R™ — R, define
(@1, xn) = F(O121, ..., Onn).
If f € LY(R",m), show that f° € LY (R",m) with [ f® dm =616, [ f dm.

Solutions:

1. (=) : If f is measurable, then for every open U C R, f~'(U) € M(R?). Since {#o00} are clopen sets,
it follows that f~'({£oo}) € M(R?). Also, if U C R is open, then, thinking of R as a subset of R, U
is open relative to R. Hence there exists open U’ C R such that U = U’ N R. But since R is open (it
is the complement of the closed set {—o0,00}), this implies U is open in R. Hence f~1(U) € M(R9)
by measurability of f.
(<=) : Let U C R be open. Define U’ := U \ {—oc, 00}, which is open as the finite intersection of open
sets U, {00}¢, and {—oc}¢. Moreover, U’ C R and so f~}(U’) € M(R?) by assumption. Then f~(U)
is f~1(U’) possibly unioned with f~!({—oc}) and/or f~1({oc}), depending on whether U contained
+00. Since each of these sets is measurable, so is their finite union. Hence f~*(U) € M(R?), and so
f is measurable.

2. By definition measurability, A contains all open subsets of R. In particular, § € A, and so (i) holds.

Property (ii) follows from f~1(E¢) = f~Y(E)¢, and property (iii) follows from
oo oo
1 (Um)- 0
n=1 n=1

Now, using (ii), we see that A also contains all closed sets. Since an F, set is a countable union of
closed sets, (iii) then implies A contains all F,, sets. Finally, using (ii), A contains all G5 sets since
these are just complements of F, sets. O
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3. Let G be a grid on B, and let {B;: i € I'} be the induced subboxes. Observe that

5.

U(f,G) =) (supsen, f(x))|Bi] :/Z

icl el

<SUP f(w)> xB, dm.

x€B;
So for the simple function ¢y :=Y_,.; (sup,ep, (%)) x5, we have [ ¢y dm = U(f,G). Similarly, for

the simple function ¢, := Y, ; (infyep, f()) xB,, we have [+ dm = L(f,G). Moreover, ¢, < f <
1y. Thus for any simple function 0 < ¢ < f, we have by monotonicity of the integral

Joams< [vvin=vis.0).

Consequently,

L£.G) = [ dm < sup{/¢ im:0< o< f. simple} < U(£,G).

=[f dm
By Riemann integrability of f, taking the letting mesh(G) tends to zero yields the desired equality. (]

Suppose, towards a contradiction, that m({z: |f(x)] = oo}) > 0. Since {z: |[f(x)] = oo} is the
(disjoint) union of {z: f(z) = —oo} and {z: f(x) = oo}, one of these subsets must (by subaddivity)
have positive measure. By replacing f with —f, we may assume m({z: f(x) = oo}) > 0. Denote
E :={z: f(z) = co}. Then for every R > 0, we have Rxg < |f|. So by monotonicity of the integral
we have

/|f| dm > /RXE dm = Rm(E).
Since m(E), letting R — oo forces Rm(E) — oo, contradicting [ |f| dm < co. O

(a) Recall that lim f(x) =0 is equivalent to:

|z] =00
Ve >0, 3R > 0, such that Vz € R with |z| > R, |f(z)] <e.

Assume, towards a contradiction, that this is not the case. Then there exists € > 0 such that for
all R > 0 there exists x € R with [2| > R and |f(z)| > e. By uniform continuity of f, there exists
d > 0 such that whenever |z —y| < 0 then |f(z) — f(y)| < §. In particular, if |z —y| < J, then we
have

W)l =1 (@) + fly) = f@)] = [f(@)] = [f(y) = F(@)] > [f(2)] = %

So if |f(x)] > €, then |f(y)| > §. For Ry =1, let 1 € R be such that |z1| > Ry and |f(x1)| > e
For Ry = |z1]|+20, let 2 € R be such that |x2] > Ry and |f(z2)| > €. Observe that (xg — 0, z2+9)
and (z1 — d,21 + 0) are disjoint, and by the above argument we have |f(y)| > § for any y in
either interval. Iterating this argument, we produce a sequence (z,),en such that the intervals
(rp — 6,7, + 0) are pairwise disjoint and |f(y)| > § for each y in these intervals. Consequently,
if we define

€
gn = Z §X(a:i—6,wi+§)7

then |f| > g, for every n € N. But then

/\f| dmZ/gn dmzzlg%:neé,

and letting n — oo contradicts [ |f| dm < oo. O
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(b) Define a continuous function by

237+ (1 —n) ifn<z<n+272""! for some n € N
flz) =< =23z —n—272") ifn+272""1 <2 <n+272" for somen € N. .
0 otherwise

Then the graph of is xz-axis except for a series of disjoint triangles, one contained in each interval
[n,n + 1] for n € N with base length 272" and height 2". Hence

=1 = 1
/f dm = Z 52—2n2n _ Z 2—n—1 — 57
n=1 n=1

so that f € L'(R, m). However,

limsup f(x) > limsup f(n +272""1) = limsup 2" = oo.

T—00 n—00 n—0o0
]
6. By noting that (f°)+ = (f+)?, it suffices to assume f is valued in [0, oc].
We first verify that f° is measurable. Let U C R be open. Denoting § := (3=, ..., 5-), it is casy to see

that 1
(1)) = 3174W),

where we are using the notation from Exercise 2 of Homework 2. Since f is a measurable function,
E := f~YU) € M(R"). In particular, F satisfies the Carathéodory condition: for all X C R"

m*(X)=m"(XNE)+m"(XnNE°).
By Exercise 2 from Homework 2 we then have for all X C R"
m (=X)=¥6-6,m* (X)=01--5m* (X NE)+ - - 5ym* (X NE)
- m*(%(X NE)+ m*(%(X N E°))
1 1

= ((5X) N (5B) +m () 1 (GE)).

As X ranges over all subsets R", so does $+X, and so the above shows that +E = (f°)~!(U) is
measurable. Hence f? is a measurable function.

Now, observe that for any £ ¢ M(R"), x% = Xig- Consider a simple function ¢ = Zj a;XE,
satisfying 0 < ¢ < f. Then clearly ¢° < f° and so by Exercise 2 on Homework 10

[ dm= [0 an= [Yapd, dn= [ Yapp, dn
J J
1
= Zajm(gEj) == ZaJ(Slénm(Ej) = 51 (Sn/qj) dm.
J J

Taking the supremum over all simple functions 0 < ¢ < f yields 61 -+ 6, [ f dm < [ f®dm. But then
[fdm= [(f0)% dm > % - é [ £ dm, yielding the desired equality. O
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