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Covariance Matrices

Random Vector X € R"™
Covariance Matrix

: =3

Variances u! Yu = E{u, X)? wuw € "1
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Covariance Estimation-

Goal: Estimate ) © given i.i.d. le . .’. Xq .,

Want: (1 — €)X < é D i<q X, X' < (1+6)X

Question: How many samples q = q(n, 6)
do we need?



Applications

* Volume Computation [Kannan-Lovasz-Simonovits’95]
* Low Rank Approx [Rudelson-Vershynin’07]

* Graph Sparsification [Spielman-S ‘08]

* Sparse Approximation/Compressed Sensing

* Matrix Completion [Candes-Recht ‘09]

Like nonasymptotic Bai-Yin for matrices with
independent rows.



Covariance Estimation-

Goal: Estimate ) © given i.i.d. le . .’. Xq .,

Want: (1 — €)X < é D i<q X, X' < (1+6)X

Question: How many samples q = q(n, 6)
do we need?



|sotropic Position

Want: (1 — €)X =< % Zigq X X' < (1+6)X

Sufficient to handle ) ; — [ isotropic position.
E(u, X)?=1 VYu E[|X|*=n
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Want: (1 — €)X =< % Zigq X X' < (1+6)X

Sufficient to handle ) ; — [ isotropic position.
E(u, X)?=1 VYu E[|X|*=n

Reduction: X{ — E_l/zX,i and

(1 —e)I < % D icg Xi X 2 (14€)1



|sotropic Position

. 1 T
Want: ||5 D icq XiX; — I||2 <€

Sufficient to handle ) ; — [ isotropic position.
E(u, X)?=1 VYu E[|X|*=n

Given EX X' = I how largeis q?
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A Good Example

Standard Gaussian vector:
X ~ N(0, 1)
For any fixed direction
ue Snt (u, Xy ~ N(0,1)

So for independent X;, ... X,

T 1 2 2
u' Bgu =2 ) . {u, Xi)® ~ x*(q)
P[> i< (4, Xi)? = 1] > €) < exp(—ge?)
Take g > n/e?, union bound.



Convex Bodies [KLS'95]

- @

More generally sub-exponential X:

Vuec S" 1 P([(u, X)| >t) < Cexp(—t)

[ALPT’09/ALLPT’11] ¢ = O(n/€®) whp,
provided || X ||, < O(v/n)



Heavier Tails
Vue S"Th P(|(u, X)| > t) < Ct7P)

[Vershynin'11] ¢ = O(n(loglogn)?)
for p>4 and || X||2 < O(y/n)

[Mendelson-Paouris’12] g =0(n/e)
for p>8 and something like || X ||2 < O(y/n)
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Heavier Tails

[S-Vershynin’12] Suppose isotropic X satisfies:

0 |Vu e S"71: P([{u, X)| >t) <O/t

D |VIT P(|IIX|s >t) < C/t*T", ¢ > Cy/rank(II)

Then E

2
L0, XiXT — 1| <efor g =O(n/e*t )

Includes: log-concave X by [Paouris ‘07]
product X with bdd 4 +  moments
cf. [Latala’05]



Heavier Tails

[S-Vershynin’12] Suppose isotropic X satisfies:

1D

Vu e S7 1

kD

VII P(||IIX|], >t) < C/t*T,

Then E

P(|(u, X)| > t) < C/t*H

t > C+/rank(II)

L, XX =1 < for g =O(n/e*tT)

-

Lower edge is easier: Only require

E/\mm(Eq) Z 1 —e.

1D

for

~N




Sketch of the proof
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Basic Picture

A = Zigk XZX,;:T — A1+ Xng

)\min )\maa:
ooooo

0—00—0-0-0-
Goal
(1—€)g<EX<(1+4¢€)q

Ay = X0 XT + XoXT .. X, X7
(

g E)\maw(Ak) < )\ma:c(Ak—l) + 0(1)?]
E)\a/vg (Ak} = 7YQUg\ZIKk—1) T T
\_ J




Ay = Zi<k XinT

Basic Picture

)\min

.....
Goal

= Ap_1 + Xp X}

)\maa’;

(1—€)g<EX<(1+4¢€)q

A, = X1X1T + XoXT . X, XT

-

\_

E)\ma:r(Ak) < )\max(Ak 1) + O( )

E)\a'vg(Ak}=/a/vg\ille T

False




Softening the Edges

Pa(z)=Tr(zl —A)t=>".

1
1 Z—)\@'
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Amar = max{z : P4 (z) = oo}
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Softening the Edges
Da(z) = Tr(zl — A)~1




Well-behaved + easy to

manipulate }g the Edges
Da(z) = Tr(zl — A)~1

-

Smaz = max{z : ®4(2)

|
-
H—J



Softening the Edges
Da(z) = Tr(zl — A)~1

P e

Smin = Min{z : ‘(I)A(Z)“: P}

Smaz ‘= max{z : P4(z) = ¢}



Inverse Stieltjes Transform Lemma

Du(z) =Trizl+ A)~!

Smin ‘:: min{ z : @A(z)\‘ =}

Smaz ‘= max{z: ®(z) =} - _L_.__. ______ - -

/IVIain Lemma. \

A > 0, X regular isotropic random vector.
For all € > 0 there is ¥ = 9 (e) with

Esmas(A+ XX1) < spman(A) + 1+ ¢

\_
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The Sensitivity Tradeoff

Ap = A1 + X X

{ Lemma.

\_

Es,nin(AR) > —n/th + k(1 — €)
Esmaz(Ar) < n/y+ k(1 + ¢).

J




The Sensitivity Tradeoff

{ Ap = A1 + X X
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The Sensitivity Tradeoff

w""""""';'i;.'.."_".i.'&'

Ay =X XT + ..., X, X7

{ After k steps
Espin(Ar) > —n/Y + k(1 —€)
EsSmax(Ar) < /1 + k(1 + €).

\_ J

\




The Sensitivity Tradeoff

w""""""':i;'.'.."_".i.'&'

Ag=Xii5et ¢ > - =c

Y

{ After q steps

\_

Espmaz(Ar) < n/v 4+ q(1 + ¢).

\

J

(€)n.



The Sensitivity Tradeoff

w""""""':i;'.'.."_".i.'&'

A, =X, Set ¢ > 7= = c(e)n.

Ye

{ After q steps

\_

Espmaz(Ar) < n/v 4+ q(1 + ¢).

\

J

[ ]



Proof of the Main Lemma

4 h

A > 0, X regular isotropic random vector.
For all € > 0 there is ¥ = 9 (e) with

Esmas(A+ XX1) < spman(A) + 1+ ¢

\_

Need to solve inverse problem:

Ex{max z:Tr(zI —A—- XX~ =9}
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A special case: A has k eigenvalues at distance k

HHXH2 II = Proj(uq,...,us)

< ITIX |2 >
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A special case: A has k eigenvalues at distance k

IILX ||
Ve {Ix]? >
C e 1A
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A special case: A has k eigenvalues at distance k

X1 5(x) > X2 — &

N4
(C pAy 5k
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Origin of @

X|? > 2 _
Want E§(X) = O(1) ﬂrmjm'k
o iy by

s—+0
E(|IIX|3 - &)+

O

P(|IIX[* > k +t)dt

E5(X)

'V
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Origin of @
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Origin of @

X% 5(x) > |IX|2 — &

!

g = e

s—+0
Ej(X) > E(|[IIX |3 — &)+

:/ P(|ILX|? > k + t)dt
0

Need P(||IILX || > t) < C/t*T",t > k.
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Origin of

A has 1 eigenvalue at distance 1

<um’in7 X>2
€< <umimX>2 —
a3 |
S
)\min




Origin of

A has 1 eigenvalue at distance 1
<umin7X>2

S 5496 -—

0(X) = (Umin, X)?, want > 1 — € wcep.



Origin of

A has 1 eigenvalue at distance 1

<umin7 X>2
\L <umimX>2 —
< A 0

0(X) = (Umin, X)?, want > 1 — € wcep.
Control E[{tmin, X )|*17.



Main Lemma
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Some Technical Details



Proof of the Main Lemma

-

\_

~

A > 0, X regular isotropic random vector.
For all € > 0 there is ¥ = 9 (e) with

Esmas(A+ XX1) < spman(A) + 1+ ¢

For fixed A, X, how do we certify

Smam(A+XXT) < Smam(A) - 0 ?



Upper Edge Shifts

Let Sya:(A) = s.
Smam(A+XXT) < S+ 0

= Dy xx7(s4+90) <Y e — e — o
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Upper Edge Shifts

Let Sya:(A) = s.
Smam(A+XXT) < S—|—5

= Py xxr(s+90) <Y oo
= (I)A+XXT(S—|—5 ) < Du(s Qk L
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Upper Edge Shifts

Let Sya:(A) = s.
Smaw(A+XXT) < S—|—5

< (I)A+XXT(S+5 <1,/) ————————————
< (I)A+XXT(S—|—5 <(I)A % ;{%

— Tr(s+0— A — XXT) 1<Trs— -

. )
Sherman Morrisson Formula

A"IXXT A1
A— XX 1=4"14 .
\_ ( ) ]_ — XTA_lX )




Upper Edge Shifts

Let Sya:(A) = s.
smam(A—i—XXT)<s—|—5
= Py xxr(s+90) <Y oo
— Dy xxr(s+9) < DPy(s 4\\\7 l\(
X (s+6—-A)2X

Xt A)~
< Shro_az T4 5Ho




Upper Edge Shifts
Let Sya:(A) = s.

Smam(A+XXT)<S+5
= Py xxr(s+90) <Y oo
< (I)A+XXT(S—|—5 <(I)A 4& ;{k
XT(s+6—-A)2%2X -
X
— STr(s + 6 — A) 2 + X" (s+0—A)"

/_% ~
Quadratic form in X, Q(& X)

decreasing in
\ J




“Inverse

O(X) :=min{d : Q(9,X) <1} | Problem”

Need to bound
Ex Smaz(A+ XXT) = smaz(A) + Ex§(X)

Smaz(A+ XXT)<s+96 0 %*z %1{'

X7t 6 —A)2X
= (s + ) + X' (s+6—-A)"1X <1

0Tr(s+0 —A)—2
/_% )

Quadratic form in X, Q(& X)

decreasing in
\ J




“Heuristic” bound on E§(X)

Smaz (A + XXT) < Smaz(A) +0

|

XT(s+6—-A)2X T _q
XT(s+6— A)'X < 1.
STr(s + 06— A) 2 (s+0—A)7X <




“Heuristic” bound on E§(X)
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|

T AV=2
X (s+0-A) "X FEX (s+5—-A)7'X <1

K 0Tr(s+6 — A)—?2 —
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“Heuristic” bound on E§(X)
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“Heuristic” bound on E§(X)

Esmaz(A+ XX < s1max(A) + 6

|

A2
(s +0-A) " | ms4a—A) <1,

0Tr(s+d6— A)=2




“Heuristic” bound on E§(X)

Esmaz(A+ XX < s1max(A) + 6

1

Tr(s+6—A)~ !t <1.

Sensitivity Bound
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1

5 +Tr(s — A)~ ' < 1.
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The Sensitivity Tradeoff
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The Sensitivity Tradeoff

w""""""':i;'.'.."_".i.'&'
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{ After q steps
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\

\_




Nonsense?

Need to bound E (X)) for § satisfying

XT(s+6—-A4)2%X
0Tr(s+90 — A)—2

Q(6,X) = + XM (s+0-A)"'X <1

Insufficient to bound “in
expectation”



Nonsense?
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Nonsense?

Need to bound E (X)) for § satisfying

Q(0, X) =

XT(s+6—-A)2X

0Tr(s+6 — A)=2

+ X' (s+6—-A)"1TX <.

If X is Gaussian: Q(5,X) ~ EQ(5,X) whp.

so Heuristic calculation is accurate.

Turns out

1D

+

kD

is enough.
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{ After q steps
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Open Questions

More delicate results? (fluctuations of top
eigenvalue,...)

Preserving higher marginals
[Rudelson-Guedon’07, Vershynin’10]

Extension to higher rank matrices



