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@ Probability space (A, ¢)
A is a von Neumann algebra.
¢ is a normal state not necessarily faithful, but the GNS
representation associated with ¢ is faithful.
x € A random variable.
e Joint distribution of {x;|i € I}, u: C(Xj|i € I) — C defined by
IU’(XIIIIX[IQ(2 B XII;") = ¢(Xik1X.k2 o e an)’

12 in

@ An operator valued probability space (A, B, E : A — B) consists of an
algebra A, a subalgebra 5 of A and a B — B bimodule linear map
E:A— B ie.

Elbiaby] = byE[a]by, E[b] = b

for all by, by, b€ B and a € A.
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Definition

For an algebra B, B(X) is freely generated by B and the indeterminant X
and B(X)g is a subalgebra of B(X) which does not contain a constant
term in B.

| N\

Definition
{xi}ier € (A,B,E : A — B) is said to be conditional independent over B
if

Elp1(xi)p2(xi,) - - - Pn(xi,)] = E[p1(xi)]Elp2(x3)] - - - E[pn(xi,)]

whenever i1, - - - , i, are pairwisely different and py,--- , p, € B(X).
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Classical symmetries

A finite sequence of random variables ({1, &2, ...,&p) is said to be
exchangeable if

(517 "'7§n) g (60’(1)7 ~--a£o'(n))a Vo € Sna

where S, is the permutation group of n elements.
Compare with exchangeability, there is a weaker condition of spreadability:
(&1, ..+, &n) is said to be spreadable if for any k < n, we have

(gla"'agk) g (6’17“"6’[()7 1<h<h<---<lk<n

Note that i.i.d = conditionally i.i.d = exchangeability = spreadability.
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de Finetti Theorem

For infinite sequences of commutative random variables, we have

Theorem (de Finetti 1930s)

Infinite sequences of exchangeable random variables are conditionally i.i.d.

Theorem (Ryll-Nardzewski 1957 )
Infinite sequences of spreadable random variables are conditionally i.i.d.

Therefore, Conditionally i.i.d <= exchangeability <= spreadability.
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Kostler Theo

In noncommutative probability, for infinite sequences, spreadabilityA
exchangeability % any independence relation.
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Definitions

Definition

(A,B,E : A — B) such that A and B are unital. A family of (x;);c/ is
said to be freely independent over B, if

Elp1(xi,)p2(xi) - - - pn(xi,)] = 0,

whenever iy # ip # -+ # ip, P1, ..., pn € B(X) and E[pk(x; )] = 0 for all k.

Definition

{xi}ier € (A,B,E : A — B) is said to be Boolean independent over B if

Elp1(xi)p2(xi) - - pa(xi)] = Elp1(xi)IE[p2(xi,)] - - - Elpn(xi,)]

whenever iy, -+ ,in €1, i1 # i # -+ F ipand p1,---, pp € B(X)o.
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Definition
{xi}ic is said to be monotonically independent over B if

Elp(xiy) -+ - Pr—1(Xie_1 )Pk (X, ) Pret1 (Xie 1) -+ PG, )]
= E[pr(xi) -+ Pe—1(%i_1 ) E [P (Xi)] P11 (Xi 1) -+ Pa(G,)]

whenever iy, -+ jin €1, i1 £ ip # -+ F I, ik—1 < Ik > ix+1 and
pP1,- - 7pn€B<X>O-
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Quantum symmetries

As(n) is the universal unital C*-algebra generated by (uj )i j=1....n:

— g = P 3 F—
ou?‘,j—u,d—uuforall/,j—l,---,n.
@ Foreachi=1,--- ,nand k # | we have
upuyp =0 and  wgiu; =0; .
o foreach i=1,---,n we have

n n
D uk=1=) u.
k=1 k=1

As(n) is a compact quantum group in sense of Woronowicz.
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Quantum symmetries

e Right coaction of As(n) on C(Xi, ..., Xp) is a unital homomorphism
an : C(X1, ..., Xp) = C(Xq, ..., Xn) @ As(n) defined by

an(Xi) =D X @ uj;
j=1

@ (x1,...,xn) C Ais said to be quantum exchangeable if

Mxh‘..,xn(P)lAs(n) = Pxgyeein & idAs(n)(an(P))

for all p € C(Xq, ..., Xp).

@ An infinite sequence (x;)jen is quantum exchangeable if all its finite
subsequences are quantum exchangeable.
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Free de Finetti Theorem

Definition
Let (A, ¢) be W*-probability space with a faithful state, A is generated by
(xi)ien. The tail algebra of (x;)jen is

o0

Agair = ) vN{xi|k > n},

n=1

where vN{xx|k > n} is the von Neumann algebra generated by
{xk|k > n}.
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Free de Finetti Theorem

Theorem (Kostler 2010)

If (x;)ien are exchangeable, then 3 a normal endomorphism o : A — A
such that a(x;) = xj41 for all i € N. Moreover,

E = WOT — lim "

n—o0

is a well defined conditional expectation from A onto A;,j.
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Free de Finetti Theorem

Theorem (Kostler & speicher 2009)

For infinite sequences, Quantum exchangeable <= free with respect to
E:A— -Atail-
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Boolean de Finetti Theorem

Bs(n) is defined as the universal unital C*-algebra generated by elements

uij (i,j=1,---n) and a projection P such that we have

*

@ each u;; is an orthogonal projection, i.e. uj; = u;; = ui/- for all

. . )J
Iv./:l"" , N
o
Ui klj | = 0 and Uil = 0
whenever k # /.
n
o Forall1<i<n P=Y u,P.
k=1
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Boolean de Finetti Theorem

@ Right coaction of Bs(n) on C(Xi, ..., Xp) is a unital homomorphism
an : C(X1, ..., Xp) = C(Xq, ..., Xn) @ Bs(n) defined by

an(Xi) =D X @ uj;
j=1

® (x1,...,xn) C Ais said to be Boolean exchangeable if

fxg,..a(P)P = Plixy . x, @ idp (n)(an(p))P

for all p € C(Xq, ..., Xp).

@ An infinite sequence (x;);en is Boolean exchangeable if all its finite
subsequences are Boolean exchangeable.
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Boolean de Finetti Theorem

RENELS

There is no pair of Boolean independent random variables in probability
spaces with faithful states. Therefore, in our framework, we just require
the GNS representation associated with the state to be faithful.

Tail algebra
The tail algebra 7 of (x;)ien is defined by the following formula:

| \

T = W*{xlk = n},

n=1

where W*{xx|k > n} is the WOT closure of the non-unital algebra
generated by {xx|k > n}. We call T the non-unital tail algebra of (x;);en
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Boolean de Finetti Theorem

Theorem

Let (A, ) be a W*-probability space and (x;)icn be an infinite sequence
of selfadjoint random variables which generate A as a von Neumann
algebra. Then the following are equivalent:

a) The joint distribution of (x;)ien is Boolean exchangeable.

b) The sequence (x;)ien is identically distributed and Boolean
independent with respect to a ¢-preserving conditional expectation E
onto the tail algebra of the (x;)jcn.
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Spreadability

Rephrasing spreadability in words of quantum maps:

lk,n set of increasing sequences Z = (1 < iy < --- < i < n). For
1<i<n, 1<) <k, define £ : I p — C by:

1, ij=i

ﬁ'(I):{O’ IJ#I :

C(In k) generated by the functions f; ;.
Ja : C[Xq, ..., Xk] = C[Xq, ..., Xa] ® C(lk,n) define by:

n
a: Xj = ZXi ®fij, afl)= Legiy,q)
i=1
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Spreadability

For fixed k < n,

ot (PYLC (1) = Boxt oo @ idc(y, ) (c(P))

for all p € C[x, ..., xk].
<~ J
(51) "'7§k) = (5/17 "'af/k)y 1<h<h<---< Ik <n
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Curran’s quantum increasing space

Definition
For k, n € N with k < n, the quantum increasing space A(n, k) is the
universal unital C*—algebra generated by elements
{uij|1 <i<n,1<j <k} such that
1. Each u;j is an orthogonal projection: wv;; = u
i=1,..,nj=1, ..k

2. Each column of the rectangular matrix u = (u,-,j),-:;l,,.,ﬂ,,;jzlw,k forms

*

— 2
7= uj; forall

n
a partition of unity: for 1 < j < k we have ) u;;j = 1.
i=1
3. Increasing sequence condition: wjjuy jy =0 if j < j and i > /.
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Curran’s quantum spreadability

For any natural numbers k < n, 3 unital x-homomorphism
apk  C(Xq, ..., Xk) = C(Xq, ..., Xp) ® Aj(n, k) such that:

n
ank(Xj) = ZX,' ® ujj.
i=1

(xi)i=1...n Ai(n, k)-spreadable if

xg,..o o (P) Ly (n k) = 1 @ ida;(n i) (n k (P)),

for all p € C(Xq, ..., Xk). (Xi)i=1,....n is said to be quantum spreadable if
(xi)i=1,...n is Ai(n, k)-spreadable for all k =1,...,n— 1.
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Free extended de Finetti theorem

Theorem (Curran 2010)

In W*-probability space (A, ¢), where ¢ is a faithful tracial state. For
infinite sequences, quantum spreadable <> free with respect to
E: A— Aiy < quantum exchangeable.
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Boolean spreadability

Inspired by Bs(n), we can construct Boolean space of increasing spaces
B,-(n, k):

Definition

For k,n € N with k < n, Bj(k, n) is the unital universal C*—algebra
generated by elements {u,(j)\l <i<n,1<j<k} and an invariant
projection P such that
(b) (b) _ ¢, (B)yx _ ¢, (B)y2
1. Each1 ud is an ;rthoional projection:u; ” = (u; )" = (u; ;)" for all
= nj=

2. For 1<j < kwehave . ul)P = P.
i=1

3. Increasing sequence condition: ufj)uf,?, =0ifj<j andi>1.

3 unital homomorphism a( ) s C( X1y ooy Xi) = C( X1, ..., Xn) ® Bi(n, k)
determined by:

b b
a()x-: X-®u§-)
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Boolean spreadability

Definition
(xi)i=1,...n in (A, ¢) is Bj(n, k)-spreadable if

. b
ity (PIP = Pl .y @ il iy (@l (P))P,

for all p € C(Xq, ..., Xk). (Xi)i=1,....n is Boolean spreadable if (x;j)i=1,.. n is
Bi(n, k)-spreadable for all k =1,...,n— 1.
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Monotone spreadability

Definition

For fixed n, k € N and k < n, a monotone increasing sequence space
M; (n k) is the universal unital C*-algebra generated by elements

{U }I 1, Lk

1. Each u,,J is an orthogonal projection;

2. Monotone condition: Let P; = Z u(m) 7 u( ,) = upj if j/ <.

3. zu,g’ Py =P forall 1< <k
i=1

(MM —0if j < and i > i,

4. Increasing condition: Ui U

We see that P; plays the role as the invariant projection P in the Boolean
case. For consistency, we denote P; by P.
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Monotone spreadability

3 unital *- homomorphism a( ) : C(X1y ey Xk) = C(X1, ..oy Xn) @ Mi(n, k)
such that

(m) ZX ® u(m)'

A finite ordered sequence of random variables (x;)i=1,... . in (A, ¢) is said
to be M;(n, k)-invariant if their joint distribution i, x, satisfies:

:U*X1,~--7Xk(p)P = PMX17-~~7Xn @ idM,-(n,k)(aE,?/?(p))P7

for all p € C(Xq, ..., Xk). (Xi)i=1,...n is said to be monotonically spreadable
if it is M;(n, k)-invariant for all k =1,...,n— 1.

v
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Booolean exchangeability — Boolean spreadability

Monotone spreadability

Quantum exchangeability — Quantum spreadability .
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An unbounded spreadable sequence

Let H be the standard 2-dimensional Hilbert space with orthonormal basis

1 0
() (2
Let p, A, x € B(H) be operators on H with the following matrix forms:
_(10) ,_(10y __ (01
P=loo)  "“\o2) *"\10)

o0

Let H = @ H the infinite tensor product of #. Let {x;}?°; be a sequence
n=1

of selfadjoint operators in B(H) defined as follows:

i—1 [%S)
X :®A®X®®P
n=1 m=1

Let ¢ be the vector state (-v,v) on H and ® = (X) ¢ be a state on B(H).

n=1
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An unbounded spreadable sequence

@ (x;)ien is monotonically spreadable with respect to ¢ and
sup [ xi[| = oo.
1

@ Unilateral shift is unbounded.

To construct a conditional expectation, we need to consider bilateral
sequences of random variables.
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Tail algebra

Definition

Let (A, @) be a non-degenerated noncommutative W*-probability space,
(xi)icz be a bilateral sequence of bounded random variables in A such
that A is the WOT closure of the non-unital algebra generated by (x;)icz.
The positive tail algebra A" ; of (xi)iez is defined as following:

tall ﬂ 'A+

k>0

tai

where A+ is the WOT-closure of the non-unital algebra generated by
(xi)i>k, In the opposite direction, we define the negative tail algebra A,

of (x;)iez as following:
ta/I ﬂ ‘Ak

k<0
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Tail algebra

If (x;)iez is spreadable, then
e 3 a normal automorphism « : A — A such that a(x;) = xj41 for all
i € 7.
o For k € Z, let A;f be the WOT-closure of the non-unital algebra
generated by (x;j)i>, then

ET = lim a"
n—oo

defines a normal conditional expectation from A;r onto A;;,-,.

@ In general, E™ can not be extended to the whole algebra A.

@ In the similar way, we can define conditional expectation E—.
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Monotone extended de Finetti theorem

Theorem

Let (A, ) be a non-degenerated W*-probability space and (x;)icz be a
bilateral infinite sequence of selfadjoint random variables which generate
A. Let .A;f be the WOT closure of the non-unital algebra generated by
{xj|i > k}. Then the following are equivalent:

a) The joint distribution of (x;);cz is monotonically spreadable.

b) For all k € Z, there exits a ¢-preserving conditional expectation
Eyx : Af — Ai;,-, such that the sequence (x;)i>k is identically
distributed and monotone with respect Ey. Moreover, Ej| Ay = Ew

when k > k'.
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Monotone extended de Finetti theorem

Proposition

Let (A, ¢) be a non-degenerated W*-probability space and (x;)jcz be a

bilateral infinite sequence of selfadjoint random variables which generate
A. If (x;)icz is monotonically spreadable, then the negative conditional

expectation E~ can be extended to the whole algebra A.

33 /43
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Boolean extended de Finetti theorem

(A, @) is a W*-probability space with a non-degenerated normal state and
A is generated by a bilateral sequence of random variables (x;)icz and
(xi)icz are Boolean spreadable. Then, E~ and E™ can be extended to the
whole algebra A. Moreover, E~ = E*
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Boolean extended de Finetti theorem

Theorem

Let (A, ¢) be a non degenerated W*-probability space and (x;)icz, be a
bilateral infinite sequence of selfadjoint random variables which generate A
as a von Neumann algebra. Then the following are equivalent:

a) The joint distribution of (x;)ien is Boolean spreadable.

b) The sequence (x;)icz is identically distributed and Boolean
independent with respect to the ¢—preserving conditional expectation
E™ onto the non unital positive tail algebra of the (x;)icz
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Free and classical de Finetti theorems

In 2009, Banica and Speicher found some universal conditions which can
define some new quantum groups which are called easy quantum groups.
By using the invariance conditions associated with those easy quantum
groups, Banica, Curran and Speicher found more de Finetti theorems for
both classical independence and free independence.
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Conditions for easy quantum groups

Let u € M,(A) be a matrix over a C*—algebra A the pair u is called:
@ Orthogonal, if all entries of u are selfadjoint, and wut = utu =1,
@ magic, if it is orthogonal, and its entries are projections.

@ cubic, if it is orthogonal, and u; juj x = ujjuj, =0, for j # k.

n n
bistochastic, if it is orthogonal, and ) ujj = uji =1, forj # k.
i=1

J=1 J
magic’,if it is cubic, with the same sum on rows and columns.

bistochastic’,if it is orthogonal, with the same sum on rows and
columns

The universal quantum groups associated with these four conditions are
Ao(n), As(n), An(n), Ap(n), As(n) and Agy(n).
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Universal conditions for Boolean independence

Let u € M,(A) be a matrix over a C*—algebra A and P be a projection in
A, the pair (u,P) is called:

@ P-orthogonal, if all entries of u are selfadjoint, and
uwP=uvtuP =1, P,

o P-magic, if it is P—orthogonal, and its entries are projections.

@ P-cubic, if it is P—orthogonal, and u; juj x = uj juj, =0, for j # k.
n

e P-bistochastic, if it is P—orthogonal, and ) u;jP = > u;;P =P,
j=1 j=1
for j # k.

@ P-magic’, if it is P—cubic, with the same sum on rows and columns.

@ P-bistochastic',if it is P—orthogonal, with the same sum on rows and
columns.

Then, we can define quantum semigroup associated with these four
conditions, which are B,(n), Bs(n), Bn(n), By(n), Bs(n) and By (n).
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General Free de Finetti Theorems

Suppose ¢ is faithful. Let {E(n)},en be a sequence of orthogonal Hopf
algebras such that As(n) C E(n) C As(n) for each n. If the joint
distribution of (xj);en is E(n) invariant, then there are a W*-subalgebra
1 C B C A and a ¢-preserving conditional expectation E : A — B such
that
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Theorem

1. If E(n) = As(n) for all n, then (x;)ien are freely independent and
identically distributed with respect to E.

2. If As(n) C E(n) C Ap(n) for all n and there exists a k such that
E(k) # As(k), then (x;)ien are freely independent and have
identically symmetric distribution with respect to E.

3. If As(n) C E(n) C Ap(n) for all n and there exists a k such that
E(k) # As(k), then (x;)ien are conditionally independent and have
identically shifted-semicircular distribution with respect to E.

4. If there exist ki, ko such that E(kl) g Ah(kl) and E(/Q) Z Ab(kg),
then (x;)ien are freely independent and have centered semicircular
distribution with respect to E.
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Suitable Framework

If the framework is too large, we would not get de Finetti theorem for
certain independence. If the framework is too small, we would get trivial
result i.e. all random variables are identical too each others.
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Thank You!
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