
Midterm 1 Math 113 Fall 2020

Directions:

• This exam is due on Thursday 10/8 at midnight. You should turn it in on bCourses,
just as you have been turning in your homework.

• This test is open book, open notes, and open lectures. This means that you can refer
to any of your notes, to the textbook, and to any of the recorded lectures.

• You should not talk to other students in the class about the test, or consult other
resources besides the above.

• You must justify everything you write, either by proving it, or by citing the book or
lectures.

• You should only need to use things from the book that we have covered in class.

• Please ask me as early as possible if you would like clarification on any of the questions.

Question Points Score

1 10

2 15

3 5

4 10

5 10

Total: 50



1. Let G be a finite group. Let us say (just for the purposes of this test) that the embedding
degree of G is the smallest positive integer n such that there exists an injective group
homomorphism ϕ : G ↪→ Sn from G to the symmetric group Sn. Equivalently, the
embedding degree of G is the smallest value of n such that G is isomorphic to a subgroup
of Sn. We write embd(G) for the embedding degree of G.

(a) (1 point) Show that the embedding degree is equal to the smallest positive integer
n such that there exists a faithful action of G on a set with n elements.

Solution: Remember that giving an action α of G on a set with n elements (say
A) is the same as giving a homomorphism ϕα : G → Sn (as discussed in lecture).
We need to show that α is faithful if and only if ϕ is injective. For the action to be
faithful means that for any g ∈ G, there exists some a ∈ A such that g · a 6= a. The
corresponding permutation σg = ϕ(g) ∈ Sn then satisfies σg(a) 6= a, so σg 6= 1. The
converse is similar.

(b) (1 point) Show that, for any finite group G, we have embd(G) ≤ |G|. Hint:
remember Cayley’s theorem, which we proved in lecture.

Solution: By Cayley’s theorem, the action of G on itself by left multiplication is
faithful. Hence, the corresponding homomorphism ϕ : G→ S|G| is injective.

(c) (2 points) Let p be a prime number. Show that embd(Z/pZ) = p. Thus, the
embedding degree of this particular group is as big as could possibly be allowed by
part (b). Hint: show that if n < p then Sn does not have any elements of order p.

Solution: For this and the following part, it is helpful to observe that giving an
injective homomorphism Z/mZ→ G, or equivalently a subgroup of G isomorphic
to Z/mZ, is the same as giving an element of G of order m. Thus, embd(Z/mZ) is
the smallest n such that Sn contains an element of order m.
Now, following the hint, lets show that if n < p then Sn does not have any elements
of order p. To see this, consider the cycle decomposition of an element σ ∈ Sn. The
order of σ is the least common multiple of the lengths of the cycles. So, if the order
is p, the length of every cycle must divide p. Thus, every cycle must have length
1 or p. In particular, if σ has order p, we must have n ≥ p. Furthermore, if n ≥ p
then there does exist an elements of order p: any p-cycle has order p.

(d) (2 points) Show that embd(Z/6Z) = 5. Thus, part (c) is not true for cyclic groups
of composite order.
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Solution: As observed in the previous part, embd(Z/6Z) is equal to the smallest n
such that Sn has an element of order 6. Note that S5 does have such an element,
for instance (123)(45). Furthermore, S4 does not, because the possible orders of
elements of S4 are 1, 2, 3, 4 (look at the cycle decomposition). So, embd(Z/6Z) = 5.

(e) (2 points) Let D2n be the dihedral group of order 2n. Using part (a) and the defining
action of D2n on the vertices of a regular n-gon, show that embd(D2n) ≤ n.

Solution: As discussed in lecture, the standard action of D2n on the vertices of the
regular n-gon is faithful. Thus, there is an injective homomorphism D2n → Sn. This
shows that embd(D2n) ≤ n.

(f) (2 points) Show that if p is prime then embd(D2p) = p.

Solution: Note that D2m contains an element of order m, namely r. Thus, if there
is an injective homomorphism D2m → Sn, then there is an element of order m in
Sn. So, by part (c), embd(D2p) ≥ p. By part (e), embd(D2p) ≤ p. We conclude
embd(D2p) = p.
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2. In this question you will think about D12. Remember that we have the standard
presentation

D12 = 〈r, s|r6 = s2 = 1, rs = sr−1〉

Consider the usual action of D12 on the regular hexagon, as pictured below:

1

23

4

5 6

As we discussed in lecture, we can think of this as an action of D12 on the set of vertices
{1, 2, 3, 4, 5, 6}. Specifically, in terms of the induced permutation representation, the
rotation r corresponds to the permuation (123456) ∈ S6, and the reflection s corresponds
to (26)(35) ∈ S6.

(a) (1 point) Show that this action is transitive.

Solution: We need to show that, for any i, j ∈ {1, 2, 3, 4, 5, 6}, there is an element
g ∈ D12 such that g · i = j. We can do this with a rotation: note that rj−i · i = j.

(b) (2 points) Compute the stabilizer of the vertex 1. Hint: you can compute the size
of the stabilizer quickly using the orbit–stabilizer theorem from homework 5.

Solution: By part (a), the orbit of 1 has size 6. So, by the orbit–stabilizer theorem,
the stabilizer of 1 has size 2. Thus, there is only one non-identity element in the
stabilizer, which we notice is the reflection s. We have

Stab(1) = {1, s}
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We are going to use the standard action to make a different action of D12 on a set
with five elements. Consider the picture

1

23

4

5 6

Let A = {1, 3, 5} be the vertices of the red triangle, let B = {2, 4, 6} be the vertices
of the blue triangle, and let X = {1, 4}, Y = {2, 5}, and Z = {3, 6} be the vertices
of the three green diagonals. The action of D12 on the set of vertices {1, 2, 3, 4, 5, 6}
induces an action of D12 on the set {A,B,X, Y, Z}.

(c) (2 points) Compute r ·A, r ·B, r ·X, r · Y , and r ·Z. Do the same with r replaced
by s.

Solution: We have

r · A = B, r ·B = A, r ·X = Y, r · Y = Z, r · Z = X

and
s · A = A, s ·B = B, s ·X = X, s · Y = Z, s · Z = Y

(d) (2 points) What is the orbit of A? What is the orbit of X?

Solution: From our computations in part (a), we see that

Orb(A) = {A,B} and Orb(X) = {X, Y, Z}

(e) (2 points) What is the stabilizer of X? Hint: you can find the order of the stabilizer
quickly using the orbit–stabilizer theorem.
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Solution: By (d), the orbit of X has size 3. Using the orbit–stabilizer theorem, we
get that Stab(X) has size 4. We already know two of the elements, namely 1 and
s (from part (c)). Another element is r3. As the stabilizer is a subgroup, sr3 also
stabilizes X. So, we have

Stab(X) =
{

1, s, r3, sr3
}

(f) (2 points) Write down the permutations σr and σs in S5 corresponding to the
elements r, s ∈ D12.

Solution: To avoid confusion, I’ll use A,B,X, Y, Z for the elements on which S5

acts, instead of the numbers 1− 5. By part (c), we have

σr = (AB)(XY Z) and σs = (Y Z)

(g) (2 points) Show that σr has order 6 and that σs has order 2. Deduce that the action
is faithful, and hence that the induced homomorphism ϕ : D12 → S5 is injective.

Solution: Looking at the LCM of the cycle lengths, we see that σr has order 6
and σs has order 2. Furthermore, no power of σr is equal to σs. It follows that the
image of ϕ : D12 → S5 has at least 1+5+1=7 distinct elements (the identity, σir for
1 ≤ i ≤ 5, and σs). But the order of the image has to divide the order of D12, so
the only possibility is that the image has order 12. Hence, ϕ is injective.

(h) (2 points) Finally, show that S4 does not have any subgroup isomorphic to D12.
Conclude using part (g) that embd(D12) = 5.

Solution: As in problem 1, S4 does not have any elements of order 6, which D12

does. So, S4 does not have any subgroup isomorphic to D12. By part (g), we get
that embd(D12) = 5.
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3. (5 points) Suppose that G is a simple group of order 168 = 23 · 3 · 7 (incidentally, this
is the number of hours you have to take this test). How many elements of order 7 are
there in G? (It turns out that there is indeed a simple group of order 168, but we haven’t
described it yet).

Solution: Using Sylow’s theorems, we get that n7 ≡ 1 (mod 7) and n7|24. It follows
that n7 = 1 or n7 = 8. In the first case, G would have a normal Sylow 7-subgroup,
contradicting our assumption that G is simple. So, we must have that n7 = 8. Each
Sylow 7-subgroup has order 7, hence is the cyclic group of order 7. Thus, any two Sylow
7-subgroups intersect only in the identity. Furthermore, any non-identity element of a
Sylow 7-subgroup has order 7, and any element of order 7 in G is contained in a Sylow
7-subgroup. It follows that there are 8 · (7− 1) = 48 elements of order 7 in G.
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4. (10 points) Suppose that G is a group of order |G| = 648 = 23 · 34. Show that G is not
simple.

Hint: consider the possibilities for n3, and the conjugation action of G on Syl3(G).

Solution: Following the hint, we think about n3. By Sylow, we have n3 ≡ 1 (mod 3)
and n3|23. Thus, we have n3 = 1 or n3 = 4. In the former case, G has a normal Sylow
3-subgroup, and hence is not simple. Suppose that n3 = 4. Consider the conjugation
action of G on Syl3(G). We have a corresponding homomorphism ϕ : G → S4. The
kernel kerϕ is a normal subgroup of G. By Sylow’s theorems, the action is transitive,
so ϕ is not trivial (meaning it is not the homomorphism which sends everything to 1).
Thus kerϕ is not equal to G. On the other hand, |S4| = 24 < |G|, so kerϕ cannot be the
trivial subgroup 1. Thus, kerϕ is a proper nontrivial normal subgroup of G, so G is not
simple.
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5. In this question you will think about group homomorphisms between the symmetric
groups Sn for different values of n.

(a) (2 points) If m < n, there are many injective homomorphisms Sm ↪→ Sn. For
instance, we can think of Sm as the subgroup of Sn consisting of permutations of
only the elements {1, . . . ,m}. How many injective group homomorphisms are there
from S2 to S5?

Solution: Note that S2
∼= Z/2Z. So, giving an injective homomorphism S2 → S5 is

the same as giving an element of S5 of order 2. Thus, to answer the question we need
to count the number of elements of S5 of order 2. Looking at the cycle types, we see
that these are exactly the transpositions and products of two disjoint transpositions.
We can count these in various ways (just writing them all out is completely fine, for
instance). Here is one way to do it: a transposition is determined by picking two out
of the five numbers. Thus, there are

(
5
2

)
= 10 transpositions. To specify an element

of cycle type (2, 2), we can pick one number to be fixed, and then note there are
three elements of type (2, 2) fixing that number. So there are 5 · 3 = 15 elements of
cycle type (2, 2). The total number of elements of order 2 is 10 + 15 = 25.

(b) (4 points) For which positive integers n does there exist a surjective group homo-
morphism S4 → Sn? Hint: it might be helpful to recall the Sylow subgroups of S4,
which we talked about in Lecture 10.2.

Solution: If there is a surjective group homomorphism S4 → Sn, then certainly
n ≤ 4. There is a unique surjection S4 → S1 = 1, and the sign homomorphism gives
a surjection S4 → Z/2Z ∼= S2. The identity gives a surjection S4 → S4.
It remains to check whether there is a surjection S4 → S3. The answer is “yes”.
One way to see this is as follows. Consider the subgroup

H = {1, (12)(34), (13)(24), (14)(23)} ≤ S4

which we have mentioned a few times in lecture. Note that in fact H is a normal
subgroup of S4. To see this, remember that the conjugacy classes in S4 are exactly
the elements with the same cycle type, and the nonidentity elements of H are all of
the elements of S4 with cycle type (2, 2).
Now consider the quotient group S4/H, which has order 6. By our classification of
groups of order 6, it is isomorphic to either Z/6Z or to S3. Note that the possible
orders of elements of S4 are 1, 2, 3, 4. Hence, S4/H does not have any elements of
order 6. So, S4/H ∼= S3. Thus, we have a surjection

S4 � S4/H ∼= S3

We conclude that there exists a surjection S4 � Sn if and only if n = 1, 2, 3, or 4.
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Solution: Here is a nice way to see this surjection which a couple of you came up
with. Consider the set of Sylow 2-subgroups of S4. There are three of these, and
they are given by

P1 = 〈(1234), (24)〉
P2 = 〈(1243), (23)〉
P3 = 〈(1324), (34)〉

They are all isomorphic to D8. Consider the conjugation action of S4 on Syl2(S4) =
{P1, P2, P3}. This gives a homomorphism

ϕ : S4 → S3

From the transitivity of the action, we know that the image is a nontrivial subgroup
of S3. To see that this homomorphism is actually surjective, we can make a
computation. For instance, we have

(12) · P1 = P2 (12) · P2 = P1 (12) · P3 = P3

So, the image of (12) under ϕ is a transposition. The only transitive subgroup of S3

containing a transposition is all of S3, so ϕ is surjective.
In fact, you can check that the kernel of this map ϕ is exactly the subgroup H in
the previous solution! So, this is the same homomorphism, just described in a more
elegant way.

(c) (4 points) For which positive integers n does there exist a surjective group homo-
morphism S5 → Sn? Hint: think about the kernel of such a homomorphism and
the Sylow 5-subgroups of S5.
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Solution: As in part (b), we need only consider the integers 1 ≤ n ≤ 5. There
is a unique surjection S5 → S1 = 1, the sign homomorphism is a surjection S5 �
Z/2Z ∼= S2, and the identity is a surjection S5 → S5.
It remains to consider possible surjections S5 � S3 and S5 � S4. We will show that
neither of these exist. Lets consider the former case first. The kernel of a surjection
S5 � S3 would be a normal subgroup N E S5 of order |N | = |S5|/|S3| = 120/6 = 20.
Note that 20 = 22 ·5. By Sylow’s theorems, N has a Sylow 5-subgroup. In particular,
N has an element of order 5, which must be a 5-cycle. But in S5, all 5-cycles are
conjugate. As N is a normal subgroup, it must therefore contain all of the 5-cycles
in S5. There are 120/5 = 24 of these. As N also contains 1, we get that N must
contain at least 1 + 24 = 25 elements, a contradiction. Thus, there is no surjection
S5 � S3.
To rule out the existence of a surjection S5 � S4, we argue in exactly the same
way. The kernel N of such a surjection would be a normal subgroup of S5 of order
|S5|/|S4| = 120/24 = 5. Such a subgroup must contain an element of order 5, and
hence contains a 5-cycle. So, N contains all 5-cycles, giving the same contradiction.
We conclude that there exists a surjection S5 � Sn if and only if n = 1, 2, or 5.

Remark: You might be curious about the general question, namely when there
exists a surjection Sm � Sn. It turns out that, if m = 3 or m ≥ 5, then there
exists a surjection Sm � Sn if and only if n = 1, 2, or n (similarly to the case when
m = 5 above). Thus, something unusual is happening when m = 4, where there is a
surjection S4 � S3.
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