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e A random variable in a model 1s hidden or |atent
¥ it 1s not measured

e In a hidden variable model this means +hat +he
probabili‘l’y densities on the observed random

variables are obtained ID)/ coMpu‘hns morgma.ls
of the jom‘\' distribution of a fully observed model,

+ Hidden variable models are usvally more complex:
¥ Semialgebraic description (Example. 14.1.7)

=S S|v\3‘j\uri+|es (ProposH-io'\ 14, 1. 8)




14.1. MIXTURE MODELS




Example 3.2.9: Binomial Random variable

o Consider a biased com, P(H)=6, P(T)=1-6
X-"—'“number o-F heads n +wo ‘|’ria.|S”

Bz= { ((1-6)% z(u-e)e,e") ] 0$0$l] - Parametric Descrigtion

— { (Po, P, Pz.) € m3; Po‘l'Pl'l’ Pz=|, P:—4P' P3=oz IMP||C|+
- Description.




Example 3.2.9: Binomial Random variable

o Consider a biased com, P(H)=0, P(T)=1-6
X-"—'“number o-F heads n +wo ‘|’ria|S”

B, = { ((1-0)% 2(1-6)6,6%) : oseél] - Parametric Descrigtion

— { (Po, P, Pz.) € m3; P°+P|+ Pzzl, P:—4P' P3=O, IMP'ICI"’
- Description.

e Suppose we have two cons C,, Cz, we select one ot
random, toss the coin twice and record # of heads, 4
P(y=0)= MP(XC o) + P(C= Cz)%}
) (1—2A) (1— 62)*
= | A: (|-e.) + (I—%)(l—ez)z




e The distribvtion of VY s glven by

rpo (1-81) (1= 6.)
p|= 7‘(Z(I e.)e> + (-2 )(2(' 6:-)92.) )
\ P2

< 0,4l
J
: f Parametric Description
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e The distribvtion of VY s glven by

rpo (1-81) (1= 6.)
p|= 7‘(Z(I e.)e) + (-2 )(2(' ei)ez) )
\ P2

< 0,4l
J
: f Parametric Description

0,

I \|Cl+ ( ‘Qb Te
(P°’P‘ P.): de+ 4P F >/ = mgesmpie'm\aﬂ s

Pu ZPz.

¢ This mode| \s denoted by Mixt (8:.) and is+he +wo mixture

model of a binomial random variable with +wo +rials.




e Considec o discrete model MSAr-l, let X be +he rv. modeled by M
Definition 14.1.I: The K-th mixtvre model of M S A, 15 the
family of probability distributions

Mix+K(M)={1r. P'+ -+ P Weher P ,p"eM]
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3> The hidden variable H is P(H=¢)= ;




e Considec o discrete model MSAM, let X be +he rv. modeled by M
Definition 14.1.1: The K-th mixtvre model of M S A, 15 the
family of probability distributions

Mix+K(M)={1r. p'+ -+ WP wehkr. P, PeM|

* Interpretation: 9 A population s divided mto K groups,
» The i-th grovp follows a distribution p':,
35 The hidden variable H is P(H=()=
+ In Example 32.2.9. +he hidden variable 1s which coin we choose.
» In a mixture model, we svppose that for some
= (..., T«)EDKk-1 and p'... pFeM
P(H=¢)= 'n; , P(X=j | H=0)= }?‘
3 P(x=)= va:




Example 14.1.2: Mixture of independence model

Consider +wo random variables

Never, Bald, Short,
.Q;(= ] sometimes, L1y =1 Medivm, Long
\Frequently /

\
Xz="How much a person

o™ h -
Fow much_a pe: Y= "How much hair a

person has”

« I4 15 expec+eo| +hat )(-LLY, however itis -Fow\ol that
people with short hair watch more soccer

e But within each Sender grovp (men and women)
we have XUILY,

« If we only observe the jont distribvtion of Xand ¥, we would
observe a distribvtion In Mix*z(\/f/ix_u.y).




14.2. HIDDEN VARIABLE

GRAPHICAL MODE/LS




Example 14.1.3: Independence model in three ruv.
- MX.Jle.LLXz. ) P( Xi= &, X3 = a, Xs*ﬂi%‘_‘]/)ﬁgz_iz;w
5 it Us—— (:3

L.letrl] izefrz] ‘:36[@]

e Ther\ Ml)('l' (Mx lLXz.l.LXS) cons|s+s of convex combnnq+cons of +hese
Probabl|l+y distributions PL. tha Z 'Tl'h o(m. /Bhb:. th,s ‘TTGAK-

h=




Example 14.1.3: Independence model in three ruv.
- MX.Jle.LLXg ) P( Xi= &, X3 = a, Xs*ﬂi%(fu/)fgrz_;‘l;w
5 it Us—— (:3

L.le[-r'] ize[rz] ‘:36[:(3]

e Ther\ Ml)('l’ (Mx ll-Xz.l.LX&) cons|s+s of convex comblnq+uons of +l1ese

probability distributions Bl Z"ﬂ’h Olhi, Phi, In; e Di-
1 b2 = ¢ va 9Ncg , ’

Example 14.2.]: Claw Tree

‘/CTE o Let X, be o hidden variable.
@ @\'@ : P(z('gh; va.o(th P,, 16y ;(4 % where

o Oiig= P(Xaria] Xim 6], Ppiy=P(Xg=ig| Xizit), Yiiy= P(Xe=ial Xi=c)
e X5 ..L\.(Xg, XA)\X\ : XglL(Xz,XA‘)l X Xq.l.L(Xz, Xs)\Xl




Hidden variable models under multivariate normal distribution

e X~WNMZ) a random normal vector, (M, 3)eR™x PDm

+ For Aciml, Xar~ N(ma Zana)

Prop 14.2.2: Let M SR"x PDm be an algebraic exponential family with

vanis\nmj ideal T=T(WM)<sR[Z) Let HUO=Im] be a parfition into hidden variables H
QM| obser\/ed Variab|es 0. The hiouen Vm-iaHe moolel co'\sfs+s o-F all mmgmo.l

distributions on the variables Xo.  Thidden= TN R[Z00) .




Hidden variable models under multivariate normal disteribution

e X~WN(MZ) a random normal vector, (M4, Z)eR™xPDm
e For Ac(m], XANN(MA,EA,A)
Prop l422 Le’f M Sf'Rmx PDm be an algebrou'c exponen+|‘a| fo.vv\i,y with

vanis\nmj ideal T=T(WM)<sR[Z) Let HUO=Im] be a parfition into hidden variables H
QM‘ observeal VGFMHQS 0. The hidalen Vm'iaHe moolel co'\sfs+$ o-F all marglno.l

distributions on the variables Xo.  Thidden= TN R[Z00) .

EXO.mple \4.2.2: Gavussian Claw +ree (1)
s Ofsl Ta v ITp ﬂZEZ]= R[af': -~~~,°24] @ 3 @

O22 023 024

723 T33 934 I(MG): < Tl 023 = 072013, 91024 - 07y Oig,
0’24 T34 Va4

013024 — 014033, 01034 - 073014, T;,
hidden, +he vaniskinj ideal

I(Mé)n @[O’u,%s,. % 0’44] = {0)




Hidden variable models under multivariate normal disteribution

e X~WN(MZ) a random normal vector, (M4, Z)eR™xPDm
e For Ac(m], XANN(MA,EA,A)
Prop l422 Le’f M Sf'Rmx PDm be an algebrou'c exponen+|‘a| fo.vv\i,y with

vanis\nmj ideal T=T(WM)<sR[Z) Let HUO=Im] be a parfition into hidden variables H
QM‘ observeal VGFMHQS 0. The hidalen Vm'iaHe moolel co'\sfs+$ o-f' all marglno.l

distributions on the variables Xo.  Thidden= TN R[Z00) .

EXO.mple \4.2.2: Gavussian Claw +ree (1)
s Ofsl Ta v ITp fR[Z]z R[of': -~~~,°24] @ 3 @

O22 023 024

723 T33 934 I(MG): < Tl 023 = 072013, 91024 - 07y Oig,
0’24 T34 Va4

013024 — 014033, 01034 - 073014, T;,
hidden, +he vaniskinj ideal

* The moole\ 1S C‘/\arac’|'erizeol b)/
I(Mé)n ﬂz[O’u,%s,. e 0’44] = {0) .

ik (0% Tik - O k) 5 0




EXample 14.2.3: Tnstrumental variables
Does a mother smakmj durmg pregnancy harm +he loo\by?

Qon{:ounder
Auz

>\u3

Az
Xi: Tax rate —§ Xz2: Mom’s Sm@ S@mey's Wel@




Examp|e 14.2.9: Ins+rumen+a| variables
Does a mother smakmg durmg pregnancy harm +he baby?

U: Confounder
Am.l \>‘M3

Az A23
Xi: Tax rate) — (Xz: Mom’s SmoKing ) = Xz Baby's we13h+

+ The recursive factorization property for Gaussian DAGs +ranslates
this info +he stryctural equations
\/\/Q are m+eres+eo| [\
X, = ot 4 g Yhe coefficient Az23.
Xz"-’ >\02. + >\|7_ X\ + Auzu + Ez
X?,: >\03 + A3 Kz + >\u3u + 83

u:’)\o“ +84.

¢ Cov(X,, Xa)= A2z Cov (X, Xa)

* &,&,, €, € are indep. with zero mean

* The coefficients >\¢‘| are vnKnown parameters




XI = >\o| + 8,
XZ: )\02, '+' >\|2, X\ + >\uz, u + g;_
X?,: Noz + A2z Xo + AuslU + Es

U= dou T &4

%




XI = >\o| + 8,
Xzz >\oz, + >\|2, X\ + >\uz. u + 8;_
X3z Noz + Azz Xz + Auwsll + Es

gz,z D\MZ u + 82_

€3 AuzUt &

Wy3 = COV[gz., g;\
= COVI: Auz U+ €2, AusU + 83]
= Auz Auz Var[U] o0




+ &
Xl':' >\o| I 7
= + €
Xaz= >\02, + Ao X\ + >\uzu t &, Ez, Auz U 2
Xg': Noz + Az X2 + Auall + Es € Auz U 3

Wy3 = COV[gz, g;\
= COVI: Auz U+ €2, AusU + 83]
= Auz Auz Var[U] o0

correlated
rror terms are now
7% The < -

vaEEE e

A23

X' Tax rate L Xz: Mom’s SmoKing ) — Xs: Baby’s we13h+

Mixed graph representing an instrumental variable model.




LINEAR STRUCTURAL EQUATION MODELS
e Lot G:=(V,B D) , Vz{vertices], B={ bidirected edges}, D={direc‘|'eo| eclﬂesg.

G s called a mixed graph.




LINEAR STRUCTURAL EQUATION MODELS
e Lot G:=(V,B D) , Vz{vertices], B={ bidirected edges}, D={direc‘|'eo| eolﬂesg.

G s called a mixed graph.
° PD(B)-‘-{_D_ePDm: Wi =0 if (¥ and i4——>j¢8j

D mXxXm
. R ={/\_€(R : _/\.L','-‘-)\ij if (>jeD and Aij=0 m‘herwise}
« Lot GNN(O/-O—) where L ePD(R).

 For je\/ define the random variables XJ',

XJ’: BE >\KJ Xk T €

Kepal;)




LINEAR STRUCTURAL EQUATION MODELS
« Let 6:=(V,B,D) , V:{vertices|, B={bidirected edges), D={directed edqes].
G s called a mixed graph.
PD(B)={N €PDm: w;j=0 if i#j and i< ¢ BJ
fRD={./\.€(Rmm: Ai=Xij f iojeD and Aij=0 m‘herwise}
Let e~ A(0, 1) where QePD(R).

F’Or ]6\/ de-Fme the random variables ><J.a

XJ’: BE >\KJ Xk T €

kepou(j)
PFOP \4.2.%: Lot G-= (V, B, D) be a mixed grqph, Let Q) e PD(B), and €~WN(0,n)
and /A cR® Then the candom vector X is a multivariate normal rv. with

covariance mahix > = (IJ-A)-T-Q(IJ-A)-l

* Mg={ (Td- A0 (Ta-A)": Nerp(s), AeR”]




ThankK vyou.




