Lecture 8: product and quotient rules

Calculus I, section 10

September 29, 2022



Motivation
©000

Review

Last time:
@ Definition of derivatives

f(x+ h) —f(x)
h

f'(x) = li
() = Jim
o Linearity

T () = (), - (F() +8() = () +£/()

o Power rule J
—x" = px"1

dx
@ — derivatives of polynomials
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Warning about the power rule

Keep in mind: the power rule for d%x" only holds when n is a
number!

Example: you might be tempted to say d%xx =x-x"1=x*,
This is not true! (The answer is actually x*(log.(x) + 1), which we
may encounter later.)
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What about rational functions?

Some we can do:

d1 d
dx x? dxX x x3

What about e.g. f(x) = ;Z57 By hand:

x+h _ _x_ _
F(x) = lim XEMH2 542 _ iy (x+ h)(x+2) = x(x+ h+2)

h—0 h h—0 h(x +2)(x+ h+2)
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=i
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What about rational functions?

Some we can do:

d1 d
dx x? dxX x x3

What about e.g. f(x) = 557 By hand:

x+2°
X—|—h X
F(x) = lim 02 542 e, (X)X +2) = x(x+ h+2)
h—0 h h—0 h(x 4+ 2)(x + h+2)
2 2

T F ) Fht2) - (x+ 22
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to differentiate f and g?



Motivation
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This is a pain, and with e.g. f(x) = 257 25L will be that much

x3+7x2—1
Worse.

)

We want a quotient rule: how to differentiate % if we know how
to differentiate f and g?

First, let’s worry about something simpler: products.
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ZF(x)g(x) # '(x)g’(x) (usually).

Example: f(x) = x3, g(x) = 2
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S f(Xg(x) = -x° =5x%,

f'(x)g’(x) = 3x? - 2x = 6x°.
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Product rule

As mentioned last time, not the obvious thing:
ZF(x)g(x) # '(x)g’(x) (usually).
Example: f(x) = x3, g(x) = 2
d _ 9 5_4
af(x)g(x) = ax = 5x",
f'(x)g(x) = 3x* - 2x = 6x°.

Instead:

If f and g are differentiable, then

2 F(x)8(x) = £ ()g(x) + F()g'(x).




Product rule
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Example: f(x) = x3, g(x) = x*:
9 ()8 = F(x)a(x) + F()8'(x)

=3x% . x%2 +x3.2x = 3x* + 2x* = 5x*



Product rule
[e] Jelele)

Example: f(x) = x3, g(x) = x*:

9 ()8 = F(x)a(x) + F()8'(x)

d
=3x2-x2+x3-2x:3x4+2x4=5x4:&X?
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Why is this true?

d _ o fx+hg(x +h) — f(x)g(x)
S f(x)g(x) = lim ;

(f(x + h)g(x + h) — f(x + h)g(x)

= lim
h—0

h

L (x + h)g(Xf)7 —f (X)g(X)>




Proof of product rule

Why is this true?

%f(x)g(x) _ A@O f(x+ h)g(x +hh) — f(x)g(x)
— Iim (f(x + h)g(x + h) — f(x + h)g(x)
h—0 h
G h)g(Xf)7 —f (X)g(X)>
(f (x + h)(g(x + h) — g(x))
h

4 (Flxth) - f(X))g(X)>

= lim
h—0

h
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Proof of product rule

g(x+h) —g(x)
h

9 F(x)8() = lim F(x+h)-

. f(x+h)—f(x)
| .
+h[>no h £

(x)
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Proof of product rule

g(x+h) —g(x)
h

9 F(x)8() = lim F(x+h)-

. f(x+h)—f(x)
+f|;[>no h &
glx+h) —g(x)

h

. f(x+h)—Ff(x) .

+/|7[>n0 h -l!lnog(x)

(x)

= lim f(x+ h) - lim
h—0 h—0




Proof of product rule

g(x+h) —g(x)

9 F(x)8() = lim F(x+h)-

h
. f(x+h)—f(x)
+ flplno h 8(x)
: - 8(x+h) —g(x)
- flrgqo Flx+h)- flylno h
. f(x+h)—1f(x) .
+ /Ivlno h ' l!lnog(x)

= f(x)g'(x) + f'(x)g(x).
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applications yet: the product of two polynomials is another
polynomial.

We can use it this way: e.g.

dix(2X4+X2+x+5)(X2—X—1):(8X3+2X—|—1)(X2—X—l)

+(2x* + x> + x +5)(2x — 1)
=12x5 — 10x* — 4x3 + 6x — 6.



Product rule
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This is a powerful rule, but we don't really have exciting
applications yet: the product of two polynomials is another
polynomial.

We can use it this way: e.g.

dix(2X4+X2+x+5)(X2—X—1):(8X3+2X—|—1)(X2—X—l)

+(2x* + x> + x +5)(2x — 1)
=12x5 — 10x* — 4x3 + 6x — 6.

We could also do this by linearity:
(2x* + x>+ x+5)(x* —x—1)=2x* —2x® —x* +3x2 —6x -5

and proceed as usual term-by-term.
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Quotient rule

For other applications, let's think about quotients: if r(x) = 9

then £(x) = r(x)g(x), so s
f'(x) = r'(x)g(x) + r(x)g’'(x)

so we can solve for r'(x):

f'(x) — r(x)g’(x)

g(x)

r'(x) =
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Quotient rule

For other applications, let's think about quotients: if r(x) = 9.

then F(x) = r(x)g(x), so &)
Fi(x) = r'(x)g(x) + r(x)g'(x)
so we can solve for r'(x):

F(x) — r()g'(x)  F(x) = 2e/(x)
g(x) B g(x)

r'(x) =




Quotient rule
0000

Quotient rule

For other applications, let's think about quotients: if r(x) = .

then f(x) = r(x)g(x), so 209

f'(x) = r'(x)g(x) + r(x)g’(x)

so we can solve for r'(x):

s = PO = (') _ 709~ 5380
g(x) 2()

_ f/(x)g(X) — f(X)g/(X)
g(x)? '
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This means if r(x) = % is rational, we can differentiate it!
Example from before:
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This means if r(x) = % is rational, we can differentiate it!
Example from before:
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This means if r(x) = % is rational, we can differentiate it!
Example from before:
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Rational functions

This means if r(x) = % is rational, we can differentiate it!
Example from before:

d x _%(X)~(X+2)*X~%(X+2)_X+2—X_ 2
dxx+2 (x +2)2  (x+2)2 (x+2)%

Another example:

d2x—1  F@2x—1)-(E+1)—(2x—1)- £(*+1)
dxx2+1 (x2 +1)2
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Rational functions

This means if r(x) = % is rational, we can differentiate it!
Example from before:

d x _%(X)~(X+2)*X~%(X+2)_X+2—X_ 2
dxx+2 (x +2)2  (x+2)2 (x+2)%

Another example:

d2x—1  F@2x—1)-(E+1)—(2x—1)- £(*+1)
dxx2+1 (x2 +1)2

2 (2 4+1)— (2x — 1) - (2x)
- (x +1)2
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Rational functions

This means if r(x) = % is rational, we can differentiate it!
Example from before:

d x _%(X)~(X+2)*X~%(X+2)_X+2—X_ 2
dxx+2 (x +2)2  (x+2)2 (x+2)%

Another example:

d2x—1  F@2x—1)-(E+1)—(2x—1)- £(*+1)
dxx2+1 (x2 +1)2

=2~(x2—i—1)—(2x—1)-(2x)= 'x2—x—1

(@17 (e
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We can also now justify our claim last time that the power rule
holds for negative n: suppose m > 0 and n= —m.
. d

d, d ., d1

dxX - dxX - dx x™
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We can also now justify our claim last time that the power rule
holds for negative n: suppose m > 0 and n= —m.

d , d

d 1 _ g1 x"—1- 5 (")

—m
x"= —x"M= =
dx dx dx xm x2m
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We can also now justify our claim last time that the power rule

holds for negative n: suppose m > 0 and n= —m.
dp_d n_d1 _g1)x"—1 F(x")
dx dx dx xm x2m
—mxm1
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We can also now justify our claim last time that the power rule

holds for negative n: suppose m > 0 and n= —m.
dp_d n_d1 _g1)x"—1 F(x")
dx dx dx xm x2m
— Lm_l — _me7172m — _mxfmfl

X2m
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We can also now justify our claim last time that the power rule

holds for negative n: suppose m > 0 and n= —m.
d
dp_d n_d1 _g1)x"—1 F(x")
dx dx dx xm x2m
— Lm_l — _me7172m — _mxfmfl — an—l.

X2m
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We can also now justify our claim last time that the power rule

holds for negative n: suppose m > 0 and n= —m.
d d
doo_d m_d 1 _E0) X" -1 4
dx dx dx x™ x2m
_me—l
— 5 — _me7172m — _mxfmfl — an,]_.
X m

Using a slightly more complicated argument we can do something
similar for fractional powers using the product rule.
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f(x) =
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and apply the product rule. The derivative of the first factor is
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and apply the product rule. The derivative of the first factor is
6x>, and the derivative of the second part is
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We can also start thinking about combining rules. For example:

differentiate
x8 4 4x7 — 2x5

x24+x+1
We could use the quotient rule directly, but possibly easier is:

f(x) =

2

+4x — 2
flx)=x8. 122
() =x 5 1

and apply the product rule. The derivative of the first factor is

6x>, and the derivative of the second part is
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(x2 + x + 1)? T (4 x+1)2

so in all
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We can also start thinking about combining rules. For example:

differentiate
x8 4 4x7 — 2x5

x24+x+1
We could use the quotient rule directly, but possibly easier is:

f(x) =

2

+4x — 2
flx)=x8. 122
() =x 5 1

and apply the product rule. The derivative of the first factor is

6x>, and the derivative of the second part is

(2x+4) (x> +x+1) — (x> +4x —2)(2x+1) _ x? —2x —2
(x2 + x + 1)? T (4 x+1)2

so in all

=6x5-X2+4X_2 6 x2 —2x—2

f XAAXT2 g6, X X2
(*) x2+x+1 x (x2 4+ x + 1)2
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The next class of “nice functions” is trigonometric functions. Let's
start with sin(x):

LA sin(x) = /ITim sin(x + ) = sin(x) =

?
dx —0 h
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Derivative of sin(x)

The next class of “nice functions” is trigonometric functions. Let's
start with sin(x):

?

d . . sin(x 4+ h) —sin(x)
o) = fm SR <

Angle addition formula:

sin(x 4+ h) = sin(x) cos(h) + cos(x)sin(h).
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Derivative of sin(x)

The next class of “nice functions” is trigonometric functions. Let's
start with sin(x):

LA sin(x) = /ITim sin(x + ) = sin(x) =

?
dx —0 h

Angle addition formula:
sin(x 4+ h) = sin(x) cos(h) + cos(x)sin(h).

Therefore

% sin(x) = ,!l“o sin(x) cos(h) + coz(x) sin(h) — sin(x)
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Derivative of sin(x)

The next class of “nice functions” is trigonometric functions. Let's
start with sin(x):

LA sin(x) = /ITim sin(x + ) = sin(x) =

?
dx —0 h

Angle addition formula:

sin(x 4+ h) = sin(x) cos(h) + cos(x)sin(h).

Therefore
d sin(x) = lim sin(x) cos(h) + cos(x) sin(h) — sin(x)
dx h—0 h
— limsi cos(h) =1 sin(h)
= lim sin(x) — + lim cos(x) - ==



Trigonometric functions
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So this boils down to these two trigonometric limits we've already

computed:
. cos(h)—1 =
/!ino p =cos'(0) =0
and o
lim sin(h) _ sin’(0) =1

h—0 A



Trigonometric functions
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So this boils down to these two trigonometric limits we've already

computed:
. cos(h)—1 =
/!ino p =cos'(0) =0
and in(h)
. sin(h) ., &
/!lno = sin (0)=1,
so

d .
= sin(x) = cos(x).



Trigonometric functions
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Derivative of cos(x)

Similarly we have the angle addition formula
cos(x + h) = cos(x) cos(h) — sin(x) sin(h),

SO

d . cos(x + h) — cos(x)
e eot) = fm O
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Derivative of cos(x)

Similarly we have the angle addition formula
cos(x + h) = cos(x) cos(h) — sin(x) sin(h),

SO

d . cos(x + h) — cos(x)
o) = i <0
_ lim cos(x) cos(h) — sin(x) sin(h) — cos(x)
h—0 h
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Derivative of cos(x)

Similarly we have the angle addition formula
cos(x + h) = cos(x) cos(h) — sin(x) sin(h),

SO

d . cos(x + h) — cos(x)
o) = i <0
_ lim cos(x) cos(h) — sin(x) sin(h) — cos(x)
h—0 h

. cos(h)—1 | sin(h)
= fmeos) 2~ s
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Derivative of cos(x)

Similarly we have the angle addition formula
cos(x + h) = cos(x) cos(h) — sin(x) sin(h),

SO

d . cos(x + h) — cos(x)
e eot) = fm O

cos(x) cos(h) — sin(x)sin(h) — cos(x)

=i

ho0 h
. cos(h)—1 | sin(h)
= fmeos) 2~ s

= —sin(x).
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Cycle of derivatives

Note the resulting pattern: the derivative of sin(x) is

d .
= sin(x) = cos(x)
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Cycle of derivatives

Note the resulting pattern: the derivative of sin(x) is

d .
= sin(x) = cos(x)

whose derivative is

% cos(x) = —sin(x)
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Cycle of derivatives

Note the resulting pattern: the derivative of sin(x) is

d .
= sin(x) = cos(x)

whose derivative is

% cos(x) = —sin(x)

whose derivative is

d . d .
vl sin(x) = T x sin(x) = — cos(x)
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Cycle of derivatives

Note the resulting pattern: the derivative of sin(x) is

d .
= sin(x) = cos(x)

whose derivative is

% cos(x) = —sin(x)

whose derivative is

d . d .
vl sin(x) = T x sin(x) = — cos(x)

whose derivative is

d d .
vl cos(x) = “x cos(x) = sin(x)
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Cycle of derivatives

Note the resulting pattern: the derivative of sin(x) is

d .
= sin(x) = cos(x)

whose derivative is

% cos(x) = —sin(x)

whose derivative is

d . d .
vl sin(x) = T x sin(x) = — cos(x)

whose derivative is

d d .
vl cos(x) = “x cos(x) = sin(x)

whose derivative is...
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Derivative of tan(x)

There isn't a convenient addition formula for tan(x) (that | know
of), so we can’t use the previous approach. Instead:



Trigonometric functions
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Derivative of tan(x)

There isn't a convenient addition formula for tan(x) (that | know
of), so we can't use the previous approach. Instead: quotient rule!

sin(x)
cos(x)’

tan(x) =

SO

d
atan(x) =
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Derivative of tan(x)

There isn't a convenient addition formula for tan(x) (that | know
of), so we can't use the previous approach. Instead: quotient rule!

_sin(x)
tan(x) = cos(x)’
> d _sin’(x) cos(x) — sin(x) cos'(x)
dx tan(x) = cos(x)?
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Derivative of tan(x)

There isn't a convenient addition formula for tan(x) (that | know
of), so we can't use the previous approach. Instead: quotient rule!

sin(x)
cos(x)’

tan(x) =

” _sin’(x) cos(x) — sin(x) cos'(x)

cos(x)?

dx

_cos(x)? + sin(x)?
cos(x)?
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Derivative of tan(x)

There isn't a convenient addition formula for tan(x) (that | know
of), so we can't use the previous approach. Instead: quotient rule!

_sin(x)
tan(x) = cos(x)’
” _sin’(x) cos(x) — sin(x) cos'(x)
dx tan(x) = cos(x)?
_cos(x)?+sin(x)? 1

cos(x)? ~ cos(x)?2
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Derivative of tan(x)

There isn't a convenient addition formula for tan(x) (that | know
of), so we can't use the previous approach. Instead: quotient rule!

sin(x)
cos(x)’

tan(x) =

” _sin’(x) cos(x) — sin(x) cos'(x)

cos(x)?

dx

_cos(x)? + sin(x)? _
cos(x)? cos(x)?2

= sec(x)?.
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Other trigonometric functions

The other three trigonometric functions are sec(x) = Cosl(x).
csc(x) = Sm(x), and cot(x) = (X) = 2?:((;:))
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Other trigonometric functions

The other three trigonometric functions are sec(x) = cosl(x),

cos(x)

csc(x) = () -

sm(x)' and COt(X) (X) =
We could use the above plus the quotient rule again. However, it's
convenient to introduce another rule as a special case: the
reciprocal rule.
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The reciprocal rule

Let f(x) be any differentiable function. What is
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The reciprocal rule

Let f(x) be any differentiable function. What is

d1,

dx f(x)

Quotient rule:

d 1 Z(1)-f(x)—1-f(x)
dx f(x) f(x)2
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The reciprocal rule

Let f(x) be any differentiable function. What is

d1,

dx f(x)

Quotient rule:

d 1 ZO)-f)-1-f(x)  f(x)
dx F(x) f(x)? ()
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The reciprocal rule

Let f(x) be any differentiable function. What is
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The reciprocal rule

Let f(x) be any differentiable function. What is

d1,

dx f(x)

Quotient rule:

d 1 ZO)-f)-1-f(x)  f(x)
dx F(x) f(x)? ()

This is the reciprocal rule.

Example: f(x) = x. Then
d1_

dx x
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The reciprocal rule

Let f(x) be any differentiable function. What is

d1,

dx f(x)

Quotient rule:

d 1 ZO)-f)-1-f(x)  f(x)
dx F(x) f(x)? ()

This is the reciprocal rule.

Example: f(x) = x. Then
d1r_ 1
dxx  x?’

which we already know.
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Other trigonometric functions

Now we can approach these other functions:
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Now we can approach these other functions:

o Fsec(x) = Sk = —Tld = Sl — ot

tan(x) sec(x)
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Other trigonometric functions

Now we can approach these other functions:

o Fsec(x) = Sk = —Tld = Sl — ot

tan(x) sec(x)

o 2 cse(x) = d%sinl(x) = —;?15((5)2 = — cos(x) csc(x)? =

— cot(x) esc(x)
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Other trigonometric functions

Now we can approach these other functions:

® ix sec(x) dx CO-‘iL(X) ;osSIgS;) - Csi:((;())z - :::;;gg -
tan(x) sec(x)
° (g( csc(x) = o sml(x) :,zs((x);)z = — cos(x) csc(x)? =
— cot(x) csc(x)
1
x)?2 cos(x)2
® i COt(X) dx tanl(x) ::EEX%Q - si"((X))22 = _Sin(1X)2 -

— csc(x)?

cos(x)
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