
Lecture 15: mean value theorem and L’Hôpital’s rule
Calculus I, section 10
November 3, 2022

Before we jump into our next application, let’s wrap up our optimization discussion with
one more example. Suppose we have a 10 foot long beam, supported at both ends, which
weighs 500 pounds, and it is supporting another 500 pound weight in the center. We expect
that the beam will deflect downwards slightly in the middle; we want to know the equation
for the height y(x) of the beam, relative to the height of the endpoints, as a function of the
distance x from one side.

For physics reasons, engineers will tell us that the height function is given by

y(x) = 1
EI

(
− P

24
x4 + F

6
x3 + ax + b

)
,

where E and I are physical constants depending on the materials (let’s say for us E = 107·122

and I = 103 · 12−4), P is the weight of the beam per foot (in our case 500
10 = 50), F is the

total force on each endpoint (in our case 500+500
2 = 500 since there are two endpoints, equally

sharing the weight), and a and b are some unknown constants. Just from the physics, these
constants are completely unknown; bu we can figure them out from some extra information
we have about the problem.

First, at x = 0 we want to have y(0) = 0: the height at the endpoint should be fixed at
the base height. On the other hand y(0) = b

EI
, so b = 0.

What about a? Well, physically we know we should have the minimum height of the
beam at the center, i.e. at x = 5. From our knowledge of minimization, this means we
should have y′(5) = 0. We can calculate this:

y′(x) = 1
EI

(
−P

6
x3 + F

2
x2 + a

)
,

so y′(5) = 1
EI

(
−125

6 P + 25
2 F + a

)
= 0, so a = 125

6 P−25
2 F = 125

6 ·50−25
2 ·500 = 15625

3 ≈ 5208.33.
Great, so we have our equation

y(x) = 1
EI

(
− P

24
x4 + F

6
x3 + ax

)
with all the coefficients known. To get this equation, we assumed that x = 5 was a minimum
of y(x). But we didn’t actually use that it was a minimum: we only used the weaker property
that y′(5) = 0, which we know can also be true in some other cases, e.g. if 5 was a (local)
maximum or an inflection point. Which is it?

Well, we can apply the second derivative test:

y′′(x) = 1
EI

(
−P

2
x2 + Fx

)
.
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We have
y′′(5) = 1

EI

(
−50 · 25

2
+ 500 · 5

)
= 1875

EI
> 0,

so this is in fact a minimum. We could also find its value: y(5) ≈ −0.00025 feet, or about
−0.003 inches—not enough to be too concerned about.

Are there any other critical points? We would expect no, but materials sometimes bend
in strange ways. We can try setting y′ equal to 0: this gives

−P

6
x3 + F

2
x2 + a = 0,

which for our values has two other solutions in addition to x = 5, at x ≈ 29.3 and x ≈ −4.3.
Both of these are outside of the region between our supports and so our equation doesn’t
apply, but you could imagine that if the beam extended on both sides (and magically did
not affect the behavior of the beam between supports), it would eventually start going down
again in both directions, corresponding to these maxima.

As we defined them last time, this curve has no inflection points: all of the critical points
are either maxima or minima. However, it does have inflection points in the sense of points
where the derivative goes from increasing to decreasing or vice versa, which we can find by
looking for zeros of the second derivative. These are at x = 0 and x = 20. The x = 20
solution is too far off the beam to be physical, but the x = 0 solution is interesting: it means
that the curve is tending towards increasing along the whole beam, but if we go off to the
left it starts to turn downwards, reflecting the support at x = 0.

(Note also that this whole system is not symmetric under switching the ends of the beam,
which physically it should be; this is one sign that this is only an approximation of the true
curve. For example, y(10) per our model is not quite zero!)

Let’s now move on to a different application: local-to-global properties of the derivative.
Let’s start with a simple case, related to optimization. Suppose that f(x) is differentiable
between two real numbers a and b, and f(a) = f(b) = 0.

x

y

a b

−1 1 2

−1

1

One thing we can see visually is that since the function returns to the same value at a and
b, it must achieve a maximum or a minimum in between them: there must be some extreme
point that it reaches before turning around and going back. Either way, there must be some
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point c between a and b where we have f ′(c) = 0. This is Rolle’s theorem: if f(a) = f(b) = 0
and f is differentiable between a and b, then there is some c between a and b such that
f ′(c) = 0. And already we’ve basically proven it: since f returns to the same value, it must
achieve a maximum or a minimum somewhere, so by our knowledge of optimization the
derivative must vanish somewhere.

The proof doesn’t really depend on f(a) and f(b) being 0, just on them being the same,
so we could guess how to generalize the theorem. In fact we could generalize it even more:

Theorem (Mean Value Theorem). If f is differentiable between a and b (and continuous at
a and b), then there exists some value c between a and b such that f ′(c) = f(b)−f(a)

b−a
.

In the case where f(a) = f(b) = 0, this recovers Rolle’s theorem: then f ′(c) = 0. Indeed,
the same thing works so long as f(a) = f(b).

More generally, what this is saying is that we can, in some sense, combine the information
of the derivatives of f at various points—all of which is purely local information—to be able
to say something about the difference between values of f at different points, which is
global information. For example, if we know that f ′(x) ≥ 5 for a ≤ x ≤ b, then it follows
from the mean value theorem that f(b)−f(a)

b−a
= f ′(c) ≥ 5, so f(b) − f(a) ≥ 5(b − a), i.e.

f(b) ≥ f(a) + 5(b− a).
Why should this theorem be true? Well, it really boils down to Rolle’s theorem: we

want to “tilt” the graph of a given function so that the endpoints have the same value. In
particular, if f is as in the statement of the mean value theorem, let r = f(b)−f(a)

b−a
= ∆f

∆x
be

the overall slope, and define a new function

F (x) = f(x)− r(x− a)− f(a).

Then F (a) = f(a)−0− f(a) = 0 and F (b) = f(b)− f(b)−f(a)
b−a

· (b−a)− f(a) = f(b)− (f(b)−
f(a))− f(a) = 0, and F is differentiable with derivative

F ′(x) = f ′(x)− r,

so we can apply Rolle’s theorem: there is some point c between a and b such that F ′(c) = 0.
Since F ′(c) = f ′(c)− r = 0, it follows that f ′(c) = r, so the mean value theorem is proven.

Note that this is an example of what’s called a non-constructive proof: even though we’ve
shown that there must exist some c with this property between a and b, we have no idea
what it is!

An example is f(x) = sin(x) between a = 0 and any point x > 0. We have sin(x)−sin(0)
x−0 =

sin(x)
x

, and by the mean value theorem this must be equal to f ′(c) = cos(c) for some 0 ≤ c ≤ x.
Since cos(c) ≤ 1 for all c, we get the inequality sin(x) ≤ x for free, without having to do any
extra geometry.

Another application is something which might seem obvious, but is actually quite hard to
prove otherwise, and which will be the foundation of integration theory later in the course:
if f ′(x) = 0 between a and b, then f(x) is constant between a and b. Indeed, for any x in the
interval we can apply the mean value theorem with endpoints a and x: f(x)−f(a)

x−a
= f ′(c) = 0
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for some c in the interval since f ′(c) = 0 for all such c, so f(x) = f(a) for every x in the
interval.

The most common application of the mean value theorem, though, is L’Hôpital’s rule.
Before we see how to derive it from the mean value theorem, let’s first say what it is.

When we talked about limits earlier in the semester, there were basically three kinds of
situations: limits which straightforwardly approach a number, like limx→1

x
x+1 = 1

1+1 = 1
2 ;

limits which go to infinity in one direction or the other, like limx→0
1
x

or limx→∞ x + 1; or
limits which go to something ambiguous where we have to do more work, like limx→1

x2−1
x+1

or limx→+∞ xe−x, which if we just plug in the value often give something like 0
0 , ∞∞ , ∞ · 0,

or other expressions which can evaluate to various different things (including not existing).
The idea of L’Hôpital’s rule is to help us in this last situation.

The most straightforward example is when we’re trying to evaluate something of the form
limx→a

f(x)
g(x) where f and g exist and are differentiable at a and f(a) = g(a) = 0. (If g(a)

is nonzero, then the limit is just a number f(a)
g(a) , and if f(a) is nonzero while g(a) = 0 then

the limit approaches something of the form f(a)
0 which does not exist, so this is the most

interesting situation.) In this case, L’Hôpital’s rule says that we can replace f and g with
their derivatives:

lim
x→a

f(x)
g(x)

= lim
x→a

f ′(x)
g′(x)

,

if the latter limit exists.
For example, consider

lim
x→0

ex − 1
x

.

We have e0 − 0 = 0, so both the numerator and the denominator go to zero and are differ-
entiable, so L’Hôpital’s rule applies: we get that this limit is equal to

lim
x→0

d
dx

(ex − 1)
d

dx
x

= lim
x→0

ex

1
= e0 = 1.

Sometimes, although the limit we start with is indeterminate, after applying L’Hôpital’s
rule we end up in a situation where either the limit can be evaluated straightforwardly (as
above, which is the situation we want to be in) or straightforwardly does not exist. For
example,

lim
x→0

√
x

sin(x)

is at first indeterminate:
√

0
sin(0) = 0

0 . If we apply L’Hôpital’s rule, we get

lim
x→0

1
2
√

x

cos(x)
= lim

x→0

1
2
√

x cos(x)
,

and plugging in 0 gives 1
2
√

(0)·cos(0)
= 1

0 , so this limit does not exist.
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Sometimes, neither situation will occur, and our limit is still ambiguous. In this case,
we can simply apply L’Hôpital’s rule again, and in fact in practice we often have to apply it
multiple times. For example,

lim
x→1

ln(x) + 1− x

(x− 1)2

starts off ambiguous: ln(1)+1−1
(1−1)2 = 0

0 . After applying L’Hôpital’s rule, it is

lim
x→0

1
x
− 1

2(x− 1)
.

If we plug in 1 to both numerator and denominator, we again get 0
0 : this is still ambiguous!

It is now something we could evaluate by hand, but we can also apply L’Hôpital’s rule again
to get

lim
x→0

− 1
x2

2
= −1

2
.

We next want to prove L’Hôpital’s rule, but let’s first pause to observe how remarkable
this is. We first introduced limits in order to approach the concept of a derivative; it now
turns out that derivatives provide a very powerful tool to evaluate limits, and we could think
of all of differential calculus as really being about evaluating these kinds of limits to better
study functions, with derivatives just a tool along the way. In other words, derivatives and
limits are equivalent in a sense: we use limits to define derivatives and derivatives to compute
limits.

To prove L’Hôpital’s rule, we use the mean value theorem. In fact we want a slightly
stronger form of it. Instead of looking at f(b)−f(a)

x−b
, we could ask in general about f(b)−f(a)

g(b)−g(a) .
It turns out that this is equal to f ′(c)

g′(c) for some c between a and b; thus the case g(x) = x
recovers the usual mean value theorem.

To prove this generalization, consider F (x) = (f(b)−f(a))g(x)−(g(b)−g(a))f(x). Then
F ′(x) = (f(b) − f(a))g′(x) − (g(b) − g(a))f ′(x) and so by the (usual) mean value theorem
for some c between a and b we must have
F (b)− F (a)

b− a
= (f(b)− f(a))g(b)− (g(b)− g(a))f(b)− (f(b)− f(a))g(a) + (g(b)− g(a))f(a)

b− a

= 0
= (f(b)− f(a))g′(c)− (g(b)− g(a))f ′(c)

so
f(b)− f(a)
g(b)− g(a)

= f ′(c)
g′(c)

.

Now suppose that we’re in the situation of L’Hôpital’s rule, where f(a) = g(a) = 0. Then
by the generalized mean value theorem for some c between a and b we have f(b)

g(b) = f ′(c)
g′(c) . As

b→ a, since c is between a and b it must also go to c, so

lim
b→a

f(b)
g(b)

= lim
c→a

f ′(c)
g′(c)

.
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Renaming the limiting variables to x gives L’Hôpital’s rule.
L’Hôpital’s rule also works for a = ±∞, and when the indeterminacy is of the form ∞

∞
instead of 0

0 ; one way to see this is to take reciprocals of both sides, so that if f(x) and g(x)
both tend to ∞ as x→ a, then

f(x)
g(x)

= 1/g(x)
1/f(x)

and so by L’Hôpital’s rule the limit is the same as that of the ratio of derivatives

−g′(x)/g(x)2

−f ′(x)/f(x)2 = g′(x)
f ′(x)

· f(x)2

g(x)2 .

If the original limit goes to L, then so is this limit; but the second factor goes to L2, so g′(x)
f ′(x)

must go to 1
L

, i.e. f ′(x)
g′(x) → L, i.e. it agrees with the original limit.

For example, limx→∞
ln(x)

x
= limx→∞

1/x
1 = 0.

Note that L’Hôpital’s rule will not always work. Consider

lim
x→∞

x + sin(x)
x + cos(x)

.

We can evaluate this limit by hand: sin(x) and cos(x) are both bounded between 1 and
−1, so the main term in the numerator and denominator is just x, so this goes to 1; more
precisely, we could bound it by x−1

x+1 ≤
x+sin(x)
x+cos(x) ≤

x+1
x−1 for all x, so by the squeeze theorem

since both sides go to 1 so does the middle. On the other hand, we could try applying
L’Hôpital’s rule: it would tell us that the limit is the same as the limit of

1 + cos(x)
1− sin(x)

,

or differentiating again
− sin(x)
− cos(x)

,

neither of which exists.
Finally, we can also apply our new generalized mean value theorem directly. In particular,

recall our formula for first-order approximation:

f(x) ≈ f(a) + f ′(a) · (x− a).

How good is this approximation?
Let’s say e(x) = f(x)− f(a)− f ′(a)(x− a) is the error, so that

f(x) = f(a) + f ′(a)(x− a) + e(x).

If the original formula is for first-order approximation, this is a kind of second-order correc-
tion, so we guess that e(x) should be somehow related to g(x) := (x− a)2. Indeed, we have
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e(a) = 0 and e′(a) = f ′(a) − f ′(a) = 0, same as for g(x). If we apply the generalized mean
value theorem to e and g, we get that for some c between a and x we have

e(x)− e(a)
g(x)− g(a)

= e(x)
g(x)

= e′(c)
g′(c)

.

Since e′(a) = g′(a) = 0, we can apply the same theorem to see that there must be another
constant C between a and c (and therefore between a and x) such that

e(x)
g(x)

= e′(c)
g′(c)

= e′′(C)
g′′(C)

= f ′′(C)
2

,

so
e(x) = g(x) · f

′′(C)
2

= 1
2

f ′′(C)(x− a)2.

Therefore
f(x) = f(a) + f ′(a)(x− a) + 1

2
f ′′(C)(x− a)2

for some C between a and x.
If we can say something about f ′′ between a and x, then we can use that to say something

about the error. For example, if f(x) = ex, so f ′′(x) = ex, then between −1 and 0 we have
f ′′(x) ≤ f(0) = e0 = 1, and so the approximation ex ≈ 1 + x for −1 ≤ x ≤ 0 has error
e(x) = 1

2eCx2 for some −1 ≤ C ≤ 0, and in particular |e(x)| ≤ 1
2x2. Thus for x very close

to 0 this is a good approximation; for x closer to −1, it can be significantly off. There is a
more sophisticated such problem on your homework.
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