Math 53 — Practice Midterm 2 B — Solutions

(1,2)
= 2z,
! =1 1y 2 1
1. a) (1,1) b) / / dxdy + / / dxdy.
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y=u (the first integral corresponds to the bottom half 0 < y < 1, the second
— integral to the top half 1 <y < 2.)
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a) pdA = rdrdf = sin 6drde.
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The reason why one knows that £ = 0 without computation is that the region and the density
are symmetric with respect to the y-axis (p(x,y) = p(—z,y)).

3. a) The parametrization of the circle C' is © = cost, y = sint, for 0 < t < 27; then dx =
—sintdt, dy = costdt and

2
/ F . dr = / (5cost + 3sint)(—sint)dt 4+ (1 + cos(sint)) cos tdt.
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b) Let R be the unit disc inside C;

jéF dr = //R(Qg; — Py)dA = //R(O —3)dA = —3 area(R) = —3m.

4. a) (0,4) (1,4) F. -nds= // div F dzdy

// y—l—cosa;cosy—cosa:cosy)da:dy—// ydxdy
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=/ / ydwdy:/ ydy = ly* /2]y =

o) oo 0

b) On Cy, x = 0, so F = —siny j, whereas n = —1. Hence F - n = 0. Therefore the flux of F
through Cy equals 0. Thus

/ F-ﬁds:fF-ﬁds—/ F-ﬁds:?{F-flds;
C1+C2+Cs3 c Cy C

and the total flux through C7 + Cs + (5 is equal to the flux through C.
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5. Let u=2x —y and v =z +y — 1. The Jacobian | * Zy :’3 _11’:3.
z Uy
Hence dudv = 3dxdy and dxdy = gdudv, so that
1
V. = // (4— (22— )2—(x—|-y—1)2)dxdy: // (4—u2—02)§dudv
(2z—y)?2+(z+y—1)%2<4 u2+v2<4
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/ / —r? Tdrd@ = / Sr2 ot do = / 240 — SI
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6. a) Py =¢€"2=Qy; P, =¢e"y = Ry; and Q, = e* + 2y = R,. Thus F is conservative.

b) We want: f, = e"yz, f, ="z +2yz, f, ="y + y? + 1.

Integrating f, we get: f(z,y,2) = e*yz+g(y, z). Differentiating with respect to y and comparing,
we get: f, = e®2 + g, = €®2 + 2yz. Thus g, = 2yz, which yields: g(y, z) = y*z + h(2).

Plugging back into f, we get: f(z,y,2) = e®yz + y*z + h(z). Differentiating with respect to z
and comparing, we get: f, = e%y + 32 +h'(2) = e*y+y* +1, 50 h'(z) = 1. Thus h(z) = z + ¢, and
putting everything together we obtain: f(z,y,2) = e®yz + %2 + 2 + c.

z _
7. \/qﬁ -6 a) S is part of the sphere 2 + 32 + 22 = 4, so its normal vector points

/ S radially outwards, straight away from the origin. So n = %(w,y, z) (the
LYo factor  is there because |(z,y,z)| = 2 at all points of 5), and
r

2
\ F — < Y, > — i
\\ / n <y7 ) > 2 9
X Using the spherical angles ¢, 6 to parametrize S, z = 2cos ¢, and dS =
¢ =1r 22 sin ¢ d¢ df, hence the flux is equal to

2r 57/6 (9 2 5m/6 3 ;157/6
/ / (ZC0SO)” ) in g db — 167r/ cos® ¢sin ¢ dp = 167 [— = ¢] = 43
0 2 71'/6 3 7'('/6

b) For the cylindrical surface, n = +(z,y,0), hence F - 1 = 0, so the flux is zero.

¢) divF =1, hence

Vol(R):///RldV:///RdideV://SF-ﬁdS—i—//C . F-hdS = 4V/3m.
ylinder

8. a) At any point of S, z = (22 + y? + 22)2 > 0.

b) z = pcos ¢ and x2+y%+22 = p?, 50 pcos ¢ = p*. This simplifies to cos ¢ = p°, or p = (cos ¢)1/3.

1/3

2 /2 p(cos )
c) / / / p*sin ¢ dpde de.
0 0 0

9. The flux is calculated upwards through the graph of z = f(z,y) = xy, so
ndS = (—fz, —fy, 1) dr dy = (—y, —z,1) de dy. Hence

//F nds = // (y,z,2) - (—vy, x,l)d:cdy:// (—y? — 2% + zy) da dy.
2+4y2<1 z2+y?<1

Using polar coordinates, we get: f fo —r24+r2cosfsinf) rdrdf = 0277 fol (cos Osin @—1)r3dr df =
fozw +(cosOsing — 1)df = [%sin?60 — l&] =—7/2.



