Math 53 Practice Midterm 2 A — Solutions
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1. The area of the triangle is 2, so § = / / ydxdy.

[\

. p=|z| = r|cosf|. Using symmetry, Iy = // r? prdrdf =
D
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/ / r2|7“ cos @|rdrdf = 4/ / r4 cos Odrdf = 4/ —cosfdf = —.
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3.2=2,y=220<2<1:s0 / yr’dr + y?dy = / 2edde + (%) (2xdr) = / 3x°dr = 3
c 0 0

4. a) Q, = 622 + by?, P, = ax® +3y%. Q. = y provided a = 6 and b = 3.

b) fr =62y +y3+1= f =223y +2y>+ 2+ g(y). Therefore, f, = 223 + 32y + ¢'(y). Comparing
this with Q, we get 22 + 3zy? + ¢'(y) = 222 + 32y®> + 250 ¢/(y) =2 and g = 2y + c. So

f=223y+xy®+x+2y (+constant).

c¢) C starts at (1,0) and ends at (—e™,0), so / Fdi = f(—¢™,0) — f(1,0) = —€™ — 1.
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5. a) A ‘ 2efy =ty 322 /y. Therefore, dudv = |3z2/y| dxdy = 3|u| dxdy and
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hence dx dy = w du dv.

51 41 2
b) // dfcdy:/ dudv:/ —In5 dv = -1Inb.
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a) j(I{ Mdzx :/ —M, dA. (Green’s theorem)
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b) We want M such that —M, = (x + y)?. We can use e.g. M = —§($ + )3
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7. )dlvF—Zy,soj{F nds-//?ydA // Zydyd:n—/ 6daj—?

b) For the flux through Cq, n = —j implies F. —(1+%?) = —1 where y = 0. The length of C;
is 1, so the total flux through C is fc ds = —1 The flux through C5 is zero because n = 1
and F L 1.
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c)/F'flds:/ F-flds—/ F-flds—/ F-nds=-—-(-1)—-0=~.
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8. / / / r2rdzdrdf.
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9. Sphere: p = 2a cos ¢; plane: p = a sec ¢. i i
2a cos ¢

2r /4
Hence: / / / p?sin ¢ dp do db.
0 0 a sec ¢

10. a) S is the graph of z = f(z,y) = 1 — 2% — 42, so A dS = (—fz, — fy, 1) dv dy = (2z,2y, 1) dz dy.

Therefore ffsﬁ 0dS = [[g(z,y,2(1 = 2)) - 22,2y, 1) dedy = [[422? + 2y + 2(1 — 2) dz dy =
[[g4a® + 4y* da dy (since z =1 —2? —3?).

Shadow = unit disc 22 + y? < 1; switching to polar coordinates, we have

[ F-ndS = [ [far?rdrdd = [ [rY], d8 = 2.

b) Let T = unit disc in the zy-plane, with normal vector pointing down (it = —k). Then
[[,F-qdS = [[,(z,y,2) - (~k)dS = [[;, —2dS = —2 Area = —27. By divergence theorem,
ff5+Tﬁ-ﬁdS = fffDdivﬁdV =0, since divF = 14 1 — 2 = 0. Therefore [ls=— [ =+2m.



