
Math 215B Spring 2012 – Homework 4 – due Friday April 27, 2012

1. (based on Milnor-Stasheff Problem 9-C)

Let E = TSn be the tangent bundle of the n-sphere, and let A = {(v,−v) | v ∈ Sn} ⊂ Sn×Sn

be the anti-diagonal, consisting of all pairs of antipodal unit vectors.

(a) Using stereographic projection, show that the total space E is canonically homeomorphic
to Sn × Sn \ A. Then, using excision and homotopy, show that

H∗(E,E0) ≃ H∗(Sn × Sn, Sn × Sn \ diagonal) ≃ H∗(Sn × Sn, A).

(b) The isomorphism of part (a), composed with the map from relative to absolute cohomol-
ogy, gives a natural map from H∗(E,E0; Z) to H∗(Sn × Sn, Z). What is the image of the
Thom class u of E under this map? What about the image of u ∪ u?

(c) Recall that e(TSn) = φ−1(u ∪ u) where φ : H i(Sn, Z) → H i+n(E,E0; Z) is the Thom
isomorphism. (See p.99 of Milnor-Stasheff). Use the result of (b) to calculate e(TSn).

2. (based on Milnor-Stasheff Problems 14-D and 6-C)

(a) By analogy with Chapter 6 of Milnor-Stasheff, one can construct a cell subdivision for
the complex Grassmannian Gn(C∞) with one cell of dimension 2k for each partition of k
into at most n integers. (Convince yourself that the construction works exactly as in the
real case; note however that all the cells are now even-dimensional.) For k ≤ n, describe
explicitly the cell corresponding to the partition 1, . . . , 1 of k.

(b) Let f : Gn(Cm) → Gn+1(C
m+1) be the map which takes a subspace V ⊂ C

m to the
subspace C ⊕ V ⊂ C ⊕ C

m = C
m+1. Show that f ∗(Tn+1) ≃ C ⊕ Tn, where Tn and Tn+1 are

the tautological bundles and C is the trivial line bundle.

Also show that f maps the 2k-cell of Gn(Cm) which corresponds to a given partition i1, . . . , is
of k homeomorphically onto the 2k-cell of Gn+1(C

m+1) which corresponds to the same par-
tition i1, . . . , is.

(c) Show that the Euler class of the tautological bundle over Gn(Cm), e(Tn), corresponds to
the cocycle with assigns ±1 to the Schubert cell indexed by the partition 1, 1, . . . , 1 of n,
and zero to all other cells.

(Hint: consider the section s of Tn which assigns to V ∈ Gn(Cm) the orthogonal projection
of the first basis vector e1 ∈ C

m onto the subspace V .)

(d) Show that the ck(Tn) corresponds to the cocycle with assigns ±1 to the Schubert cell
indexed by the partition 1, 1, . . . , 1 of k, and zero to all other cells.

(continued on next page)
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3. (based on Milnor-Stasheff Problem 14-E)

By analogy with the construction of Chern classes in Chapter 14 of Milnor-Stasheff, show that
it is possible to define the Stiefel-Whitney classes of a real rank n vector bundle π : E → B
inductively as follows:

• define wn(E) to be the mod 2 (unoriented) analogue of the Euler class (constructed
in lecture);

• for i < n, define wi(E) = (π∗

0)
−1(wi(E

′)), where E ′ is the orthogonal complement to
the tautological line in the pullback of E under the projection π0 : E0 → B.

Then, using this construction of Stiefel-Whitney classes, verify the axioms of Chapter 4
(naturality, product formula for direct sum, nontriviality for the tautological line bundle).

DO NOT redo all of the work in Chapter 14 – instead, only state the analogues of the results
in Chapter 14 when the proofs are completely identical, and prove those statements which
require different arguments.

Remark: One key difference involves proving that wn−1(E
′) belongs to the image of π∗

0. For
this, it suffices to show that wn−1(E

′) restricts to zero in each fiber F0 = π−1

0 (x) ⊂ E0

(why?). This in turn reduces to showing that the tangent bundle of the sphere Sn−1 satisfies
wn−1(TSn−1) = 0 (why?). It is at this point that the use of Z/2 coefficients is essential, since
e(TSn−1) 6= 0 in general.


