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1. Introduction

1.1. Moduli spaces and compactification. My research is in the area of al-
gebraic geometry concerned with moduli spaces: geometric spaces whose points
classify geometric objects. Moduli spaces are fundamental in all areas of modern
geometry, because their geometry encodes the relationships among the objects they
classify.

For many applications, the usefulness of a moduli space depends on its being
compact; that is, it should contain a unique limit for each family of the objects it
classifies. For example, intersection theory is generally meaningful only on compact
spaces. More broadly speaking, it is valuable to understand limit behavior because
limit objects often shed light on the objects of which they’re the limits.

But many naturally defined moduli spaces are not compact, and so it is of interest
to compactify them—that is, to assign limit points to families of the objects they
classify—in a geometrically meaningful way. The most famous example is probably
that of the moduli space Mg of smooth algebraic curves (or Riemann surfaces)
of genus g: this space is not compact, since smooth curves can be continuously
deformed to singular curves. The compactification Mg of Mg, due to Deligne and
Mumford in 1969, supplies limits for families of smooth curves by adding to Mg a
boundary parametrizing certain singular curves (those which are Deligne-Mumford
stable).

1.2. Noncompactness of the relative Picard scheme. The moduli spaces in
which I’m interested are Picard schemes (or Picard stacks), which classify line
bundles on algebraic varieties. (Over a curve, the degree-0 component of the Picard
scheme is also known as the Jacobian.)

If X is a smooth variety, then each connected component of its Picard scheme
is automatically compact. However, smooth varieties can be deformed to singular
varieties, and such deformations can give rise to noncompactness in the Picard
scheme.

More precisely, suppose X→ S is a family of varieties (parametrized by a scheme
S), the central fiberX ⊂ X (the ‘limit’ of the family) is a singular variety, and L∗ is a
line bundle on X\X (which can be viewed as a family of line bundles on the smooth
varieties in the family). Then either of the following could occur to prevent the
relative Picard scheme of the family (the moduli space parametrizing line bundles
on the fibers) from being compact:

• Obstacle 1 (nonexistence of limits): No line bundle on X is a limit of L∗
(that is, L∗ cannot be extended to a line bundle on X).

• Obstacle 2 (non-uniqueness of limits, i.e. nonseparatedness): At least two
(and possibly infinitely many) non-isomorphic line bundles on X are limits
of L∗.

The central goal of my work is to compactify the relative Picard scheme: to con-
struct a modification of it in which Obstacles 1 and 2 do not occur.

1



This problem has been solved in numerous ways over families of curves (see
§3.1 for a survey). This has been possible because a great deal is known about
degenerations of curves and about the moduli spaces Mg.

The solutions for curves cannot easily be generalized to varieties of higher dimen-
sion, because moduli spaces of smooth varieties of dimension d ≥ 2 exhibit much
more complicated behavior thanMg (for example, unlikeMg, they are highly sin-
gular (Vakil [24]). In particular, their compactifications are not nearly as well un-
derstood as Mg: reasonable compactifications of moduli spaces of surfaces (d = 2)
were constructed only in the 1980s (e.g. Kollár and Shepherd-Barron [12]), and the
d ≥ 3 case is still a central area of research. So other methods must be found to
compactify the relative Picard scheme over families of higher-dimensional varieties.

My work in [4] introduces machinery (a stability condition, Definition 4.1.1) to
handle line bundles on varieties of arbitrary dimension; its usefulness is indicated
by Theorems 2.2.1-2.2.3 below.

2. Recent results

2.1. Nonseparatedness and reducible varieties. When attempting to com-
pactify relative Picard schemes, there are two natural approaches one can take to
overcome Obstacle 1 of §1.2 above (that is, to provide limits for families that have
no limits):

• Approach 1: Over each singular variety X, one can add points to the
moduli space to parametrize not just line bundles onX, but certain coherent
sheaves (objects that generalize line bundles) on X.
• Approach 2: Over each singular variety X, one can add points to the

moduli space to parametrize line bundles not just on X, but on certain
modifications X ′ of X.

My work is aimed at a construction using Approach 2. Under this approach, the
singular varieties that cause Obstacle 2 (nonseparatedness) to occur are precisely
those that are reducible (which means they’re formed by gluing together a finite
number of irreducible components). Moreover, the nonseparatedness caused by
reducibility is severe: over any one-parameter degeneration of smooth varieties to
a reducible variety, every family of line bundles has infinitely many limits.

Reducible varieties are unavoidable in Approach 2, even if one initially restricts
one’s attention to a family of varieties whose singular limit X is irreducible. This
is because the modifications X ′ of X on which Approach 2 relies are formed by
adding extra irreducible components to X, making it reducible.

(Specifically, Obstacle 1 occurs for families X → S with singular total space.
Approach 2 corrects this by replacing each such family by a desingularization of it,
which has the effect of adding irreducible components to the singular limit variety
while leaving the smooth members of the family unchanged. It is to the desingu-
larized families that we aim to apply Theorem 2.2.1 below, which concerns families
with nonsingular total space.)

2.2. Results in [4] and [5]. The paper [4] introduces a stability condition, Def-
inition 4.1.1 below, for line bundles on possibly reducible varieties of arbitrary
dimension d. Its purpose is to single out, for each family of line bundles, a unique
limit from among the infinitely many that arise as described above from reducibility.
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This purpose turns out to be fulfilled in a weak sense: Theorems 2.2.1 and 2.2.2
say that in ‘generic’ numerical circumstances, there is exactly one semistable limit,
while in special circumstances, there may be more than one—but still only finitely
many. In fact this is the best outcome we could have expected, because Definition
4.1.1 specializes to the stability condition given by Caporaso [3] for line bundles
on nodal curves, and the latter has the same property. The existence of multiple
semistable limits in [3] corresponds to the phenomenon of strict semistability in
geometric invariant theory and gives rise to a space that is weakly proper in the
sense of Alper [1].

The stability condition of Definition 4.1.1 is defined asymptotically, with respect
to a fixed line bundle H on the base variety, so that the semistable limits of a given
family of line bundles correspond to solutions of an infinite system of inequalities.
(Caporaso’s condition in [3] is recovered by taking d = 1 and H = KX . It turns
out, however, that for curves the asymptotic aspect of the definition is redundant;
hence it is absent from [3].) A priori, this system may have no solutions at all.
However, for wise choices of H, it has essentially a unique solution, which yields
the theorems below.

Theorem 2.2.1 (Chowdhury [4]). Let X → S be a one-parameter family of vari-
eties of dimension d, with central fiber X (which may be reducible). Assume that
the total space X is nonsingular, and that X has simple normal crossings.

Assume furthermore that

(1) the dual graph of X (the graph with vertices corresponding to the irreducible
components of X, and an edge between a pair of vertices if and only if the
corresponding irreducible components have nonempty intersection) is a tree;

(2) the canonical bundle KX is positive (resp. negative) in a suitable sense
(e.g. it suffices to have KX ample or anti-ample).

Then any line bundle L∗ on X\X has a limit on X that is K−X-semistable (resp.

K+
X-semistable). Generically there is a unique such limit; in special cases there may

be more than one, but never more than 2n−1, where n is the number of irreducible
components of X.

Theorem 2.2.1 is a partial generalization of results over curves given in [3]. The
combinatorial condition (1) simultaneously generalizes the conditions defining two
useful classes of curves: those of compact type (i.e. having compact Jacobian), and
those having only two irreducible components. (It appears, for instance, in [20] as
the definition of curves of pseudo-compact type.) The condition (2) for curves says
simply that the arithmetic genus of X is not 1.

A more surprising theorem, in light of the curve case, is the following. For
curves of genus 1 (degenerations of elliptic curves), Definition 4.1.1 (or the stability
condition of [3]) breaks down completely: either all infinitely many limits of a
family are semistable, or none are, regardless of the choice of the line bundle H
with respect to which one defines semistability. But Theorem 2.2.2 shows that in
the analogous situation in higher dimension, this does not occur! Semistability
with respect to the canonical bundle is no longer useful since the canonical bundle
is trivial, but semistability with respect to other line bundles can still work.

Specifically, Theorem 2.2.2 concerns K3 surfaces of Type II. These, together with
K3 surfaces of Type III, compactify the moduli space of smooth K3 surfaces. K3
surfaces of Type II fulfill the combinatorial condition (1) of Theorem 2.2.1, which
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makes them amenable to the kind of analysis used for Theorem 2.2.1; K3 surfaces
of Type III are more complicated to work with (see §5.3).

Theorem 2.2.2 (Chowdhury [5]). Let X be a K3 surface of Type II. Then there
is a line bundle H of degree 0 on X such that the following holds: whenever X
is the limit of a semistable degeneration X → S of K3 surfaces, any line bundle
L∗ on X\X has an H+-semistable limit on X. Generically there is a unique such
limit; in special cases there may be up to 2n−1, where n is the number of irreducible
components of X.

As a final observation, when the line bundles H behave well in families, so does
the notion of asymptotic semistability with respect to H. Hence the set of all
semistable line bundles forms an algebraic moduli space. The following statement
makes this precise when H is the canonical bundle:

Theorem 2.2.3 (Chowdhury [4]). The functor that associates to any scheme T
the set of families of varieties X → T together with line bundles L on X whose
restriction to each fiber Xt is K−Xt

-semistable defines an Artin stack.

3. History

3.1. Curves. The problem of compactifying Picard schemes over curves, consid-
ered as early as the 1950s (e.g. by Igusa [10]), has been quite thoroughly studied.
For certain fixed nodal curves, compactified Picard schemes (or Jacobians) were
constructed in the 1970s (D’Souza [6], Oda and Seshadri [18]); these were followed
by compactifications over certain special families of curves (e.g. Ishida [11]). In the
1990s results were established that encompassed far more general types of families:
the ‘universal’ construction of Caporaso [3] already mentioned in §2.2, as well as
the fine moduli spaces of Esteves [7].

The more general problem of compactifying moduli spaces of higher-rank vector
bundles over curves has been studied with similar success, with compactifications
over a fixed nodal curve or specific degenerations to nodal curves (e.g. Gieseker [8],
Nagaraj and Seshadri [17]), as well as universal constructions over Mg (Pandhari-
pande [21], Schmitt [22]).

Many of these constructions rely heavily on geometric invariant theory, although
they can be recast in terms of stacks (e.g. see Melo [15]).

3.2. Higher dimension. Over higher-dimensional varieties, the picture is far less
complete. Altman and Kleiman [2] constructed compactified Picard schemes for
families of higher-dimensional varieties that are irreducible. Degenerations of higher-
dimensional varieties to reducible varieties, on the other hand, have not been con-
sidered.

There is, however, a related problem worth mentioning, namely that of com-
pactifying moduli spaces of higher-rank vector bundles on fixed smooth varieties
(which, unlike their rank-1 counterparts, are not compact). It was pointed out as
early as [18] that the number of irreducible components of a variety and the rank of
a vector bundle play analogous roles with respect to non-compactness. The analogy
is not directly visible in the the original construction of Gieseker [9] and Maruyama
[14], which compactifies the moduli space of stable vector bundles of arbitrary rank
on a fixed smooth variety of arbitrary dimension. More suggestive are the recent
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alternative compactifications given by Markushevich, Tikhomirov, and Trautmann
[13] (based on ideas from differential geometry) and by Timofeeva [23] for moduli
spaces of vector bundles over a fixed smooth surface.

4. Details of recent work

4.1. Stability condition. The notion of stability used in Theorems 2.2.1-2.2.3 is
defined as follows.

Definition 4.1.1 (Chowdhury [4]). Let X be a variety of dimension d, and let L
and H be line bundles on X. For each union Y ⊂ X of irreducible components of
X, let D = Y ∩X\Y , and let

eY (L) = d!

χ(X,L) · 1

d+ 1

d+1∑
j=1

(
d+ 1

j

)
[Ld+1−jDj−1Y ]− [LdX] · χ(Y, L)

 .

We say L is H−-semistable (resp. H+-semistable) if for every sufficiently large
positive integer m, eY (L + mH) ≤ 0 (resp. eY (L + mH) ≥ 0) for every union of
irreducible components Y ⊂ X.

(Here, products in brackets are intersection products, while sums of line bundles
denote their tensor product, or the sum of the corresponding divisors; see [4] for
specifics.)

The quantity eY (L) in Definition 4.1.1 is a polynomial of degree d in L. Its
definition is motivated by geometric invariant theory. In particular, for d = 1 (the
curve case), Definition 4.1.1 is precisely a GIT stability condition. The same is not
clear when d ≥ 2, because in that case the GIT analysis is much more difficult to
carry out than it is for curves. The virtue of Definition 4.1.1 is that it lets us avoid
these difficulties and study the higher-dimensional case directly.

The essential property of eY (L) is the following (stated with some abuse of
notation; see [4] for details).

Lemma 4.1.2. Let X be the central fiber in a nonsingular one-parameter family
of varieties, Y a union of irreducible components of X, Z = X\Y , and D = Y ∩Z.
Then eY (L) = −eZ(L+ Z).

4.2. Remarks on Theorems 2.2.1 and 2.2.2. Let us point out a few aspects of
the proofs of Theorems 2.2.1 and 2.2.2.

The condition (1) of Theorem 2.2.1 and the Type II assumption of Theorem
2.2.2 allow one to study varieties with arbitrarily many irreducible components
inductively, dealing with two components at a time. The heart of the proof of each
theorem is therefore an analysis of the two-component case.

For a variety X of dimension d with two irreducible components, Lemma 4.1.2
implies that the semistable limits of a family of line bundles can be read off from
the roots of a certain infinite sequence (pm) of polynomials of degree at most d in a
single variable. In particular, there will be a unique semistable limit roughly when
there is an essentially unique convergent sequence of the form (rm), where each rm
is a root of pm.

In general, one has little control over whether this happens; furthermore, the
correspondence between roots and semistable limits is muddied by the possibility
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that some of the pm have non-real roots, multiple roots, or roots close together. The
remarkable thing is that when H is well chosen, these difficulties vanish: it turns
out that the sequence (pm) converges to a linear polynomial, which guarantees the
existence and uniqueness of the desired convergent sequence of roots.

As a point of comparison, in the curve case (d = 1) as seen in [3], the asymptotic
part of Definition 4.1.1 ends up being irrelevant, and the unique semistable limit
of a family simply corresponds to the unique root of a certain linear polynomial.
Thus the behavior of the curve case reappears in the asymptotic behavior of the
higher-dimensional case.

5. Current and future projects

5.1. Proper moduli spaces. As indicated in §2.1, the usefulness of the stability
condition, Definition 4.1.1, is in inducing separatedness (uniqueness of limits). To
create a proper (i.e. compact) moduli space, it must be deployed together with
Approach 2 of §2.1 to guarantee existence of limits. More precisely, a proper moduli
space must parametrize, over each variety X, something between the following two
sets:

(1) the set of all semistable line bundles on X;
(2) the set of all semistable line bundles on all modifications (cf. Approach 2)

X ′ of X.

In the space defined by (1), existence of limits may fail: if X is singular, there will
be families of varieties with limit X over which Obstacle 1 of §1.2 occurs.

The space defined by (2) may fail to be separated or to be of finite type: the
prevention of Obstacle 1 could require the space to include line bundles on infinitely
many distinct modifications of X. (The stability condition guarantees that no
family of line bundles will have infinitely many limits on any fixed modification
of X. But a family could still have a limit on each of infinitely many different
modifications of X.)

The solution is to understand how limits over different modifications of X are
related, and to collapse those that are redundant. This is essentially what happens
over curves in [3]: it turns out to suffice to include a finite collection of modifications
of each nodal curve X.

Question 5.1.1. Does a finite collection of modifications suffice for varieties of
higher dimension?

This question can be addressed by studying the behavior of the stability con-
dition on the ‘exceptional components’ in a variety. More precisely, the necessary
modifications of a variety X come from blowing up (thus desingularizing) families
of varieties degenerating to X. This process adds irreducible components to X
which are projective cones over varieties of lower dimension. The special form of
these components places restrictions on the values of the quantities eY in Definition
4.1.1, which in turn point towards an affirmative answer to Question 5.1.1.

5.2. K3 surfaces. Olsson in [19] constructs a compactification of the moduli space
of polarized K3 surfaces via a quotient in which nonseparatedness is corrected by
the identification of all multiple limits. Theorem 2.2.2 suggests that the stability
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condition of Definition 4.1.1 could be used to define a section of this quotient; that
is, to assign polarizations in a canonical way to degenerations of K3 surfaces.

Such a construction would require answers to the following:

Question 5.2.1. Does the line bundle H of Theorem 2.2.2 extend to families of
K3 surfaces?

Question 5.2.2. Does a result like Theorem 2.2.2 hold for K3 surfaces of Type
III, or for appropriate modifications thereof?

5.3. Combinatorial improvements. The proofs of Theorems 2.2.1 and 2.2.2 rely
heavily on the hypothesis that the underlying variety X is combinatorially simple:
there are no ‘cycles’ of irreducible components (the dual graph is a tree). This
means that the theorems do not apply, for example, to K3 surfaces of Type III, or,
more generally, to any variety in which three or more components intersect. But
varieties like these cannot be avoided altogether in degeneration problems, even
after modifications (blowups) such as those used in Approach 2 of §2.1.

Question 5.3.1. Can Theorem 2.2.1 be extended to varieties that are more com-
binatorially complicated, such as those with triple intersections?

5.4. Comparison with other stability conditions. When d = 1 and H = KX ,
Definition 4.1.1 reduces to the stability condition of Caporaso [3] for line bundles on
curves. This in turn determines a moduli space which is isomorphic to the rank-1
version of Pandharipande’s space in [21], which parametrizes slope-semistable vector
bundles on curves. (As shown in Schmitt [22], the two interpretations diverge for
vector bundles of higher rank.) This suggests the following question:

Question 5.4.1. Can Definition 4.1.1 be interpreted in terms of slopes of coherent
sheaves?

Such an interpretation may also make it feasible to address the higher-rank case:

Question 5.4.2. Can Definition 4.1.1 be generalized to vector bundles of higher
rank?

Finally, the proofs of Theorems 2.2.1 and 2.2.2 depend only on a few formal prop-
erties possessed by Definition 4.1.1 (notably Lemma 4.1.2). It would be interesting
to understand to what extent these properties determine the stability condition:

Question 5.4.3. Can one formulate other stability conditions with the same formal
properties as Definition 4.1.1?
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