
Quiz 6, 7/29/16

Use generating functions to solve

an = 3an−1 + 2n + 5, a0 = 1.

Proof.

G(x) =

∞∑
n=0

anx
n

= a0 +

∞∑
n=1

anx
n

= 1 +

∞∑
n=1

anx
n

= 1 +

∞∑
n=1

(3an−1 + 2n + 5)xn

= 1 + 3

∞∑
n=1

an−1x
n +

∞∑
n=1

2nxn + 5

∞∑
n=1

xn

= 1 + 3x

∞∑
n=1

an−1x
n−1 +

∞∑
n=1

(2x)n + 5

∞∑
n=1

xn

= 1 + 3x

∞∑
n=0

anx
n +

∞∑
n=1

(2x)n + 5

∞∑
n=1

xn

= 1 + 3xG(x) +
2x

1− 2x
+

5x

1− x
.

Now we solve for G(x):

G(x)− 3xG(x) = 1 +
2x

1− 2x
+

5x

1− x

∴ G(x)(1− 3x) = 1 +
2x

1− 2x
+

5x

1− x
.
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Therefore,

G(x) =
1

1− 3x
· (1− 2x)(1− x) + 2x(1− x) + 5x(1− 2x)

(1− 2x)(1− x)

=
1− 3x+ 2x2 + 2x− 2x2 + 5x− 10x2

(1− 3x)(1− 2x)(1− x)

=
−10x2 + 4x+ 1

(1− 3x)(1− 2x)(1− x)

=
11/2

1− 3x
+

−2

1− 2x
+

−5/2

1− x

=

∞∑
n=0

[
11

2
(3x)n − 2(2x)n − 5

2
(x)n

]

=

∞∑
n=0

[
11

2
(3)n − 2(2)n − 5

2

]
(x)n

Comparing to G(x) =
∑∞

n=0 anx
n, we obtain:

an =
11

2
(3)n − 2(2)n − 5

2
.

2


