15.3 Double Integrals in Polar Coordinates

Recall the equations that relate polar and Cartesian coordinates:

x =1rcosf
y=rsinf
r=2% 4y’
tanf = ¥
T

A polar rectangle is the following region:
R={(r,0)|a<r<ba<<p}

We may divide a polar rectangle in a similar way that we divided a rectangle in Cartesian coordinates. The
resulting small rectangles each have an area

AA=rdbdr
If f is a continuous function on a polar rectangle R given by

R={(r6)|a<r=ba<b<p)

//f(:my) dAz/j/abf(rcosé’,rsinﬁ)r dr do.
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Example 1. FEvaluate the integral by changing to polar coordinates:
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where 0 < 8 — a < 2m, then

where D is the disk with center the origin and radius 2.

If f is continuous on a polar region of the form

D ={(r,0) | ha(0) <7 < ha(),0 < 0 < 8}
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Example 2. Use a double integral to find the area of the region enclosed by both of the cardioids r = 1+cos 0
and r =1 — cos#.

then

Example 3. Use polar coordinates to find the volume bounded by the paraboloids z = 6 — x> — y? and
z = 222 + 22

Example 4. FEvaluate the integral

Va2 +y? dy dx.
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