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ABSTRACT. We show that a Ricci flow in four dimensions can develop singular-
ities modeled on the Eguchi-Hanson space. In particular, we prove that starting
from a class of asymptotically cylindrical U(2)-invariant initial metrics on T'S?, a
Type II singularity modeled on the Eguchi-Hanson space develops in finite time.
Furthermore, we show that for these Ricci flows the only possible blow-up limits
are (i) the Eguchi-Hanson space, (ii) the flat R*/Zy orbifold, (iii) the 4d Bryant
soliton quotiented by Zs, and (iv) the shrinking cylinder R x RP3. As a byproduct
of our work, we also prove the existence of a new family of Type II singularities
caused by the collapse of a two-sphere of self-intersection |k| > 3.
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1. INTRODUCTION

The main result of this paper is to show

A Ricci flow on a four dimensional non-compact manifold may de-
velop a Type II singularity modeled on the Equchi-Hanson space in
finite time.

The Eguchi-Hanson space is diffeomorphic to the cotangent bundle of the two-sphere
and asymptotic to the flat cone R*/Z,. It is the simplest example of a Ricci flat
asymptotically locally euclidean (ALE) manifold and in the physics literature known
as a gravitational instanton. The Eguchi-Hanson singularities constructed in this
paper are the first examples of orbifold singularities in Ricci flow, and are also the
first examples of singularities with Ricci flat blow-up limits. As a byproduct of our
work we also show that

A Ricci flow on a four dimensional non-compact manifold may
collapse an embedded two-dimensional sphere with self-intersection
k € Z to a point in finite time and thereby produce a singularity.

The singularities we construct when |k| > 3 are of Type II and the author conjectures
that their blow-up limits are homothetic to the steady Ricci solitons found in [A17].
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1.1. Background. A family of time-dependent metrics g(¢) on a manifold M is
called a Ricci flow if it solves the equation

Here Ricyy is the Ricci tensor of the metric ¢(¢). In local coordinates the Ricci
flow equation can be written as a coupled system of second order non-linear para-
bolic equations. Heuristically speaking, the Ricci flow smoothens the metric g(t),
while simultaneously shrinking positively curved and expanding negatively curved
directions at each point of the manifold.

Ricci flow was introduced by Hamilton [Ham82] in 1982 to prove that a closed
three dimensional manifold admitting a metric of positive Ricci curvature also ad-
mits a metric of constant positive sectional curvature. This success demonstrated
the power of Ricci flow and ignited much research in this area, culminating in Perel-
man’s proof of the Poincaré and Geometrization Conjectures for three dimensional
manifolds.

Even though every complete Riemannian manifold (M, g) of bounded curvature
admits a short-time Ricci flow starting from g, singularities may develop in finite
time. Understanding their geometry is central to the study of Ricci flow and has
topological implications. For instance, Perelman proved the Geometrization Con-
jecture by analyzing the singularity formation in three dimensional Ricci flow and
showing that a Ricci flow nearing its singular time exhibits one of the following two
behaviors:

e Extinction: The manifold becomes asymptotically round before shrinking to
a point

o (Degenerate or non-degenerate) Neckpinch: A region of the shape of a small
cylinder R x S? develops

Based on this knowledge Perelman was able to construct a Ricci low with surgery,
which performs the decomposition of a three manifold into pieces corresponding to
the eight Thurston geometries, yielding a proof of the Geometrization Conjecture.
In order to understand the formation of singularities in Ricci flow it is very use-
ful to take blow-up limits. Roughly speaking one zooms into the region in which
the singularity is forming by parabolically rescaling space and time. The resulting
blow-up limit is an ancient Ricci flow called the singularity model. It encapsulates
most of the geometric information of the singularity. Note that a Ricci flow is called
ancient if it can be extended infinitely into the past. To date all known singularity
models are either shrinking or steady Ricci solitons. These are self-similar solu-
tions to the Ricci flow equation that, up to diffeomorphism, homothetically shrink
or remain steady, and can be understood as a generalization of Einstein manifolds
of positive or zero scalar curvature, respectively. Hamilton distinguishes between
Type I and Type II singularities, depending on the rate at which the curvature
blows up to infinity as one approaches the singular time. It has been proven that
Type I singularities are modeled on shrinking Ricci solitons [EMT11], however it is
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unknown whether all Type II singularity models are steady Ricci solitons. In three
dimensions the only Type I singularity models are S%, R x S? and their quotients.

As three dimensional singularity formation is now well understood the next step is
to analyze the four dimensional case, where currently very little is known other than
that the possibilities are far more numerous. Below we list all Type I singularity
models known in four dimensions:

(1) S? x R and its quotients

(2) S% x R? and its quotients

(3) Einstein manifolds of positive scalar curvature (e.g. S*, CP?, etc.)
(4) Compact gradient shrinking Ricci solitons that are not Einstein

(5) The FIK shrinker [FIKO03]

Note that (1) and (2) are just products of a three dimensional Type I singularity
model with the real line. As Einstein manifolds in four dimensions remain to be
classified, list item (3) may contain a very large set of manifolds. As for (4), to date
only few examples of compact shrinking Ricci solitons are known and a list of these
can be found in Cao’s survey [Caol0]. The FIK shrinker is a non-compact U(2)-
invariant shrinking Kahler-Ricci soliton, which is diffeomorphic to the blow-up of
C? at the origin. It is an open question whether there are other non-flat one-ended
shrinking Ricci solitons in four dimensions. Maximo proved that Type I singularities
modeled on the FIK shrinker may occur in U(2)-invariant Kahler-Ricci flow [M14].

The FIK shrinker models an interesting singularity in four dimensional Ricci flow
— namely the collapse of an embedded two-dimensional sphere with non-trivial
normal bundle. Topologically, real rank 2 vector bundles over the two-dimensional
sphere are classified by their Euler class, which is an integer multiple of the gener-
ator of H%(S? Z). We call this multiple the twisting number and denote it by k.
Recall that the self-intersection of an embedded two-dimensional sphere in a four-
dimensional manifold is equal to the twisting number of its normal bundle. Unlike
in Kihler geometry, where there is a canonical choice for the generator of H?(S?,Z)
and the sign of the self-intersection number is crucial, in the Riemannian case only
its absolute value affects the geometry and behavior of embedded two-spheres under
Ricci flow. Heuristically speaking, the larger |k|, the more negative curvature there
is in the vicinity of the sphere and the less likely it collapses to a point. In the list
above S? x R? and the FIK shrinker model the collapse of two dimensional spheres
with self-intersection equal to 0 and —1, respectively. The main goal of this paper is
to show that embedded spheres of self-intersection number |k| > 2 may also collapse
in finite time. To explain this in greater detail we give an overview of our setup
below.

1.2. Overview of setup. Let My, k > 1, be diffeomorphic to the blow-up of
C?%/Zy, at the origin, and denote by S? the two-sphere stemming from the blow-up.
Alternatively one can also view M), as a plane bundle over S%. Fix an arbitrary
point o, for ’origin’, on S2. Note that S?, with respect to the orientation inherited
from C2, has self-intersection —k. Then equip M;, with an U(2)-invariant metric g.
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It turns out that with help of the Hopf fibration
7837, — S

such U(2)-invariant metrics can be conveniently written as a warped product metric
of the form

(1.2) g=ds’ +a*(s)w®w+ bQ(S)W*QS%%),

on the open dense subset Rog x S3/Zy C M. w is the 1-form dual to the vertical
directions of the Hopf fibration and s is a parametrisation of the R.y factor. Note
that ¢ pulls back to a Berger sphere metric on the cross-sections S®/Z;. One can
complete g to a smooth metric on all of M} by requiring

(1.3) a(0) =0
as(0) =k
b(0) >0

and that a(s) and b(s) can be extended to an odd and even function around s = 0,
respectively. Via the boundary condition as(0) = k is how topology enters the
analysis of the Ricci flow equation. We would like to mention here that throughout
this paper we often take the warping functions a and b to be functions of points
(p,t) in spacetime rather than of (s,t). This will always be clear from context.

An upshot of writing the metric g in the form (1.2) is that the Ricci flow equation
(1.1) reduces to a (1+ 1)-dimensional system of parabolic equations for the warping
functions a and b, which simplifies the analysis greatly. In addition to this, both the
FIK shrinker, which is diffeomorphic to M;, and the Eguchi-Hanson space, which is
diffeomorphic to My, are U(2)-invariant, and therefore their metrics can be written
in the form (1.2). In this paper we only study Riemannian manifolds diffeomorphic
to My, k € N, equipped with a U(2)-invariant metric of the form (1.2).

We will consider numerous scale-invariant quantities, the most fundamental and
important of which we introduce here:

a

Q=1
Ti=a,+Q*—2
y=0bs—0Q

The quantity ) measures the ‘roundness’ of the cross-sectional S3/Z;. That is,
when ) = 1 the metric on the cross-section is round. The quantities z and y are
more interesting, as they measure the deviation of the metric g from being Kahler.
In particular, when

y=20
the manifold (My, g), k > 1, is Kéhler with respect to the standard complex struc-
ture induced from C?. Moreover, when

r=y=0
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the manifold (Mg, g) is hyperkéhler, and as we show in section 4, homothetic to the
Eguchi-Hanson space.

1.3. Overview of results. The first main result of this paper is to show that

For a large class of U(2)-invariant asymptotically cylindrical initial
metrics on My, k > 2, the Ricci flow develops a Type II singularity
in finite time, as the area of S? decreases to zero. When k = 2 the
blow-up limit of the singularity is homothetic to the Equchi-Hanson
space.

We define the class of metrics for which this result holds in subsection 1.4. Note
that in the & = 2 case the Eguchi-Hanson space is the first example of a Ricci
flat singularity model. Based on numerical simulations the author believes that the
Type II singularities in the k > 3 case are modeled on the steady solitons found in
[A17]. A paper on the numerical results is in preparation.

The above result should be contrasted with the behavior of a Ricci flow starting
from a Kéahler metric. It is well known that the Kahler condition is preserved by
Ricci flow, and that for such a flow the area of a complex submanifold evolves in
a fixed manner. In particular, if (M, g) is a Kéhler manifold with Kéhler form w,
then under Ricci flow the Kéahler class evolves by

w(t)] = [w(0)] = dmter (M),

where ¢ (M) is the first Chern class of M. If we integrate the above equation over
a complex curve ¥ in M then one sees that

Xl = [Xlo — 4t (e (M), [X]),

where |X|; denotes the area of ¥ at time ¢. In the case that M = M, ¥ = S? and
g is Kéahler, it was shown in [FIK03, Proof of Lemma 1.2] that

(er(My),[S2]) =2 — k
and hence
(1.4) 182, = |S2lo — Amt (2 — K)

This shows that for a Kéhler-Ricci flow (Mg, g(t)), k € N the two sphere S can only
collapse to a point when k& = 1. In fact, when k = 2 the area of S? is stationary and
for k > 3 increasing. Maximo in [M14] uses the Kéhler condition and (1.4) to show
that an embedded sphere of self-intersection —1 may collapse to a point in finite
time under Ricci flow. Note that in our construction the metrics are not assumed
to be Kéhler and hence we cannot rely on (1.4).

The second main result of this paper is the classification of all possible blow-up
limits in the k = 2 case, including those at larger distance scales from the tip of M.
In particular, we show that
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For a large class of U(2)-invariant asymptotically cylindrical initial
metrics on My any sequence of blow-ups subsequentially converges
to one of the following spaces:
(i) The Eguchi-Hanson space
(ii) The flat R*/Zy orbifold
(iii) The 4d Bryant soliton quotiented by Zs
(iv) The shrinking cylinder R x RP?

The blow-up limits (ii) and (iii) show that the Eguchi-Hanson singularity results
in the formation of an orbifold point, which to our knowledge the first concrete
example of such in four dimensional Ricci flow.

We expect that many of our methods generalize to the analysis of Ricci flow on
other cohomogeneity one manifolds. These are manifolds that admit an action by
isometries of a compact Lie group G for which the quotient is one dimensional. The
author believes that this work could contribute towards a complete picture of Ricci
solitons and ancient Ricci flows on cohomogeneity one manifolds in four dimensions.

1.4. Precise statement of results. Before presenting the main theorems of this
paper, we list the definition of a class Z of metrics needed to state our results.

Definition 7.2. For K > 0 let Zx be the set of all complete bounded curvature
metrics of the form (1.2) on My, k > 1, with positive injectivity radius that satisfy
the following scale-invariant inequalities:

Q<1

as,bs > 0
y<0

supas < K
sup |bbss| < K

Denote by I the set of metrics g such that for sufficiently large K > 0 we have
g c IK.

For any k € N the set Z of metrics on M}, is non-empty, as for example the metric
on M, defined by

a(s) = @ = tanh(ks)
b(s) =1

is contained in Z. Moreover, as we prove in Lemma 7.9, the class Zx of metrics is

preserved by the Ricci flow for sufficiently large K > 0. In our paper we will mainly

consider Ricci flows (Mg, g(t)), t € [0,T), starting from an initial metric g(0) € Z.
Now we list the precise statements of the main results of this paper.
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Theorem 9.1 (Type Il singularities). Let (Mg, g(t)), k > 2, be a Ricci flow starting
from an initial metric g(0) € Z (see Definition 7.2) with

sup b(p,0) < oo.
pEM>2

Then g(t) encounters a Type II curvature singularity in finite time Ty, > 0 and

sup  (Tuing —t) b %(0,t) = o0o0.
0<t<Tsing
Furthermore, there exists a sequence of times t; — Ty, such that the following
holds: Consider the rescaled metrics

1
gz(t) = mg (tl + bQ(O, tz)t> s t e |: - b(O, ti)_2ti, b(O, ti)_Q (Tsing — tz) )
Then (Mg, g;(t),0) subsequentially converges, in the pointed Gromouv-Cheeger sense,
to an eternal Ricci flow (Mg, goo(t),0), t € (—00,00). When k = 2 the metric goo(t)
18 stationary and homothetic to the Equchi-Hanson metric.

Remark 1.1. We would like to make the following remarks:

(1) In Theorem 9.1, case k = 2, we only prove that there exists a blow-up
sequence which converges to the Eguchi-Hanson space. In Theorem 12.1
below we extend this result and show that in fact any blow-up around the
tip of My is homothetic to the Eguchi-Hanson space.

(2) The initial metric g(0) € Z with sup,c, b(p,0) < oo is asymptotic to R x
S3 ) Zy., where S3/7Z;, is equipped with a squashed Berger sphere metric. This
is because metrics in Z satisfy as, b, > 0 and @ < 1.

The second main result of our paper is the classification of all possible blow-up
limits in the k£ = 2 case:

Theorem 12.1 (Blow-up limits). Let (M, g(t)), t € [0,Tsng), be a Ricci flow
starting from an initial metric g(0) € T (see Definition 7.2) with sup,¢,, b(p,0) <
oo. Let (p;,t;) be a sequence of points in spacetime with b(p;,t;) — 0. Passing to a
subsequence, we may assume that we are in one of the four cases listed below.

(i) Tim; o0 JE22) < 00
(1) lim;_, oo % = 00 and lim;_,, bs(p;, t;) = 1
(iii) lim; o0 % = 00 and limy_,e bs(pi, t;) € (0, 1)
(iv) lim; o % = 00 and lim;_,, bs(p;, t;) =0
Consider the dilated Ricci flows
1
gi(t) = 5——g (ti + V*(pi, t;)t) .t € [—b(pit;) L, 0]

b2 (pla tl)
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Then (My, gi(t),pi), t € [=b(pi, t;)"%t;, 0], subsequentially converges, in the Cheeger-
Gromov sense, to an ancient Ricci flow (My, goo(t), Do), t € (—00,0]. Depending
on the limiting property of the sequence (p;,t;) we have:

(i) Mo = My and goo(t) is stationary and homothetic to the Equchi-Hanson
metric
(ii) My =2 R*\{0}/Zy and goo(t) can be extended to a smooth orbifold Ricci flow
on R*/Zy that is stationary and isometric to the flat orbifold R*/7Z,
(iii) My = RN\ {0}/Zy and goo(t) can be extended to a smooth orbifold Ricci flow
on RY/Zy that is homothetic to the 4d Bryant soliton quotiented by Zs
(iv) My, 2R x RP3 and go(t) is homothetic to a shrinking cylinder

Remark 1.2. Note that in Theorem 12.1 we do not prove that all blow-up limits (i)-
(iv) occur. In fact, it may turn out that the Eguchi-Hanson singularity is isolated,
in which case we would only see blow-up limits (i) and (ii).

As a byproduct of our work we also prove the following two theorems, which are
of independent interest. Firstly, we exclude shrinking Ricci solitons in a large class
of metrics.

Theorem 6.1 (No shrinker). On My, k > 2, there does not exists a complete U(2)-
invariant shrinking Ricci soliton of bounded curvature satisfying the conditions

(1) sup,epy, |bs| < 00
(2) Ty =a,+2Q*—2>0 for s >0
(3)Q=5<1

As we show in section 5 the inequalities 77 > 0 for s > 0 and @) < 1 are preserved
by a Ricci flow (M, g(t)), k > 2, with g(¢t) € Z. For this reason Theorem 6.1 can
be used to exclude Type I singularities for such flows.

Secondly, we prove a uniqueness result for ancient Ricci flows on M.

Theorem 11.1 (Unique ancient flow). Let k > 0 and (M, g(t)), t € (—00,0], be
an ancient Ricci flow that is k-non-collapsed at all scales and g(t) € Z, t € (—o0, 0]
(see Definition 7.2). Then g(t) is stationary and homothetic to the Equchi-Hanson
metric.

We rely heavily on this result when we investigate all possible blow-up limits of
a Ricci flow (Ms, g(t)) encountering a singularity at S2.

1.5. Outline of paper and proofs. Our paper is organized by sections. Section
2 is preliminary and its goal is to set up in more detail the manifolds and metrics
considered in this paper. Here we also derive the full curvature tensor and Ricci
flow equation for U(2)-invariant metrics. In section 3 we prove a maximum principle
for degenerate parabolic differential equations on Mj. Beginning from section 4 we
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present new results. Below we outline the main results of those sections and their
proofs.

Outline of section 4. A key ingredient in our paper are the scale-invariant quan-
tities

T =a,+ Q% —2
and

Yy = bs - Q7

that measure the deviation of a U(2)-invariant metric from being Kéahler with respect
to two fixed complex structures J; and Jy on My, k > 1 (see section 4 for the precise
definition of J; and Js). In particular, a metric is Kéhler with respect to J; whenever
y = 0 and with respect to Jy whenever x =y = 0.

Interestingly, a U(2)-invariant metric of the form (1.2) is K&hler with respect to
Jo if, and only if, the underlying manifold is diffeomorphic to My and the metric is
homothetic to the Eguchi-Hanson metric, as we show in Lemma 4.1. Therefore the
quantities x and y can be used to measure how much a metric on M, deviates from
the Eguchi-Hanson metric — a tool that is indispensable to our analysis. In the
later sections we develop methods to control the behavior of x and y under the Ricci
flow. This will allow us to prove that certain singularities of Ricci flows (M, g(t))
are modeled on the Eguchi-Hanson space.

In Lemma 4.2 of this section we also derive various properties of the Eguchi-
Hanson metric. These are frequently used throughout the paper.

Outline of section 5. The goal of this section is to derive various scale-invariant
inequalities that are conserved by Ricci flow. We say that on a Riemannian manifold
(M, g) a geometric quantity T, : M — R is scale-invariant if for every point p € M,
we have T,(p) = Th,4(p) for all A > 0. The scale-invariance of the inequalities derived
is crucial, as it ensures that they pass to blow-up limits and thus also constrain their
geometry.

We construct these inequalities from the scale-invariant quantities ag, b and  :=
¢, where a and b are the warping functions of the metric g of the form (1.2). Note
that subscript s denotes the derivative with respect to s. The key observation is
that the evolution equation of the scale-invariant quantity

T(Oévﬁﬂ) = QGg + 56265 + /YQQa «, /Ba 7 € Ra
can be written in the form

b Qs

. 1
OiTapr) = [Tlapm] s + (23 - ;) [Tasm], + 5 C@s;

where U, 3, is a function of ay, b, and (). For certain choices of a, §, v and § € R
one can determine the sign of C(, 5, at a local extremum at which T, 5, = 9.
Depending on the sign, this allows one to prove, via the maximum principle, that
either

Tapy) 20
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or
Tapm =9
is a conserved inequality. One of the conserved inequalities of this form is
rz <0,

however we derive many others.

In this section we also find conserved inequalities not of the above form. For
instance, we show that each of the inequalities listed below are conserved by the
Ricci flow:

e <1

ey <0

® as,b; >0
The proof is carried out by applying the maximum principle to their evolution
equations or, in the case of ag, by > 0, to their system of evolution equations. The
conserved inequalities ) < 1, y < 0 and ag, by > 0 are especially important, as they
are part of the definition of the class of metrics Z mentioned above, and constitute
the first step in showing that Z is preserved by the Ricci flow.

Outline of section 6. The main result of section 6 is Theorem 6.1, which rules
out shrinking solitons on My, k > 2, within a large class of U(2)-invariant metrics.
Before we outline the proof, note that from the evolution equation (2.12) of b under
Ricci flow it follows by an application of L’Hopital’s rule that at s =0

(1.5) 9:b(0,1)* = 4 (by, + k —2).

This formula is a generalization of (1.4) to the non-Kéhler case, as the area of S?
at time ¢ equals b(o, t)*r. Hence a shrinking soliton must satisfy

0:b(0,t)* < 0,

which for k > 2 implies that y, < 0 at s = 0.
For the proof of Theorem 6.1 we have to rely on the inequality

Ty =as+2Q*—2>0,

which by Lemma 5.8 is conserved by the Ricci flow. In particular, we show that
amongst metrics of the form (1.2) on My, k > 2, satisfying @ < 1, T} > 0 when
s > 0, and sup,¢y,, |bs| < oo there are no shrinking solitons. We briefly sketch the
proof here: First we show in Lemma 6.4 that Qs > 0 for shrinking solitons. This
follows from the Ricci soliton equation, which for metrics of the form (1.2) reduces to
a system of ordinary differential equations. Then we consider the evolution equation

as
(1.6) Y = Yss + —y — —yzG,
a a

of y, where GG is a function of a,, by and ). In Lemma 6.5 we show that whenever
Qs, 171 > 0 we have G > 0. This shows that under Ricci flow satisfying these
inequalities a negative minimum of y is strictly increasing and a positive maximum
is strictly decreasing. However, since y is a scale-invariant quantity, and a shrinking
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Ricci soliton, up to diffeomorphism, homothetically shrinks under Ricci flow, we see
that the maximum or minimum of y must remain constant throughout the flow.
We conclude that y = 0 everywhere, excluding a shrinking soliton. In the proof of
Theorem 6.1, rather than working with the evolution equation (1.6) of y, we use the
corresponding ordinary differential equation on a Ricci soliton background.

Outline of section 7. The goal of this section is to prove Theorem 7.5, which states
that for a Ricci flow (M, g(t)), k > 1, starting from an initial metric ¢(0) € Z with
sup,ey, b(p,0) < oo there exists a C; > 0 such that the curvature bound

Cy

b

holds. The proof is carried out by a contradiction/blow-up argument: Assume there
exists a sequence of numbers D; — oo and points (p;, ;) in spacetime such that

D;
b(pu t2)2 '

| Rimg(s)|ge) <

K; = |Rm9(ti)‘g(ti)(pi) =
Consider the rescaled metrics

9:i(t) = Kig (ti + i) , t€[-Kit;, 0],
K;

normalized such that |Rmg,(0)|g0)(p;) = 1. Then Perelman’s no-local-collapsing
theorem shows that (Mg, g;(t), p;) subconverges to an ancient non-collapsed Ricci
flow (Moo, goo(t), o), t < 0. As D; — oo the warping functions b; corresponding
to the metrics g;(t) satisfy b;(p;,0) — oco. Recalling that the warping function b
describes the size of the base manifold S? in the Hopf fibration of the S®/Z; cross-
sections, one can see that (M, goo(t)) splits as My, = R? x N, where R? is equipped
with the flat euclidean metric and the restriction of g (t) to N is a 2d non-compact
r-solution. However, the only x-solutions in 2d are either the shrinking sphere or
its Zo quotient, both of which are compact. This is a contradiction and the proof of
the curvature bound follows.

In Corollary 7.6 we show that ancient Ricci flows in Z, which are x-non-collapsed
at all scales, also satisfy the curvature bound

[Bmg(lon) < 25
This curvature bound will be important in section 11.

Outline of section 8. In this section we prove various local and global compactness
results for U(2)-invariant Ricci flows in the class of metrics Z. To state the results
we need to first introduce the following notation for a U(2)-invariant Riemannian
manifold (M, g):

e Let ¥, C M denote the orbit of p under the U(2)-action.
o Let

Cy(p,7) = {q €M ‘ dg(q, %) < 7‘}
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One sees that Cy(p,r) is the tubular neighborhood of ‘radial width’ r of the orbit
¥, of p under the U(2)-action. See Definition 2.1 for more details.

The main result of this section is Theorem 8.1, which states under which con-
ditions a sequence of U(2)-invariant Ricci flows of the form (Cly, ) (pi,7), 9i(t), pi),
t € [-At,0], At > 0,r > 0, subsequentially converges, in the Cheeger-Gromov
sense, to a limiting U(2)-invariant Ricci flow (C, goo(t), Poo ), t € [—A, 0]. Amongst
other conditions, we require that g;(t) is

e r-non-collapsed at some scale p > 0 at the point (p;,0) in spacetime
e In the class 7

e Normalized such that b(p;,0) =1

o Of uniformly bounded curvature in Cy,(p;, ) x [—At, 0]

We also show that after choosing suitable coordinates the warping functions of the
metrics ¢;(t) subsequentially converge to the corresponding warping functions of
Joo(t). The compactness result of Theorem 8.1 is used frequently throughout the
paper, especially its variation, stated in Proposition 8.3.

Outline of section 9. The main goal of this section is to constrain the geometry of
ancient Ricci flows (Mg, g(t)), k € N, ¢t € (—00,0] in the class of metrics Z that are
r-non-collapsed at all scales. This is achieved by proving that various scale-invariant
inequalities hold. For instance, in Theorem 9.1 we prove that three inequalities of
the form T, g,y > 0, as in introduced in the outline of section 5 above, hold on such
ancient flows. Furthermore, we prove in Theorem 9.2 that an ancient Ricci flow on
M5 in Z which is Kahler with respect to Jp, i.e. y = 0 everywhere, is stationary
and homothetic to the Eguchi-Hanson space. This result will be used in section 10,
where we construct an eternal blow-up limit of a Ricci flow on M5 that is homothetic
to the Eguchi-Hanson space.

The proof of these theorems is via a contradiction/compactness argument
frequently employed throughout the paper. We briefly sketch the method here:
Assume we want to prove that a scale-invariant inequality 7" > 0 holds on M x
(—00,0]. We argue by contradiction and assume that

t:= inf T <O0.
M, X (—00,0]
We then take a sequence of points (p;,t;) in spacetime such that T'(p;,t;) — ¢ as
1 — 00, and consider the dilated metrics

9i(t) = ﬁg (t+tb(pi t:)?), te[-AL0]

Disti)
on the tubular neighborhoods Cy,(o)(pi, 3) (see Definition 2.1) for some small At >
0. By the compactness results of section 8, in particular Proposition 8.3, the
Ricci flows (Cy, 0y (pis %), 9:(t), p:), [—At, 0], subsequentially converges to a Ricci flow

(P, 0) Coo ><1[11At,0] t<0
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by the scale invariance of T'. If, however, the evolution equation of T precludes
a negative infimum from being attained, we have arrived at a contradiction and
proven the desired result.

Outline of section 10. The goal of this section is to prove Theorem 10.1, which
states that a Ricci flow (My, g(t)), k > 2, starting from an initial metric g(0) € Z
with sup,c,s, b(p,0) < oo encounters a Type II singularity in finite time at the
tip of My as the area of S? decreases to zero. In the k = 2 case we show that
such a singularity possesses a blow-up limit that is stationary and homothetic to
the Eguchi-Hanson space. We do not further investigate the k > 3 case, however
the author conjectures that their blow-up limits are homothetic to the steady Ricci
solitons found in [A17].

The proof is carried out in multiple steps. First we show in Lemma 10.5 that g(t)
encounters a singularity in finite time Ty, € (0,00) and b(o,t) — 0 as t — Tyipg.
This shows that the two-sphere S? at the tip of M} collapses to a point in finite
time and thereby produces a singularity.

In the second step, we rely on the results of section 6 to show that a blow-up
limit around o € S? cannot be a shrinking Ricci soliton when k > 2. As all Type I
singularities are modeled on shrinking Ricci solitons we deduce that the singularity
is of Type II.

In the third step we borrow a trick due to Hamilton to pick a sequence of times
t; — Tsing such that the following holds: Take the rescaled metrics

ailt) = b(O—lt)Qg (b + B0, t)8) ) t€ [—b(o,t) s, b(0,t:) % (Tuong — 1) ).

where we recall that o € S%. Then (M, g;(t),0) subsequentially converges to an
eternal Ricci flow (M, go(t),0), t € (—00,00), where M, is diffeomorphic to Mj.

In the final step we analyze the geometry of M., when k£ = 2. It turns out that
for the choice of times t; it follows that

0¢b(0,0) =0
on M, background. By the evolution equation (1.5) of b at o this implies
ys(0,0) = 0.

Applying a strong maximum principle we deduce that y = 0 everywhere. By the
results of section 9 it then follows that ¢..(t) is stationary and homothetic to the
Eguchi-Hanson metric.

We mention here that the k& = 2 case of Theorem 10.1 is superseded by Corollary
11.2 of Theorem 11.1. However, since the proof of Theorem 10.1 is simpler we
present it here.

Outline of section 11. The goal of this section is to show that an ancient Ricci flow
(M, g(t)),t € (—o0,0], which is k-non-collapsed at all scales and satisfies g(t) € Z,
is stationary and homothetic to the Eguchi-Hanson space. The most important
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consequence of this is that in Theorem 10.1 in fact any blow-up of the singularity
forming at the tip of M, is homothetic to the Eguchi-Hanson space, whereas we had
previously only proven that there exists a blow-up sequence that converges to the
Eguchi-Hanson space.

The proof idea, which we call successive constraining, is to find a continuously
varying family of preserved inequalities Zy > 0, 8 € [0, 1], for which Z; > 0 on
Mj x (—o00, 0] implies that g(¢) is homothetic to the Eguchi-Hanson metric. For our
choice of conserved inequalities Zy > 0, 6 € [0, 1], it follows from the work of section
9 that Z; > 0 on My x (—00,0]. Then we deform the inequality Z; > 0 along the
path Zy > 0, 6 € [0,1], to the inequality Zy > 0 with help of the strong maximum
principle applied to the evolution equation of Zy. This allows us to deduce that g(t)
is stationary and homothetic to the Eguchi-Hanson space. In subsection 11.1 we
give a more detailed outline of the proof of Theorem 11.1.

Outline of section 12. The main result of this section is Theorem 12.1, which
characterizes all the possible blow-up limits of a Ricci flow (Ms, g(t)) starting from
an initial metric g(0) € Z with sup,¢,, b(p,0) < co. We show that the only possible
blow-up limits are (i) the Eguchi-Hanson space, (ii) the flat orbifold R*/Z,, (iii) the
4d Bryant soliton quotiented by Z, and (iv) the shrinking cylinder R x RP3.

Below we give a brief outline of the proof of Theorem 12.1: Assume we are given
a sequence of points (p;,t;) in spacetime with b(p;,t;) — 0. Consider the rescaled
metrics

1
(1) = ———=g(ti + b(ps, t;)%t), t € [~b(pi, t;)*t;,0].
() b(pi’ti)Qg( +0(pi, t:)7t), t € [=b(pi,ti)”"t;, 0]

By passing to a subsequence we may assume that either

b(ps, t:) . b(piy ty)
I —_ II) 1 =
(1) sup 3 25 < oo or (I fim s

By section 11 we already know that in case (I) we converge to the Eguchi-Hanson
space. Therefore we only need to investigate the behavior in case (II), i.e. at scales
larger than the forming Eguchi-Hanson singularity. For this we need to divide case
(IT) into three subcases: By passing to a subsequence we may assume that

(ILa) bs(pi,t;) — 1 or (IL.b) bs(pi,t;) — n € (0,1) or (ILc) bs(ps,t;) — 0.

For (IL.a) and (IL.c) we show in Lemma 12.9 and Lemma 12.6 that (Ms, g:(t), p;)
subsequentially converges to the flat orbifold R*/Z, and the shrinking cylinder R x
RP3, respectively. The proof of these lemmas is relatively easy. Proving in Lemma
12.8 that the blow-up limit in case (IL.b) is homothetic to the 4d Bryant soliton
quotiented by Z, is trickier. Here we rely on Lemma 12.3, which characterizes the
geometry of the high curvature regions of g(¢) at distance scales larger than the
Eguchi-Hanson singularity away from the tip of M. In subsection 12.1 we give a
more detailed outline of the proof of Theorem 12.1.
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1.6. Further questions and conjectures. In this section we collect some conjec-
tures and further questions that arise from our results. The central open question
remaining in this paper is whether or not the Eguchi-Hanson singularity of Theorem
12.1 is isolated. By isolated we mean that the only blow-up limits are the Eguchi-
Hanson space and its asymptotic cone, the flat orbifold R*/Z,. We conjecture that

Conjecture 1. The Equchi-Hanson singularity of Theorem 12.1 is not isolated and
all four blow-up limits (i)-(iv) occur. In particular, it is accompanied by a Type I
singularity modeled on the shrinking cylinder R x S3 /7.

An affirmative answer to this conjecture would provide evidence for a longstanding
conjecture in Ricci flow stating that a Type II singularity is always accompanied
by a Type I singularity in its vicinity. The author has an argument showing that if
the Eguchi-Hanson singularity were isolated, the curvature would blow up at a rate
faster than (Ty;ny — t)=*, where \ is any positive constant.

Although we have not analyzed the blow-up limits of a U(2)-invariant Ricci flow
(M, g(t)), t € [0,Ting), in the k # 2 case, we believe that for each k € N there exists
a unique blow-up limit of the singularity arising from the collapse of the two sphere
S? at the tip of Mj. In collaboration with Jon Wilkening the author has already
conducted numerical simulations confirming this, and a paper is in preparation
[AW19]. In particular, we conjecture that

Conjecture 2. Let (My,g(t)) be a U(2)-invariant Ricci flow encountering a sin-
gularity at the tip of My, as the area of S? decreases to zero. Then the following
picture holds:

k Blow-up limit at o € S? Type | Isolated
1 FIK shrinker Type I Yes
2 Eguchi-Hanson space Type II'|  No

> 3| Steady Ricci solitons of [A17] | Type II|  No

By isolated we mean that the singularity is not accompanied by a Type I singu-
larity in its vicinity. For instance, in the case k > 2 we expect a singularity caused
by the collapse of the two-sphere S? at the tip of M} to always be accompanied by
a Type I singularity modeled on the shrinking cylinder R x S3/Z;, and therefore not
to be isolated. If for each £ > 3 the corresponding steady Ricci soliton of [A17]
is in fact the unique blow-up limit at the tip of M}, then these singularities are
necessarily accompanied by a Type I singularity modeled on S3/Z;,, because these
solitons are asymptotically cylindrical.

Another interesting question is the following:

Question 1. Can the Equchi-Hanson singularity occur on a closed four dimensional
manifold?

The author conjectures that the answer is yes, however only non-generically. The
simplest model on which to investigate this question is M = My#gpps My = S? x
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S? equipped with an U(2)-invariant metric. One could carry out a construction
as follows: Vary between an initial metric that encounters a R x RP? neckpinch
singularity and an initial metric that leads to the collapse of one of the S? factors
of M. On the path between these two metrics there should be a metric whose Ricci
flow evolution forms an Eguchi-Hanson singularity in finite time.

This paper has not touched upon the behavior of a general non-U(2)-invariant
metric on 7'S?. A first question would be:

Question 2. Does the picture of Theorem 12.1 also hold for Ricci flows starting
from non-U(2)-invariant perturbations of asymptotically cylindrical U(2)-invariant
metrics on T'S??

And a final big question mark is the following:

Question 3. Are there other four dimensional Ricci flat ALE spaces that can occur
as blow-up limits in Ricci flow?

So far all known Ricci flat ALE spaces in four dimensions are hyperkahler and
it is not known whether non-hyperkahler examples exist. Kronheimer classified all
hyperkéhler ALE spaces [Kronl89], [KronlI89]. These spaces have one end that is
asymptotic to the cone R*/T", where I' C U(2) is a certain finite group — a binary
dihedral, tetrahedral, octahedral or icosahedral group. In the case that I' = Zj is
cyclic, Gibbons and Hawking [GH78], [GH79] discovered a closed form (3k — 6)-
parameter family of such metrics. In the physics literature these metrics are known
as multi-center Eguchi Hanson spaces. It would be interesting to see whether the
results of this paper can be generalized to prove the existence of singularities modeled
on these spaces.

1.7. Acknowledgments. The author would like to thank his PhD advisors Richard
Bamler and Jon Wilkening for their constant support and encouragement. This work
was supported by a GSR fellowship, which was funded by NSF grant DMS-1344991.

2. PRELIMINARIES

2.1. Notation. Here we collect some of the notation used throughout the paper.

e My, k € N: a manifold diffeomorphic to the blow-up of C?/Zy, k > 1, at the
origin.

e S2: the two-sphere added during the blow-up of C?/Z.

e &: the radial coordinate on M) or the parametrization of the R.q factor in

the product R.g x S3/Z;, C Mj.

o: a fixed point on S2.

¥,: denotes the orbit of p under the U(2)-action. For instance if p € 5% C M;,

we have ¥, = S2? and when p € M, \ S? we have X, = S3/7Z;.

s: the geodesic distance from S?, and often considered as a function of & and

t.

origin: refers to the point o.

e ¢: a metric of the form (2.2) or (2.3) unless otherwise stated
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e d,: the metric distance induced by g.

e ¢(t): a time dependent family of metrics of the form (2.2) or (2.3).

e u, a, b: the warping functions of the metric (2.2). Depending on context
these will be considered as functions of (§,t), (s,t) or (p,t), where p is a
point on M.

e Q=7

e B (p,r): the ball centered at p of radius r with respect to the metric g.

e Cy(p,r), r > 0: the subset of a cohomogeneity one U(2)-invariant Riemann-
ian manifold (M, g) defined by

Cylpr) = {a € M| dy(q.Z)) <7}

The set Cy(p, r) is diffeomorphic to either Mj, or R x S®/Z.

e C,(p,7): the closure of C,(p,r).

® Ting: the singular time of a Ricci flow.

® Cpigy(My, x [0,T1): The space of smooth U(2)-invariant functions u : Mj, x
[0,7] — R.

e 1, y: Kahler quantities introduced in section 4.

2.2. The manifold and metric. For £ € N let M), be diffeomorphic to the blow-
up of C?/Z;, at the origin. Denote by S? the embedded two-sphere in M}, stemming
from the blow-up, and fix some point o for ‘origin’ on SZ2.

We now describe the U(2)-invariant metrics on My, k > 1, studied in this paper.
Let 21, 29 be the standard coordinates on C? and let U(2) act on C? by left multipli-
cation. This action descends to My, k € N. Note that M} can be seen as the total
space of the complex line bundle O(—k) via

w: M, — S§

(21, 22) F> [21, 22]
Then U(2) =2 U(1) x SU(2) acts on My, in the following way: The action of U(1)
rotates the fibres of 7 and SU(2) acts on the base S? via rotations. Now introduce
the Hopf coordinates

21 = Esiny eWFe) = 1 4 iy

29 = &cosn V=9 = To + 1Y
on C2, where £ > 0,7 € [0,7/2] and ¢, ¢ € [0,27). These coordinates descend to Mj.
In particular, this allows us to endow M, with the radial coordinate £ : M}, — R,
by continuously extending £ to S? by taking £ = 0 on S2. Note that the coordinate

¢ is only smooth on M \ S2.
A computation shows that the standard euclidean metric

Jeucl = dI% + dy% + dl‘g + dy%
may be written as

Geuet = d€* + €2 (dn? + sin®(2n)d¢? + [dy) — cos(2n)de]”)
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in Hopf coordinates. The 1-form
w = dip — cos(2n)do

is dual to the Hopf fibre directions, or equivalently dual to the vector field generated
by the U(1) action. Furthermore

(2.1) dn? + sin?(2n)d¢?

is the pull-back of the Fubini-Study metric grg on CP!, normalized to have constant
sectional curvature equal to 411'
From the above we see that the warped-product metric

(2.2) g = u(§)’d€” + a(§)’w ® w + b(€)* " (grs)
is the most general U(2)-invariant metric on C? and descends to a U(2)-invariant
metric on the open dense set C2/Z;, C M. It will be useful to introduce the change
of coordinates defined by

ds = u(€)d
and s = 0 at £ = 0. Then for p € Mj, the quantity s(p) = d,(p,S?) describes the
radial distance of p from S2. In these coordinates the metric becomes

(2.3) g =ds* +a(s)*w @ w + b(s)*7(grs),

where in a slight abuse of notation we consider a and b as functions of s. Depending
on the context we will consider a and b either as functions of s or &.

The metric g can be extended to a metric on all of M} by taking a(0) = 0 and
b(0) > 0. In other words we shrink the Hopf fibre directions to zero as s — 0 or
equivalently as we approach S2. Note that for every p € 52

ds* + a(s)’w @ w

is the pull-back of g onto the fibre 77!(p). As U(1) acts on the fibre 771(p), we
see that m~!(p) is a union of S* orbits and p. Furthermore, such a S orbit in
7 (p) C M, is parametrized by 0 < ¢ < 27“ and, by the form of the metric (2.3),
such an S' orbit at radial distance s from S2 has a circumference of length 2%a(s).
Because 9 5
%a(s) = %aS(O)s +0(s%) as s =0

we must require that a,(0) = & in order to avoid a conical singularity at S2. This
is how the topology of the manifold enters the analysis of the Ricci flow equation.
Additionally requiring that a(s) and b(s) can be extended to an odd and even
function, respectively, around s = 0 is a sufficient condition for the metric g to
be smoothly extendable to all of M [VZ18]. In the rest of the paper all metrics
considered will be of the form (2.2) or equivalently (2.3). In Figure 1 the manifold
M, and its metric close to the two sphere S? is schematically depicted.

(My, g), k € N, are cohomogeneity one manifolds, meaning that the generic orbits
of the U(2) action are of codimension 1. The generic orbit is also called the principal
orbit. The non-generic orbits are called non-principal orbits. In the case of M the
principal orbits are diffeomorphic to S*/Z;, and the single non-principal orbit is S?
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FiGUuRrE 1. Diagram of the manifold M} close to the tip

and of codimension 2. Below we introduce some notation that we frequently employ
throughout the paper:

Definition 2.1. Assume (M, g) is a U(2)-invariant cohomogeneity one manifold
with principal orbit S®/Z;, for some fixed k € N and ¢ is a metric of the form (2.3).
Let p € M and r > 0. Then
e Let ¥, C M denote the orbit of p under the U(2)-action.
e Let E; be the set of all points ¢ € M that can be joined via path 7 to p
with g (7, 2) > 0.
o Let
Cy(p,r) = {q eM ‘ dy(q,%,) < 7"}
o Let
C’;(p, r) = {q S E; dy(q,3,) < r}

Note that we have 3, = S3/Z,. if p lies on a principal orbit and ¥, & S? if p lies
on a non-principal orbit.

2.3. The connection, Laplacian and curvature tensor. We now compute the
connection, Laplacian and curvature tensor for metrics of the form (2.3). To obtain
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the corresponding expressions for the metric (2.2) use the relation
2_19
ds  wdf
Take the orthonormal basis
e = ds e! = aldy — cos(2n)de)] e = bdn e = bsin(2n)d¢

of T"M. Let e;, i = 1,2,3,4, be the corresponding dual basis of T, M. Define the
connection 1-forms ¢ by Ve; = @e; and the curvature 2-forms Qf by R(,-)e; =
Qe;. With help of Cartan’s structure equations

0] = —0;

de' = —9; A el

O = db] + 6] A 0F

one can compute the connection 1-forms and curvature 2-forms. First note that

de® =0

s 2
delza—eo/\el—l—b—geQ/\eg’

a
s bs o o
de :36 Ne
3_%0 3, 2 2 0 .3
de® = ;¢ Ne +bcot(2n)e Ne’.

Hence we obtain the connection 1-forms «9;-:

Qg a
05 = ;el 0y = ﬁe?’
bs a 2
05 = 362 03 = —b—2€1 -3 cot(2n)e?
b a
93 = 363 9? = ﬁ€2
Therefore
a’S bs bs
Veeo=0 Ve = — 0 Ve €2 = — €0 Vese3 = — €0

from which we can derive the expression for the Laplacian of a U(2)-symmetric
function f(s) on Mj.

a

i b
_ 2 _ s Ys
(2.4) Af = ;:0 Ve = fos + (a +2 b) fs-

Finally, we may compute the components

Riji = g (R(ex, er)ej, €;) -
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of the curvature tensor. Below we list its non-zero components

a’SS

Roin = T, K
bSS

Rooo2 = Ty Ky
bSS

Rosos = B K3

2
Roro3 = —— (Gs - Qbs) = M,
B2

1
Rz = = (as — Qbs) = My

Roz12 = % (as — Qbs) = My
-2,

= -5 (%) =
Ryis = Z—i - % Hy.

All other components are either determined by the standard symmetries of the
curvature tensor or are zero.

2.4. The Ricci flow equation. With help of the above list of curvature compo-
nents one can check that the Ricci tensor is diagonal and hence the form of the
metric (2.2) is preserved by Ricci flow. Allowing the warping functions a, b and p
to vary in time, the Ricci flow equation (1.1) in (§,¢) coordinates can be expressed
as a system of coupled parabolic equations in a, b and w.

. 1 CLE 2 bé
(25) atu_aa£<u>+b8§(u>

. 1 CLE a3 agbg
(2:6) da =0 () -2+ 2ys

o 1 bg 4 CL2 agbg bg
(27) aﬁ—a@(a)‘z+%s+aﬁ+aﬁ

Define the time dependent radial distance function s = s(§,t) by
ds = u(&, t)d¢
Then

3
2.8) %ﬁ=£u@ﬂ%
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and
0 10

2.9 —_— =
(2.9) Js wo
Furthermore the commutation relation

0,

10y, 0, = — 20,
U

holds. In terms of s we can use (2.9) to rewrite the Ricci flow equation in a slightly
simpler form

8tu Ags bss
2.10 —_ = — 42—
( ) U a * b
a’ ashs
(211) 8ta:a53—26—4+2 b
4 2 by b2
(2.12) Db = byy — — + 2% 4 D05 4 05

b b3 a b
Note that the dependence of the right hand side of this system of equations on £ is
hidden in the variable s = s(£,t). However we can write the equations in terms of
(s,t) by introducing the functions

and noting that

0
dual, = dial, + a5

~ ~ 0s
b, = b, + 85b|ta|£.
By slight abuse of notation, however, we will drop the tilde and consider the warping
functions a,b and u as functions of either (p,t), p € M or (§,t) or (s,t), depending

on context. In (s,t) coordinates the Ricci flow equation reads

a’ asbg 0s

2.1 = —2—+2 — Qg—
( 3) 8ta'}s Qss b4 + b ag 8t

4 a’>  agbs b? Os
2.14 — hy — - 4 2L %%
(2.14) Ob, = b =g F 25+ == 3~ by
where

0s 5 Ugs bss

2.15 — = — 4+ 2—=d
(2.15) ot ’f 0 a + p 7

Whenever we differentiate a function f : M x [0, T] with respect to time, unless
stated otherwise, assume that the point on the manifold M is held fixed. If we
differentiate with respect to time while holding s fixed we will denote the partial
derivative by 0, f|s to avoid confusion. Because s is a function of (&,t), in general
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for fixed sp > 0 the set {s = so} C M is dependent on time. Therefore holding s
or ¢ fixed during partial differentiation produces very different results.

This following property of the warping functions a and b will be used throughout
the paper.

Lemma 2.2. Let (My,g(t)), t € [0,T), be a smooth Ricci flow solution. Then for
all t € [0,T] the warping functions a(s,t) and b(s,t) can be extended to an odd and
even function, respectively, on R.

Proof. Note that a necessary condition for a metric ¢ of the form (2.3) to be smooth
is that its corresponding warping functions a and b are extendable to odd and even
functions, respectively, on R. Therefore the desired result follows. Alternatively,
notice that if the warping functions of the initial data a(s,0) and b(s,0) can be
extended to an odd and even function, respectively, on R, we can also extend the
equations (2.13), (2.14) and (2.15) to all of R. An inspection of these equations
shows that the parity of a and b is preserved under the flow. O

2.5. Recap of blow-up limits of singularities. As mentioned above, every com-
plete Riemannian manifold (M, g) of bounded curvature admits a short-time Ricci
flow starting from ¢, however singularities may develop in finite time. Similar to
the study of other nonlinear equations, it is very useful to consider blow-up limits
of singularities. We briefly sketch the idea here: Assume (M, g(t)), t € [0, Tsing),
is a Ricci flow encountering a curvature singularity as t — Tyny. Let (p;, ;) with
p; € M and t; — T4 be a sequence of points in spacetime such that

K = |ng(ti)

g(ti)(pi) = sup |ng(t) |g(t)
t<t;

and
K, — 00 as i — oo.

Take the rescaled metrics

t
gi(t) = K,g (ti + ?) , te[-Kt;0l.
Then (My, gi(t), p;) subsequentially converge, in the Cheeger-Gromov sense, to a
pointed ancient Ricci flow solution (Muo, goo(t), Poo),t € (—00,0] (see [Chl, Theo-
rem 6.68] for more details). Note that in general M., # M. A Ricci flow is called
ancient if it can be extended to a time interval of the form (—oo,T), T € R. The
blow-up limit (Muo, goo(t), Poo) is called the singularity model and yields important
geometrical information on the shape of the singularity. Hamilton [Ham95] distin-
guishes between Type I and II singularities, depending on the rate of curvature
blow-up, i.e. for Type |
sup  (Tiing — t) [Rmg(s)|g() < 00
Mx[0,T)
and for Type II

sup (Tsmg —1) ’ng(t)|g(t) = 0.
Mx[0,T)
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By the work of Naber [N10], and Enders, Miiller and Topping [EMT11] it is known
that Type I singularities are modeled on shrinking Ricci solitons. One hopes —
although it has not been proven — that all Type II singularities are modeled on
steady solitons, as to date all known examples are.

3. THE MAXIMUM PRINCIPLE

Assume we are given a Ricci flow (Mg, g(t)), t € [0,T], k > 1. We make the
following definition:

Definition 3.1. Let Cffy (M), x [0,T1) be the space of smooth U(2)-invariant func-
tions

w: My x[0,T] — R.
In this section we prove a maximum principle for operators

that in (£,¢) coordinates and away from the non-principal orbit S2? of Mj can be
written in the form

S bS
(3.1) Plu] = Ogsu + (ma— + nz) us +cu— o, m,n €R,
a
where ¢ € Cffy) (My x [0, T]). Recall from section 2.4 that we are interpreting the s
derivative as
g0 10
ds  uoE’
It is useful to work in (s,¢) coordinates, in which case the operator Plu| can be
expressed as

Qs by Os
(3.2) Plu] = Ogsu + (m; + nz — §> us + cu — 0, Su,
where we recall the expression (2.15) for 2. Note P[u] is degenerate at the origin
s=0 as
a by O0s m
Z4+n-——~—for0< 1.
m- +n v O |s| <

However, in (s, t) coordinates the smoothness of u and ¢ is equivalent to saying that
u(s,t),c(s,t) can be extended to smooth even functions around s = 0 by defining
u(s,t) = u(—s,t) and v(s,t) = v(—s,t) for s < 0. Hence we see that us = ¢, = 0
at s = 0 and via L'Hopital’s Rule we obtain the following representation of Plu] on
the principal orbit S3:

Plu] = (m + 1)0ssu + cu — yu.

The maximum principle derived for P below depends on the sign of (m + 1):
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Theorem 3.2. Let (M, g(t)), k € N, t € [0,T] be a Ricci flow with bounded
curvature. Let P be an operator of the form (3.1) and u € Cgo) (M, x [0,T1). If

Plu) <0 in My x [0,T]
and there exist constants M,o > 0 such that the growth conditions
u(s,t) > —M exp(—os?)
(s, t) < M (Js|* + 1)
are satisfied, then the following holds true:
Case 1: (1+m <0) If
u(s,0) >0 for s >0
u(0,t) >0 for t €[0,T]

then u(s,t) > 0 on [0,00) x [0,T]. Furthermore, if u = 0 somewhere on
(0,00) x (0,T] then u =0 everywhere.
Case 2: (1+m >0) If

u(s,0) >0 for s>0

then u(s,t) > 0 on [0,00) x [0,T]. Furthermore, if u = 0 somewhere on
[0,00) x (0,T] then u =0 everywhere.
Before proving Theorem 3.2 we need to derive some bounds on %, bbs and 1

for metrics g of bounded curvature. This will allow us to bound the coefﬁments
appearing in the expression (3.2) of the operator P[u].

Lemma 3.3. Let (My,g), k € N, and K > 0 such that |[Rmgy|, < K on M. Then
everywhere on M, we have

(1) ¥* > &
(2) (f) <5
(3) % sg

Proof. From the curvature components derived in subsection 2.3 we see that

(3.3) b Hys = 4 — 3Q* — b?
asbs
(3.4) V' Hyy = Q% — 0

At a local minimum b, = 0 we thus have
9 4 1

S SN
3Hyy + Hys — K

Now we argue by contradiction. Assume that there exists a s* > 0 and 0 > 0 such
that at s = s* we have b < 2. From above it follows that b, < 0 for s > s* and
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hence, because b > 0 everywhere, lim,_,, bs = 0. Equation (3.3) then shows that
1

Q? = 3 (4 — b*Haz — b?)
>14l b
- 3 3
4]
>14 -
> 1+ 1
for s sufficiently large. Then (3.4) implies that eventually
bs _ 5
Clsé =~ 15

Dividing by % shows that
s — —00 as S — 00
contradicting a > 0. This proves the first bound. To prove the second bound note

that ) ,
b\2  4-30Q 4
(E) =~ —stﬁb—2+K§5K>

where the last inequality follows from (1). For the third bound we have
Q> 1(4 by \ 2 5
—=-|=—-(=) —Hys| <K
23\ \b #) =3
O

Lemma 3.4. Let (My,g), k € N, and K > 0 such that |Rmgy|, < K on My. Then
everywhere on My, we have

o1
(3.5) —2\/?<%<§+\/E
Proof. The quantity ¢ = “*s satisfies the ODE

d 1—

¢ _ 4  9(1-9)

ds "~ a s
and by L’Hopital’s rule we have ¢(0) = 1. Note that the function ¢ can be extended
to an even function on R. Therefore %(0) = 0 and there exists a small € > 0 such
that

qbgl—i-\/Es for 0 <s<e.
Actually the inequality holds for all s > 0, since whenever ¢(s) = 1+ VK s we have
d
—¢:5<%—K>—\/?<0,
ds a
since |%=| = [Ryy01| < K. this proves the the upper bound of (3.5).

To prove the lower bound assume that as(sg) < 0. For every s; > s there exists
a s* € (sg,s1) such that

as(s1) — as(so) = (51— 50)ass(s*) < (51— s0) Kla(s")]
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by the mean value theorem. It follows that

1 1
as(s) < §as(so) for sog < s < sy+ Y4

as(so) ‘
a(so)

Therefore

1
< i
0_a(50+2K

which implies

This concludes the proof. 0
Now we may proceed to proving the maximum principle of Theorem 3.2.

Proof of Case 1 of Theorem 3.2. Let K > 0 such that

sup [ Rimg()|ge) < K.
MkX[O,T]

Introduce the new variable r := r(s,t) defined by
r(r+2) = s
and let
a(r,t) = u(y/r(r +2),t).
Note that 2r ~ s for s < 1 and 7 ~ s for s > 1. We make this substitution to
remove the apparent singularity at s = 0 in the (s, t) coordinate representation (3.2)
of the operator Plu]. The function @ is smooth, because u is extendable to an even
function around the origin (see [W43]). Rewriting (3.2) in terms of (r,t) coordinates
we see that u satisfies the inequality
Ol > A(r)d,,u+ B(r,t)d,u+ C(r,t)u
where A, B and C' are smooth functions defined by
r(r+2)
Alr) = —
(r) (r+1)2

Br1) Qs n by Js s n 1
rt)=|m—+n———
’ a b ot)r+1 (r+1)3
C(r,t) = c(s,1)
Note that above we regard s as a function of r. Recall that by Lemma 2.2 the

functions a and b can be extended to an odd and even function, respectively, around
the origin. Therefore the quantity

G by Os

considered as a function of s, can be extended to an even function around the origin
by [W43]. Hence this expression depends smoothly on r, showing that B(r,t) is
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smooth. Similarly, we see that C(r,t) is smooth. From the expression (2.15) for 2

ot
and the curvature components listed in subsection 2.3 it follows that

0s
(3.7) g

:‘/ —K1—2K2d8 S?)KS
0

By Lemma 3.3 and Lemma 3.4 we hence see that
|B(r,t)| < M(r+1)

for some some positive constant M depending on K. Finally, noting that A(r) is
bounded and positive for r > 0, we can apply [F64, Theorem 9, p.43] to deduce that
the weak maximum principle holds. Note that for any compact U C My x [0,T]
we may assume that ¢ < 0 on U by performing the transformation u < ue ", for
v = v(U) chosen sufficiently large. Therefore the strong maximum principle follows
from a slight adaptation of [F64, Theorem 1, p.34]. O

Proof of Case 2 of Theorem 3.2. We first prove the weak maximum principle. Tak-
ing v’ = ue " we see that u’ satisfies

b

As ¢ is a smooth function of (s,t), we can choose «y sufficiently large such that in a
neighborhood of {s = 0} x [0, 7] we have ¢ —y < 0. Since m + 1 > 0 we see that v’
cannot attain a negative minimum on {s = 0} x (0,77, as otherwise

S bS
o’ > Ogsu’ + (m% + n—) ul + (¢ —y)u'.

0 <o’ = (1+m)ul, +cu >0,
which is a contradiction. The weak maximum principle now follows by the proof of
[F64, Theorem 9, p.43].

In this paper we only apply the strong maximum principle for m € N and therefore
only prove this case here. For the general case refer to [Feel3, Theorem 5.17]. Given
a Ricci flow (My, g(t)), t € [0,T], define the corresponding family of rotationally
symmetric spaces (R™! h(t)), t € [0,T], by

h =ds® + a2(s,t)gsm(%),
where Gsm (L) is the round metric on S™ of sectional curvature k2. A sufficient
condition for h to be smooth at s = 0 is that a is extendable to an odd function
around the origin and

as(0) = k.
Both these conditions are satisfied and we conclude that h is a smooth metric. The
Laplacian of a rotationally symmetric function f on (R™*! h) is given by

Qs
Ahf = fss +m;fs

and thus the condition P[u] < 0 may be written as

bs
Ou > Appyu + nzus + cu
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Note that for any bounded U C M x [0,7] we may assume that ¢ < 0 on U by
performing the transformation u < ue™7, for v = ~(U) chosen sufficiently large.
Hence the desired result follows from [ChII, Theorem 12.40]. O

Remark 3.5. Tt was crucial in our analysis that u is extendable to an even function
around the origin, as the following example demonstrates:
Consider the degenerate parabolic equation

Uy U
3.8 = Uy — 22 42—
(3.8) w = u — 2

on x,t > 0 with initial data satisfying u(x,0) < 0. If we take
u=xv

a computation shows that the above PDE corresponds to

(3.9) Vp = Ugy

Now considering (3.9) as the heat equation on all of R we can set up initial data
v(z,0) such that

v(x,0) <0 for >0,
however the solution v to the heat equation becomes positive at some later time
t > 0 and z > 0. This shows that u < 0 is not necessarily preserved by (3.8).

In this paper we also rely on a maximum principle for a system of parabolic
inequalities on w1, us € Cfy) (Mg % [0,T7) of the form

S bS

(3.10) Opuy > (u1)ss + (m% + nz) (u1)s + ha1ug + higus
S bS

(3.11) Oypug > (ug)ss + (m% + ng) (ug)s + haruy + hogus,

where h;; € C’;}o(z)(Mk x [0,T17), 4,5 = 1,2, are bounded and satisfy
hlg,hgl >0 on Mk X [O,T]
We prove the following Lemma:

Lemma 3.6. Let (M, g(t)), t € [0,T], be a Ricci flow with bounded curvature.
Assume uy, uz € Cfo) (M x[0,T1) satisfy the above system (3.10)-(3.11) of parabolic
inequalities and for some constants M,o > 0

ui(s,t), us(s,t) > —M exp(as®) fort € [0,T].
If
u1(s,0),us(s,0) >0 fors >0
u1(0,t),u2(0,8) >0 fort e [0,T]
then uy,ug > 0 on My x [0,T7].
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Proof. Writing the equation in terms of (r,t) as in the proof of Theorem 3.2 we
obtain

Oy

> A(T)(Ul)rr + B(Ta t)(ul)r + Hyjuy + Higug

(9tu2 Z A(T’) (UQ)TT + B(’f’, t) <UQ>T + H21u1 + HQQUQ,

where A(r), B(r,t) are as in the proof of Theorem 3.2 and
Hij(r,t) = hij(s(r),t), 4,j=1,2.

After constructing a barrier function of the form

k|s|? 1
H(s,t) = exp il +uvt], 0<t< —,
1—pt 21
the result follows combining the arguments of [F64, Theorem 1, p.34] and [PW8&4,
Theorem 13, p. 190]. O

4. KAHLER QUANTITIES AND THE EGUCHI-HANSON SPACE

Recall that a complex structure J on a Riemannian manifold (M, g) satisfying

(1) g(Vi, Vo) = g(JV4, JVa) for all Vi, Vo € TM
(2) VJ =0

defines a Kahler structure. On the manifolds My, k > 1, we define two complex
structures J; and J, by

Jiep = eg Jiea = e3
and
Jaeg = €2 Joer = e3.
A computation shows that (Mg, g, J1) is Kéhler if and only if
bs — Q= 0.
Similarly, (Mg, g, Jo) is Kéhler if and only if
as+Q*—2=0 and b, —Q =0.

Note that being Kahler with respect to Jo automatically implies Kéahlerity with re-
spect to J;. This motivates the definition of the following scale-invariant quantities

ri=a,+Q*—2

Y = bs - Q
to measure the deviation of a metric from being Kahler with respect to the complex
structures J; and J;. For example, the FIK shrinker [FTK03] is Kéahler with respect

to the complex structure J; and in our notation satisfies y = 0. The Eguchi-Hanson
space is the unique Kéahler manifold with respect to J, as the following lemma shows.
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Lemma 4.1. Amongst all Riemannian manifolds (My, g),k > 1, equipped with U(2)-
invariant metric g of the form (2.3), up to scaling the Eguchi-Hanson space is the
unique Kahler manifold with respect to the complex structure Jy. Furthermore being
Kahler with respect to Jy is equivalent to x =y = 0.

Proof. By the above discussion being Kéhler with respect to J, is equivalent to
(4.1) r=1y=0.

Notice at s = 0 we have
r=as—2=0

forcing the underlying manifold to be diffeomorphic to M, by the boundary condi-
tions (1.3). Then in terms of a and b the condition x = y = 0 is equivalent to the
first order system of equations

(4.2) as=2—Q?
(4.3) bs =Q

Let a” and b” be a solution to this system of equations satisfying the initial condi-
tions

a® =0

bE =1

at s = 0. Then by the scale-invariance of condition (4.1), for every A > 0 the metric
given by the warping functions Aa”(\s) and Ab¥(\s) also satisfies (4.1). Hence up
to rescaling there is a unique Kahler manifold with respect to the complex structure
Jo. From [EH79] or [Cal79] we see that the metric given by a” and b¥ is homothetic
to the Eguchi-Hanson metric. O

In the rest of the paper we denote by gg the Eguchi-Hanson metric with warping
functions a® and b¥ normalized such that b¥ = 1 on S2. Note that the normalization
condition is equivalent to saying that the area of the exceptional divisor S? is equal
to 2.

Lemma 4.2. The warping functions a® and b® of the Equchi-Hanson metric satisfy
the following properties

a? ¥ ~ s as s — o0

af <0 for s>0

Ss

bE >0 for s >0

oF
b_E<1 for s >0
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Proof. For brevity write a and b for a” and b”, respectively. Note that on the
Eguchi-Hanson background we have

1

Qszg(as_Qbs): (1_Q2)7

where the last equality follows from (4.2) and (4.3). As @ = 0 at s = 0 it follows
that

N ]

Q<1 for >0

and hence
Qs >0 for s> 0.

As
Qg :st+Qbs :2_Q2
it follows that
Ass = _2QQ3 < 0.

Similarly
bss = Qs > 0.
Therefore the limits
oo := lim ay
S—00
and
boo := lim b,
S—00

both exist. From the system of differential equations (4.2) and (4.3) we then see
that

oo = by = 1.
This concludes the proof. 0

5. SOME PRESERVED CONDITIONS

In this section we derive various scale-invariant inequalities that are preserved
by a Ricci flow (M, g(t)), t € [0,T], k € N. The scale-invariance is crucial, as it
ensures that the inequalities pass to blow-up limits and therefore also constrain their
geometry. The preserved inequalities we list in this section will play an important
role in all subsequent sections.

Section Outline. A central quantity in our analysis is
a
Q=1

In geometric terms, () measures the deviation of the cross-sectional S3/Z;, in M,
from being round. That is, when () = 1 the cross-section is round and as () — 0
the cross-sectional S®/Z; collapses along the S' Hopf fibres to a two-sphere. A
computation shows that the evolution equation of @) is

(5.1) 0Q = Qss + 3%Qs + %Q(l - Q.
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Therefore one expects that the inequality Q < 1 is preserved by Ricci flow, which
in Lemma 5.2 we prove to be the case.

Apart from @, the Kahler quantities x and y introduced in section 4 are used
throughout this paper and are one of the key ingredients in showing that certain
Ricci flows on My develop singularities modeled on the Eguchi-Hanson space. We
show in Lemma 5.3 and Lemma 5.5 that the inequalities

<0
and
y<0
are both preserved. Furthermore, using the maximum principle for systems of weakly
coupled parabolic equations of Lemma 3.6, we show in Lemma 5.6 that
aS? bS 2 O

is preserved. In Lemma 5.7 we show that on a Ricci flow background satisfying
@ <1landy <0, for any C > 2 the inequality a; < C'is preserved. In the following
sections we will mainly consider Ricci flows satisfying as,bs > 0, y <0, Q@ < 1 and
as < C'. This gives us enough control on a and b to prove many interesting results.
Finally, we show that whenever a subset of the inequalities Q < 1, ¥y < 0 and
as,bs > 0 hold, the details of which are discussed below, the following inequalities

Ti=a;,+20Q°-2>0
TQZQy—x:—a3+Qbs+2(l—Q2) >0
Ty=a;,—Qb,—Q?*+1>0
min(7y,7y) >0
where
oo on - (- 0%

are preserved by the Ricci flow. The precise statements and proofs of these preserved
inequalities can be found in Lemmas 5.8, 5.9, 5.10 and 5.11 below.

The main idea in constructing the above inequalities is to study the evolution
equation of the scale-invariant quantities

(5.2) Tl = aas + BQbs + Q%  a,B,v €R.

For this we need to compute the evolution equations of ay, @b, and Q?. Recall
Definition 3.1 of Cpyy) (M x [0,T]). To simplify the formulae slightly, define the
linear operator

L+ Oy (M % [0,T1) — Cgay (M. x [0,T])
by
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away from the non-principal orbit S2. As in section 3 we may use L’Hoptital’s rule
to find a representation of L on the non-principal orbit S2. Then, as we show in the
Appendix A, the evolution equations of as, Qbs and () can be written as

(5.3) Owas = Lla,] + biz (—2ab? — 6Q%a, + 8Q°b,)
(5.4) 0;Qb, = L[Qb,] + b% (4Q%a; — 10Q%bs — 2Qb% + 8Qb,)
(5.5) 0,Q* = L[Q* + le (4Qasbs — 4Q%b2 — 8Q* +8Q?) .

Since the operator L is linear, one sees that T{, g, satisfies an evolution equation
of the form

1
(5.6) 0T pr) = LT py] + 12 Clas;

where U, 5,) is a function of a,, by and (). This evolution equation is very useful,
as it allows us to systematically search for preserved inequalities. In particular, if
we can find «, 8,7,0 € R for which we can determine the sign of C, 3,4 at a local
extrema of T{, g,) at which T, 3,) = 0, it follows from the maximum principle of
Theorem 3.2 that, depending on the sign, either

Tiapqy) =0

or
Tiapy <0

is a preserved inequality.

We searched for real numbers «, 3, and ¢ leading to preserved conditions that
yield the most useful control of the geometry of the flow. This is how we found the
quantities Ty, Tp, T3 and Ty. In later sections we will make heavy use of each of
their respective inequalities. For instance, we use the preserved inequalities 77 > 0
to exclude shrinking solitons on My, £ > 2, in the next section. Finally, in section
11 we generalize the above idea to find a continuously varying family of conserved
inequalities.

Statement and proof of results. In this subsection we list the precise statements
and proofs of the results stated in the section outline. Before we begin, we prove
the following technical lemma, which we need for verifying the growth conditions of
the maximum principle of Theorem 7.5.

Lemma 5.1. Let (My,g), k € N, satisfy |[Rmy|l, < K. Then
|as], |Qbs|, |Q?| = O(exp(2VK s)).

Proof. By the curvature components listed in section 2.3 we see that

bes
b

ass

a

< K.

?
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Integrating
bss < DK,
shows that
b = O(exp(VKs)).
From Lemma 3.3 we have
@ < KV
from which we conclude that

Q% = O(exp(2V/K s)).

Similarly, Lemma 3.3 shows

Ibs| < VKD

2
Qb.] < /2K

from which we deduce that

and hence
|Qb,] = Oexp(2VKs)).
Finally,
lass| < ak
shows that
las| = O(exp(VK's)).
This concludes the proof. 0

Now we begin proving the conserved inequalities listed above.

Lemma 5.2. Let (My,g(t)), t € [0,T], k > 1, be a Ricci flow with bounded curva-
ture. Then the inequality

Q<1
1s preserved by the Ricci flow.

Proof. Define the quantity Q = 1 — Q. From the evolution equation (5.1) of @ we
see

N
As Q > 0 everywhere, the coefficient —7Q(1 + Q) is non-positive. Furthermore,

by Lemma 5.1 we have |Q| = 0(e><p(32)).~ Therefore we may apply the maximum
principle of Theorem 3.2 to deduce that @) > 0 on M;, x [0,7]. The desired result
thus follows. O

Lemma 5.3. Let (Mg, g(t)), t € [0,T], k = 1,2, be a Ricci flow with bounded
curvature. Then the inequality
<0

1s preserved by the Ricci flow.
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Proof. The evolution equation of x, as derived in the Appendix A is
2 2
(5.7) Oyx = Llx] — » (2Q° + )z — w (Q*+2)y?
2
< Lz] — 5 (2@2 + y2) x

Note that |z| = o(exp(s?)) by Lemma 5.1. Therefore applying the maximum prin-
ciple of Theorem 3.2 yields the desired result. O

Remark 5.4. Note that © = 2 — k at s = 0 by the boundary conditions (1.3).
Therefore the result can only hold for k =1, 2.

Lemma 5.5. Let (Mg, g(t)), t € [0,T], k > 1, be a Ricci flow with bounded curva-

ture. Then the inequality
y<0

1s preserved by the Ricci flow.
Proof. Let K > 0 such that

sup [Rmgg) < K.
MkX[O,T}

Since y is an odd quantity, we consider the quantity Qy = Qb, — Q? instead. Its
evolution equation is

(5.8) 0:Qy = LIQy) 2% (2@ + ) + Qu+v?).

Note that

2 2
—25 Q7+ 2) + Quy?) = =55 (4Q° — 4+ UMy + Qb + 1Y)

bs
: +2K + 2|QH |
8 Q>
< 2 + 2K + el + b—2,
where M is one of the curvature components listed in section 2.3. By Lemma 3.3
we see that for some C' > 0

_62_2 (2(Q*+ )+ Qy+y*) <CK on My x [0,T]

Furthermore |Qy| = o(exp(s?)) by Lemma 5.1. Now the result follows from applying
the maximum principle of Theorem 3.2. 0

Lemma 5.6. Let (My,g(t)), t € [0,T], k > 1, be a Ricci flow with bounded cur-
vature. If the initial metric g(0) satisfies as,bs > 0, then ag,bs > 0 for all times
te[0,7].
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Proof. The evolution equations (5.3) and (5.4) of as; and Qbs can be written as a
system of weakly coupled parabolic equations

(5.9) Oias = Llay] — (2 <€) 4 6%922) a, -+ 8Q2 (Qb,)
2 . 2 2
(510) Qb= LQh] + 450 + (% 2 (%) ) (Qb).

By Lemma 3.3 and Lemma 3.4 the zeroth order coefficients of a, and Qb, are
bounded. Lemma 5.1 shows that \as| bs] = o(exp(s?)). Finally, note that the

off-diagonal coefficients 8Q and 4Q are non-negative. Thus the desired result fol-
lows by the maximum prmmple for weakly coupled parabolic equations of Lemma

3.6. U

Lemma 5.7. Let (Mg, g(t)), t € [0,T], k > 1, be a Ricci flow with bounded curvature
satisfying y <0, Q <1 and as,bs > 0. Then for C' > 2 the inequality

as < C
1s preserved by the Ricci flow.

Proof. Define the quantity A := as — C. Then from the evolution equation (5.9) of
as it follows that

2
O A = L[A] — (2 <3) + 6%) A + 3 (8Q3b - CQ*—2C0).
Fix C > 2. Then
8Q%b, — 6CQ* — 2002 < 8Q* — CQ* < (8 — 6C)Q* <0,

where we used @ < 1 and y = b, — Q < 0. As |A| = o(exp(s?)) by Lemma 5.1 it
follows from the maximum principle of Theorem 7.5 that the inequality A < 0 is
preserved by the Ricci flow. This proves the desired result. 0

Lemma 5.8. Let (M, g(t)), t € [0,T], k > 1, be a Ricci flow with bounded curvature
satisfying y < 0, bs > 0 and Q < 1. Then the inequality

Ti=a,+2Q*—2>0
is preserved by the Ricci flow.

Proof. The evolution equation of T is

(5.11) 9Ty = L[Th] + b—12 [—4 (1+ Q%) y* +8Q (1 - 2Q%) y + 16Q* (1 — Q)]
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which can be derived from the evolution equations (5.3), (5.4) and (5.5) for as, Qbs
and Q? listed above. Inspecting the quadratic expression

(5.12) —4(1+QY) y* +38Q (1 -2Q%) y+ 16Q* (1 — Q%)
we see that when y = 0 it is equal to
16Q* (1- Q%) >0
and when y = —() it is equal to
4 (1-Q%) >0
As y = by — Q € [-Q,0] by the assumptions y < 0, by > 0 and @ < 1, and
furthermore the quadratic expression (5.12) is concave in y, we conclude that
% (2Q —y)Th
Note that the zeroth order coefficient of 77 is bounded by Lemma 3.3. Further-

more |T1| = o(exp(s?)) by Lemma 5.1. Hence the result follows from applying the
maximum principle of Theorem 3.2. 0

o1y > L[Th] +

Below we prove some further preserved conditions. These can be skipped on the
first reading of the paper.

Lemma 5.9. Let (Mg, g(t)), t € [0,T], k = 1,2, be a Ricci flow with bounded

curvature satisfying QQ < 1. Then the condition
Th=Qy—r=—-a,+Qb;+2(1-Q%) >0

1s preserved by the Ricci flow.

Proof. Note that T, = 2—k when s = 0 by the boundary conditions (1.3). Therefore
the result can only hold true for kK = 1,2. The evolution equations of T3 is

4 T
(5.13) UT = LT + 5 (1 - Q%) y? — 2b—§ ((bs —2Q)° + @?).
The coefficients are bounded by Lemma 3.3. Furthermore |T3| = o(exp(s?)) by

Lemma 5.1. Therefore applying the maximum principle of Theorem 3.2 yields the
desired result. 0

Lemma 5.10. Let (M, g(t)), t € [0,T], k > 1, be a Ricci flow with bounded
curvature satisfying QQ < 1. Then the inequality

Ts=as—Qb;—Q°+1>0
is preserved by the Ricci flow.

Proof. The evolution equations of T3 is
2 15
(5.14) 0Ty = LITy] + (1-Q%)y* - 2% ((bs + Q)* +4Q?)
Note that the coefficients are bounded by Lemma 3.3. Furthermore |T3| = o(exp(s?))

by Lemma 5.1. Applying the maximum principle of Theorem 3.2 yields the desired
result. 0J
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Lemma 5.11. Let (M, g(t)), t € [0,T], k > 1, be a Ricci flow with bounded
curvature satisfying y < 0, by > 0 and QQ < 1. Then the inequality

miH(T17T4) Z 0
1s preserved by the Ricci flow. Here
T = as +20Q* —2

1
T4:as—§Qbs— (1—@2).
Proof. By Lemma 5.8 we already know that the inequality

Ti=as—2+2Q*>0

is preserved. Thus we only need to show that 7y > 0 is preserved whenever the
Ricci flow satisfies 77 > 0. The evolution equation of T} is

Ty = L[Ty] + 1712 (bs (5Q° — 2b,) — 2T (4Q* — 2Qb, +?)) .
A computation shows
%Qbs:Tl—Tﬁl—@?.
By the assumption y < 0 we have

Q> _1
Z_ > —Qb,
2 = QQ
and hence it follows that 5
Q> 3 (1-1Ty)

Therefore

4 1
5@3—2@25@3—2@2@(5—307’4),

which implies that

2T, 1
oty > 111 - 5 (107 - 3Qb. + )
since b, > 0. Note that the zeroth order coefficient of T is bounded by Lemma 3.3.
Furthermore |T}| = o(exp(s?)) by Lemma 5.1. Applying the maximum principle of

Theorem 3.2 yields the desired result. 0

6. EXCLUSION OF SHRINKING SOLITONS

In this section we rule out U(2)-invariant shrinking solitons on My, k > 2, within
a large class of metrics. In particular, we show

Theorem 6.1 (No shrinker). On My, k > 2, there does not ezists a complete U(2)-
wnwvariant shrinking Ricci soliton of bounded curvature satisfying the conditions

(1) sup,epy, |bs| < 00
(2) Ty =a,+2Q*—2>0 for s >0
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(5)Q=%<1

This theorem is the key ingredient in section 10, where we show that certain Ricci
flows on My, k > 3, develop Type II singularities in finite time.

Soliton equations. Recall that a shrinking Ricci soliton (M, g(t)) is a solution to
the Ricci flow equation that up to diffeomorphism homothetically shrinks. Such a
soliton solution may be written as

g(t) = o*(t)®;9(0),

o(t) =+/1—2pt

for some p > 0 and @, is a family of diffeomorphisms. The reader may con-
sult [Top06] for more details. Hence for a U(2)-invariant shrinking Ricci soliton
(M, g(t)), k > 1, the corresponding warping functions can be written as

(6.1) a(s,t) = o(t)a (%0)

(6.2) b(s,t) = o(t)b (%0) .

The above formulae are with respect to the radial coordinate s, which is equivalent
to fixing a gauge. For this reason the family of diffeomorphisms ®; does not appear
explicitly. Differentiating with respect to t at time 0 yields

s

Oaa(s.0) = a.(5.0) (55 +95) = pals0)

- GS(S, O)fs - pa(sa O)J
where f : M), — R is the potential function satisfying

where

and we used the expression (2.15) for % derived in section 2.4. Similarly we obtain
8t‘t:0b(87 t) - bs(‘Sv O)fS(S) - pb(S, O)

Substituting the expressions d,a and ;b from the Ricci flow equations (2.11) and
(2.12), respectively, we see that the soliton equations for the warping functions a
and b at time ¢t = 0 read (c.f. [A17])

CLSS bss
. _ Jss | 9Uss
a’ ashs
(6.4) (gs = 2b_4 — ZT + asfs — pa
4 2 by b2
(6.5) byy = - — 20 B0 D Ly f b

b b3 a b
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In a slight abuse of notation we will denote a and b as functions of s only when
we are considering Ricci solitons. In that case a and b should be interpreted as the
initial data a(s,0) and b(s,0) at time zero that leads to a Ricci soliton solution, via
the correspondence (6.1) and (6.2).

Remark 6.2. The above shows that all U(2)-invariant Ricci solitons on M}, are au-

tomatically gradient Ricci solitons with potential function f.

Evolution of z, y and () on soliton background. Since x, y and @) are scale-
invariant quantities, their evolution on a Ricci soliton background can be expressed

as follows:
S
x(s,t) =x <%,O)

y(s,t) =y (%,O)

Q@0=Q<j%ﬂ)

Differentiating, we therefore obtain

Otli=ox(s,t) = x4(s,0) fs(s)
Nli=oy(s,t) = ys(s,0) fs(s)
Ili=0Q(s,t) = Qs(s,0) fs(s).
With help of the evolution equations (5.7), (12.7) and (5.1) for z, y and @, this

yields the following ordinary differential equations for z, y and () at time zero on a
soliton background

(6.6) 0= + (Qb—g - % — fs) Ts— biQ (2Q° (22 + %) + 22 (2 + 7))
(6.7) 0=y + <% — f5> Ys — % ((x + 2)2 O (Qx + yz))

65 0-Qu+ (3 -L) @+ po(-@)

Alternatively these equations can be derived from the soliton equations (6.3)-(6.5).
In a slight abuse of notation we will often denote x, y and () as functions of s only
when we are considering Ricci solitons.

Exclusion of shrinking solitons. By [CZ10] we know that the potential function
of a non-compact complete shrinking Ricci soliton grows quadratically with the
distance to some fixed point. In our setting this translates into the following lemma:
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Lemma 6.3. Let (My,g), k > 1, be a complete non-compact shrinking Ricci soliton
of bounded curvature. Then

f~ L
fs ~ ps
as s — 00.
Proof. See Theorem 1.1, equation (2.3) and equation (2.8) of [CZ10]. O

This allows us to prove the following lemma:

Lemma 6.4. Let (My,g), k > 1, be a complete non-compact shrinking Ricci soliton
of bounded curvature with Q) <1 on My. Then Qs > 0 on M.

Proof. First notice that for a complete shrinking Ricci soliton with () < 1, the strong
maximum principle applied to the evolution equation (5.1) of @ forces

Q<1 for s >0,

as otherwise we would have () = 1 everywhere, which cannot be the case. Similarly,

Q>0
unless we are at the origin s = 0. By equation (6.8) we have
bs 4

We now argue by contradiction. Assume there exists an s, > 0 such that Q4(s,) < 0.
Then Q4(s) < 0 for all s > s,, because at any extremum of () we have @, = 0 and

Qss = _%Q (1 - QQ) < 0.

Lemma 3.3 shows that % is bounded and from Lemma 6.3 it follows that
fs — 00 as s — o0.

Therefore eventually

fs — 3b—bs >0
from which it follows by equation (6.9) that
Qss <0
for sufficiently large s. This, however, contradicts that () > 0 unless s = 0. O

In the lemma below we bound the term
Gi=(z+2)"+ Q"2 +y’),
which appears in the evolution equation (6.7) of y, away from zero.

Lemma 6.5. Whenever Qs > 0 and Q, T} > 0 we have G > 0.
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Proof. We have

For Q4 > 0 it follows that

Recall the quantity
Ty = as +20Q* — 2
defined in section 5. Then
G>(x+2°+Q*(2(Qy+2(Q*—1)) +¢?)
=22 + 4z + 4+ 2Q%y + 4Q" — 4Q* + Q%
= (a,+Q =2 +4(a,+ Q" —2) +4+3Q" —4Q*+ Q* (y + Q)
— a2 +2Q%, +4(Q' - Q°) + Q* (v + Q)°
= a2 +2Q°T + Q* (y + Q)
= a? + Q*b* + 2Q°T, > 0

Now we prove the non-existence of shrinking solitons.

Proof of Theorem 6.1. We argue by contradiction. Assume such a shrinking Ricci
soliton exists. Applying L’Hopital’s Rule to the evolution equation (2.12) of b shows
that at s =0

4

== 2bss - 7
s=0 b

k-2
=2y +—2).
(+57)

Clearly, every shrinking soliton satisfies

b

O

< 0.
s=0

The boundary conditions (1.3) of @ and b at s = 0 imply that
y(0) = 0.

and thus we deduce from the above that
ys(0) < 0,

as k > 2 by assumption. The ordinary differential equation (6.7) for y can be written
as

as Y
6.10 w=(fi=2) e+ 4G
(6.10) y fom ) ¥s 3
Lemma 6.4 and Lemma 6.5 imply that
G >0 for s> 0,
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which in turn shows that y, < 0 everywhere, as at a negative local minimum of y
we would have

Yss = %G < 0.
a
The asymptotic properties of f listed in Lemma 6.3 and the bounds on % proven
in Lemma 3.4 show that eventually
as
fs -—>0
a
and hence from the equation (6.10) it follows that
Yss <0
for s sufficiently large. From this it follows that
lim y = lim (by — Q) = —o0,
5§—00 S5—00
which contradicts our assumptions on b, and (). 0

7. CURVATURE BOUND

The aim of this section is to prove that a Ricci flow (Mg, g(t)), k € N, t € [0,T),
starting from an initial metric g(0) € Z — where Z is a class of metrics to be
discussed below — with sup,c, b(p,0) < oo satisfies the curvature bound

|ng(t)‘g(t) < Cib™? for t e (0,77,

where C'; > 0 is some constant. This allows us to control the geometry via the
warping function b, which will be crucial for constructing blow-up limits in the
following parts of the paper. Note that this bound was already derived in the
compact case in [IKS17] and we will follow their strategy to prove it in our non-
compact setting.

Recall the following definition (see also [Chl][Definition 8.23]):

Definition 7.1 (k-non-collapsing). Let (M, g(t)), t € [0,T), be a Ricci flow and
k> 0. We say that the Ricci flow is k-non-collapsed at a point (pg, to) in spacetime
at scale p if the following two conditions hold for all r» < p:

e (bounded normalized curvature) We have |Rm(p,t)| < r=2 for every (p,t) €
By(to)(po, ) X [to — r?,t]. In particular we assume [to — r2,to] C [0, 7).
e (non collapsed volume) At time ¢y the ball By, (po,r) has volume at least
kri.
We now define the class of metrics 7.

Definition 7.2. For K > 0 let Zx be the set of all complete bounded curvature
metrics of the form (2.3) on My, k > 1, with positive injectivity radius that satisfy
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the following scale-invariant inequalities:

(7.1) Q<1
(7.2) as,bs >0
(7.3) y<0
(7.4) supas < K
(7.5) sup |bbss| < K

Denote by Z the set of metrics ¢ such that for sufficiently large K > 0 we have
g € IK.

Note that for any k£ € N the set Z of metrics on M} is non-empty, as for example
the metric on M), defined by
a(s) = @ = tanh(ks), keN
b(s) =1
is contained in Z. In Lemma 7.9 below we show that if g(0) € Zg, for some Ky > 0
then there exists a K > Kj such that g(t) € Zx for t € [0,7T"). Note that conditions

(7.1)- (7.5) are scale-invariant, and therefore pass to blow-up limits.
An adaptation of [Chl, Theorem 8.26] to our setting yields the following result:

Theorem 7.3 (No local collapsing). Let g(t), t € [0,T), T' < oo, be a Ricci flow
starting from an initial metric g(0) € Z. Then there exists a k > 0 depending
on T, inj(g(0)) and sup o7/ Ricyw) such that g(t) is k-non-collapsed at every

(p,t) € M x (£,T) at every scale p < \/T/2.

Remark 7.4. Recall that if a Ricci flow ¢(t) is k-non-collapsed at scale p, then the
parabolically dilated Ricci flow a?g(a=2t) is k-non-collapsed at scale ap. As the
r-non-collapsedness property is preserved under Cheeger-Gromov limits, a blow-up
limit of a Ricci flow (Mg, g(t)), [0, Tsing) is £-non-collapsed at all scales.

Having set up the necessary terminology, we may now state the main theorem of
this section:

Theorem 7.5 (Curvature bound). Let (My, g(t)), t € [0,T), be a Ricci flow starting
from an initial metric g(0) € Z (see Definition 7.2) with

sup b(p,0) < 0.
pEMy,

Then there exists a constant Cy > 0 such that
| Ring(o) | (p) < Cib(p, )~
for (p,t) € My x (0,T).

A useful variant of Theorem 7.5 is:
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Corollary 7.6. Let (My,g(t)) with g(t) € T (see Definition 7.2) for t € (—o0,0]
be an ancient Ricci flow solution which is k-non-collapsed at all scales. Then there
exists a constant C1 > 0 such that

|ng(t)‘g(t) (p) < C1b(p, t)_2
for (p,t) € My x (—00,0].

Remark 7.7. Corollary 7.6 follows immediately from Theorem 7.5 for ancient k-
non-collapsed Ricci flows that arise as blow up limits of Ricci flows (Mg, g(t)), t €
0, Ting), 9(0) € Z, as the curvature bound is scale-invariant. Nevertheless, we give
a proof of the general case.

Let us now prove the assertions made above. We begin with the following lemma:

Lemma 7.8. Let Ky > 0 and assume that (My, g(t)), k > 1, t € [0,T), is a Ricci
flow starting from an initial metric g(0) € Zx,. Then there exists a constant K > 0,
depending only on the initial metric g(0), such that

(7.6) |bbss| < K

on My, x [0,T).

Proof. We follow the proof strategy of [IKS17, Lemma 7]|. Consider the quantities
H_=bby+a2—0b>—C
H, =bbsy — a2 — b2+ C,

where C' > 0 is a constant to be determined later. The goal is to show that the
inequalities H, > 0 and H_ < 0 are preserved by the Ricci flow for sufficiently large
C > 0. The quantities Hy satisfy the evolution equations

Qs by 202  4a®>  Ab?
OyHy = [Hylgs + (E — 25) [Hi]s + Hy (—a—; - = S)

2a2  4a*  Ab?
=C (? Tt b_2)

2basbs  8asbs  4a?  4da
+9 2 o= sUs sUs + s a0
Gss + 0 ( z T b a * b? )
20a3bs  32aasb,  16acasb,  4a?  8a’a?
- + +
a b3 b° b2 bt
2at  32a%h?  16b?
T * bt B

In the Appendix A we carry out the derivation of the evolution equation. We now
show that H_ < 0 is preserved. Using Young’s inequality to bound the terms
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involving ass and then disregarding non-positive terms not involving C', we obtain

as b 222 da® AV
O H_ <[H_], = 92 ) [H ), +H |[-—=-— - ==
t <[H] +(a b)[ |s + ( 2 b bQ)
202 4a*  AD?
‘C(a2 *5—4%—2)

N 1 2basb, \ > N Sasb, \” N 4a? 2 N
2 a? b a
20a3b,  16a®azbs = 4a?  2at 3247

+ + +

ad b b2 a? bt

Recall that on My, x [0,T) we havey = bs—Q <0, Q < 1, as,bs > 0 and a; < C’ for
some C" > 0 by Lemma 5.5, Lemma 5.2, Lemma 5.6 and Lemma 5.7, respectively.
Therefore we obtain the following bounds away from the non-principal orbit S2:

2bagbs\ > ~ (2a,b, 2 < 4a?
a? \aQ — a?
8agb, 2 Qg 2 a?

< b ) <8 a Qbs) - 64a2

4a2\* a?
=) =16C"7-=
(%) = e

20a3b,  2a3 b, a’
= <

=22 <20'2
a3 a? Q — a?
16a’asbs 3 b s (a* b2 az v
T @ =8¢ <b—2+b—2 S8l
4a?  a?
p =te
2a; 2 03
a? <2¢ a?
32a%b? b2 b2
Hence for a sufficiently large C' > 0 it follows that
s 5b 222  da®  Ab?
O H_ < [H_],s = 9V H ), +H ([-—=-— ==
t < [H_] +<a b)[ |s + ( = m b2>

away from the non-principal orbit S2. Switching to coordinates (s,t) we see that
for s >0
Qs b

01 ol i< (-2 e (2D
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On the non-principal orbit S2, or equivalently when s = 0, we have
H_ =bby+k*—C<bQ,+k*—C<k+k*—C,

where we used that y = b, — Q < 0 with equality at s = 0. Choosing C' > k? + k we
have H_ < 0 on {s =0} x [0, 7). Hence for every 7" € [0,T) there exists a sy > 0
such that
H_(s,t) <0 on [0,s] x [0,7"],
as H_(s,t) is a smooth function on Ry x [0,7"]. Furthermore note that
|H_| < |Rmgyep|gnb® + C* +1+C,

where we used the expression for the curvature component Ryoo derived in section
2.3. This shows that for each time t < 7" the function H_(s,t) grows subexponen-
tially. Note that by Lemma 3.3 and Lemma 3.4 the coefficient

a b
598
a b

is bounded on [sy,00) x [0,7"]. Similarly, we see from the bound (3.7) on |2
presented in the proof of the maximum principle of Theorem 3.2, Case 1, that the
coefficient

grows at most linearly on every times slice of [sg, 00) x [0,7"]. Therefore, applying
the weak maximum principle to the evolution equation (7.7) of H_ on the parabolic
neighborhood [sg, 00) x [0,7"], we deduce that

H_<0 on M, x[0,T.

As T" € [0,T) was arbitrary it follows that H_ < 0 is preserved by the Ricci flow.

We repeat the same process to prove that H, > 0 is preserved. Applying Young’s
inequality to bound terms involving as, and then disregarding non-negative terms
not involving C', we see that

s obs 202 4a® 407
atH—‘r Z [-H—‘r]ss + <% - 2_) [H-i-]s +H+ (—% — i — S)

b 2 bt b2
2a2  4a®  4D?
+C e + b_4 + 12

1 [ 2basb,\> L ((8ashs ? . 402\ ? (e 2
2 a? b a b2
32aasb,  16a3azbs  2al 1607
I R P
Bounding the zeroth order terms via Young’s inequality as above, we see that for
C > 0 sufficiently large

s obs 202 4a®  4b?
OH, > [Hl]s + (% - 23) [H,], + H. (—aiz _ )
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away from the non-principal orbit S2. On the non-principal orbit S? we have
Hy = bbyy — K +C > -k +C,

where we used that b, > 0 with equality at s = 0 to deduce that b, > 0 at s = 0.
From here the above proof that H_ < 0 is preserved carries over and we may
conclude that H, > 0 is preserved as well. Recalling the bounds on as and b, the

desired result now follows.
O

Now we can prove that Z (see Definition 7.2) is preserved by Ricci flow:

Lemma 7.9. Let Ky > 0. Then there exists a K > Ky such that the following
holds: Let (Mg, g(t)), k > 1, t € [0,T), be a Ricci flow solution starting from an
initial metric g(0) € Zy,. Then g(t) € Ly for everyt € [0,T).

Proof. By Lemma 5.2, Lemma 5.6, Lemma 5.5, Lemma 5.7 we see that for K > 2
the conditions (7.1) - (7.4) are preserved. By Lemma 7.8 we see that there exists a
K > K, such that inequality (7.5) holds for ¢ € [0, 7).

Now we only need to prove that for every time ¢ € [0,7") the metric g(t) has
bounded curvature and positive injectivity radius. As the curvature of ¢(0) is
bounded by the assumption that ¢g(0) € Zg, it follows by Shi’s Theorem [Shi89]
that for every time 7" € [0,7T) the Ricci flow ¢(t) has bounded curvature on the
time interval [0, 7"]. As inj,q) > 0 it follows that the metric g(0) is non-collapsed.
By standard volume distortion estimates it follows that for each ¢ € [0,7/2] the
metric g(t) is non-collapsed, and hence inj,,) > 0. By Theorem 7.3 there exists a
k> 0 and p > 0 such that for each t € [0,7") the metric ¢g(¢) is k-non-collapsed at
scale p < \/T/2. This shows that inj,, > 0 for all t € [T/2,T). O

Before proving Theorem 7.5, we need to prove the following two lemmas in prepa-
ration:

Lemma 7.10. Let (My,g(t)), k > 1, t € [0,T), be a Ricci flow starting from an
initial metric g(0) € Z. Then there exists a constant Cy > 0, depending only on the
initial metric g(0), such that

(7.8) 10,0%| < C

Proof. By Lemma 7.9 there exists a K > 0 such that g(t) € Zx for t € [0,T"). From
the evolution equation (2.12) of b and Definition 7.2 of Zy it follows that

SbS
19,02 = |20by, — 8+ 4Q? + 2% + 22

<2K +8+4+4+4+2K +2
=4K + 14

This concludes the proof. O
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Lemma 7.11. Let (My,g(t)), k > 1, t € [0,T), be a Ricci flow starting from an
initial metric g(0) € Z. Then

sup b(p,t) < sup b(p,0)
pEMy, pEMy,

for allt €10,T).

Proof. From the evolution equation (2.12) of b and expression (2.4) for the Laplacian
with respect to the background metric g(t) it follows

Ob” = Agpyb® — 8+ 4Q* — 4b?
< Aypb® — 4.
Applying the maximum principle [ChlII, Theorem 12.14] yields the desired result. [J
We now proceed to proving Theorem 7.5.

Proof of Theorem 7.5. We argue by contradiction. Assume there exists a sequence
of points (p;,t;) in spacetime and constants D; — 0o as i — oo such that

| Bmge o) (pi) = Dib(p;, ;)% = K;
and
|Rmg(sylgry < Dib™? on My x [0,].

By the assumption that ¢g(0) € Z the initial metric g(0) has bounded curvature.
Hence by Shi’s theorem [Shi89] we have that for every 7" € [0,7") the metric g(t)
has bounded curvature on Mj, x [0,7"]. As by Lemma 7.11 the warping function b
is uniformly bounded on M x [0,T'), we thus see that D; — oo forces K; — oo and
therefore t; — T

Consider the rescaled Ricci flows

where At; > 0 is to be determined below. As K; — 0o we see that g;(t) are blow-ups
rather than blow-downs, which is important for the following reason: By Theorem
7.3 there exists a £ > 0 such that g(¢) is k-non-collapsed at every scale p < /T/2
at every spacetime point (p,t) € My x [T/2,T). As K; — oo we see that g;(t) are
r-non-collapsed at scales tending to infinity as ¢ — oc.

By Lemma 7.9 there exists a K > 0 such that g(t) € Zx for all ¢t € [0,7T).
Furthermore, by Lemma 7.10 there exists a Cy such that |9;0%| < Cy on My x [0, T).
Recall the Definition 2.1 of Cy(p, ). Set

t; b*(pi, ti)
Atl = mi a0 7
min (2 300
and consider the parabolic neighborhoods

b i?ti
QO = Cyu,) (pm (p2 )) X [t; — At;, t].
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As g(t) € Ik for t € [0,T) we have that y = by — @ < 0, @ < 1 and by > 0
everywhere on My, x [0,T). Therefore

b(p, t;) > @ on QN {t =t}

By Lemma 7.10
b*(p, ti) = b*(p,t) < Colt: — 1)
for all (p,t) € €2; from which it follows that

1 1
Zb(pi,ti)z —b(p,t)* < V*(p,t;) — b (p,t) < Colt; —t) < CoAt < gb(pi,ti)?

Thus we deduce that

1
(7.9) b2 (p,t) > ng(pi,ti) on ;.
It follows that for (p,t) € €,

|Rmy)|gt) (p) < Dib(p, t) >
< 8D;b(p;, t;)*

and hence the curvatures of the rescaled metrics g;(t) satisfy
‘ngi(t) g:(t) <8
on the parabolic neighborhoods €2,
b i) t’L
Note that
K;At; — 00 as 1 — o0
and
b(piti) _ VD :
K; (p2 )Z 5 — 00 as 1 — oo.

Hence (C’gi(t)(pi,\/Di/Z),gi(t),p,;), t € [—K;At;, 0], subsequentially converges, in
the Cheeger-Gromov sense, to an ancient pointed Ricci flow (My, goo(t), Po), t €
(—00,0].

Claim 1: The Ricci flow (Mu, goo(t),Poo), t € (—00,0], splits as (R? X N, geyer +

gn(t)), t € (—00,0], where ge,q is the flat euclidean metric, and (N, gn(t)) is a
non-compact ancient Ricci flow.

Proof of Claim: Denote by a; and b; the warping functions of the rescaled metrics
gi(t). Then by (7.9) we see that

| D;
(7.10) bi(p,t) > 5 on Q
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As D; — oo, the warping functions b; tend to infinity uniformly. As b; describes the
size of the base S? in the Hopf fibration,intuitively one can see that this claim is
true. Nevertheless, we provide a formal proof below:
As g(t) € I for t € [0,T) we have

'—b—gs < b—lg on My x [0,T).

Inspecting the curvature components listed in section 2.3, we see that all the curva-
ture components of g;(t), apart from Rgjo1, tend to zero on €2,. Hence the curvature
operator of g..(t) is of rank 1. Furthermore, as g(0) has bounded curvature by the
assumption that g(0) € Z we see that the scalar curvature Ry is pointwise bounded
below by infpear, Ry0)(p) > —oo. Hence the blow-up limit g..(t) has non-negative
scalar curvature, which in turn implies that the curvature operator is non-negative.
By [Ham86, 8.3. Theorem & p. 178] we conclude that (Mu,g(t)) splits as a
product (R? X N, geua + gn(t)). Note also that N is diffeomorphic to the leafs of
the distribution spanned by ey and e;, as these are the only planes with non-flat
sectional curvature. Recalling that eg = % we see that the integral curves of ey are
non-compact and therefore NV is non-compact as well. |

As (M, goo(t)) is k-non-collapsed at all scales, the above claim implies that
(N, gn(t)) is a 2d k-solution. However, by Hamilton’s work a two dimensional k-
solution is either the shrinking round sphere S? or its Z, quotient [CLNO06, §1 of
Chapter 9]. Since N is non-compact we have arrived at a contradiction. Therefore
the desired result follows. U

Proof of Corollary 7.6. The proof is the same as for Theorem 7.5. Since the Ricci
flow is assumed to be xk-non-collapsed at all scales, we may also take blow-down limits
and do not need to assume that b is uniformly bounded. Furthermore, since ancient
Ricci flows have non-negative scalar curvature, Claim 1 of the proof of Theorem 7.5
also carries over. 0

8. COMPACTNESS PROPERTIES

In this section we prove some compactness properties of U(2)-invariant cohomo-
geneity one Ricci flows. For general Ricci flows the compactness properties are
well-known [Chl, Chapter 3]. Therefore the main technical difficulty is to show that
the U(2)-symmetry passes to the limit.

The main theorem of this section is Theorem 8.1 which roughly states the following
compactness property: Let (U;, ¢;(t), p;), [-At, 0], be a sequence of U(2)-invariant
cohomogeneity one manifolds in the class Z of metrics. Here the U; are open man-
ifolds and assumed to compactly contain the sets Cy,(o)(pi;7) (see Definition 2.1)
for some fixed » > 0. This condition can be understood as requiring U; to have
‘radial diameter’ of at least r. Furthermore the metrics g;(t) are normalized such
that b = 1 at the points (p;,0) in spacetime. We show that if the flows g¢;(t) are
r-non-collapsed and of uniformly bounded curvature, then (U, gi(t),pi), [—At,0],



54 ALEXANDER APPLETON

subsequentially converges to a limiting U(2)-invariant Ricci flow (Coo, goo(t), Poo)-
Moreover, if we correctly pick/normalize the coordinate £, the warping functions
w; (&, 1), a;(&,t) and b;(&,t) of the metrics g;(t) converge on compact parabolic sets
in C* to the warping functions ue(§,1), us(&,t) and by(€,t) of goo(t). This in
essence shows that when taking limits of U(2)-invariant Ricci flows, we may work
with the warping functions only, without having to concern ourselves with the un-
derlying manifold.

Theorem 8.1 has two important applications: Firstly, it implies the correspond-
ing compactness result for complete Ricci flows. In particular, a sequence of uni-
formly bounded and non-collapsed U(2)-invariant cohomogeneity one Ricci flows
(M, gi(t),pi), t € [—t;,0], t; — oo, normalized such that b(p;,0) = 1, subsequen-
tially converges, in the Cheeger-Gromov sense, to a limiting Ricci flow (M, goo(t), Poo ),
t € [—00,0], that is also U(2)-invariant and cohomogeneity one. Secondly, we prove
a variant of Theorem 8.1 in Proposition 8.3, where we specialize to the case in which
the ‘radial diameter’ of the U; is equal to % This will allow us to alter one assump-
tion of Theorem 8.1 and yield a very useful tool for proving certain scale-invariant
inequalities via a contradiction/compactness argument, as introduced in the outline
of section 9 in section 1.5 of this paper.

Below we state the main results of this section. For this recall Definition 2.1 of
Cy(p,7), Cf (p,7) and %,

Theorem 8.1 (Local compactness). Let k € N and k, p, K,r, At > 0. Assume that

is a sequence of pointed cohomogeneity one U(2)-invariant Ricci flows satisfying the
following properties:

(1) U; is an open U(2)-invariant manifold with principal orbit S*/Zy,.

(2) Fort € [—At,0] we have g;(t) € T (see Definition 7.2). Denote by u;, a; and

b; the warping functions of g;(t).

(3) The closed sets Cy,0) (pi,7) C U; are compact.

(4) bi(pi,0) = 1.

(5) The Ricci flow (U, gi(t)) is k-non-collapsed at (p;,0) at scale min(p, 7, v/At).

(6) [Bmg, g,y < K in Ui x [=At, 0].
Then (Cy,0) (Dis7) , gi(t), i), t € [—At,0], subsequentially converges, in the Cheeger-
Gromov sense, to a pointed Ricci flow

(Coos Goo(t), Po), t € [—AL0],
satisfying the following properties:

(a) Cs is a cohomogeneity one U(2)-invariant manifold such that either
(i) All orbits are principal: In this case Co is diffeomorphic to the cylinder
R x S3/Z;, and we equip Coo with a radial coordinate & : Coy — R defined

by €(p) = dgo(0) (P pe)-
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(ii) There is exactly one non-principal orbit: In this case Co, is diffeomorphic
to My, and we equip Co, with the radial coordinate £ : Coo — R defined
by £(p) = dy..0) (P, S)-

(b) There exist warping functions
Uso, Goos boo * Cgoo(0) (Poor ) X [—AL, 0] = Rxg

such that the metric go(t), t € [~At,0], is of the form (2.2) and in the class
z

(¢) Choosing the coordinate & on (U;, g;(t), p;) corresponding to whether we are
in case (i) or (ii) above, the warping functions u;(&,t), a;(§,t) and b;(&, 1)
converge on compact sets to Uso (&, 1), aoo(&,t) and b (&, 1).

(d) For every ' < r the closed set Cy_(0)(Pos, ") C Coo is compact.

From Theorem 8.1 the following corollary follows immediately:

Corollary 8.2 (Compactness of complete Ricci flows). Let k € N, k, K > 0 and
Tiyti, pi — 00 as i — 0o. Assume that (M, gi(t),p:), t € [—t;,0], is a sequence of
pointed U(2)-invariant cohomogeneity one Ricci flows satisfying:

(1) For t € [—t;,0] we have g;(t) € Z. Denote by u;, a; and b; the warping

functions of g;(t).

(2) Cyi0)(pi, ) C M is compact.

(3) b(pi,0) =1

(4) gi(t) is k-non-collapsed at scale p;

(5) |ngi(t) gi(t) < K on MZ X [—ti,O]
Then (M;, gi(t),pi), t € [—t;,0], subsequentially converges, in the Cheeger-Gromov
sense, to a pointed complete ancient Ricci flow (Mo, Goo(t), Poo), t € (—00, 0], with
bounded curvature satisfying properties (a) - (d) of Theorem 8.1, when taking Co, =
M and r = 0.

Proof. This follows from Theorem 8.1 by a diagonal argument. U
The following proposition is a variant of Theorem 8.1 in the case we take r = %
Proposition 8.3. Let k € N, k,p,C; >0, r = % and At € (0, Tlcl]' Assume
(Ui, 9i(t),pi), t€[=At0],

is a sequence of pointed U(2)-invariant cohomogeneity one Ricci flows satisfying
conditions (1)-(5) of Theorem 8.3. If, instead of condition (6) of Theorem 8.1, we
require

(67) |ngi(t)|yi(t) < % on U; X [_At70]
then

1
(Cgiw) (Pi, 5) ,gi(t),pi> . te[—-At0],

subsequentially converges, in the Cheeger-Gromov sense, to a pointed Ricci flow

(Cwagoo(t)7p00)a te [_Atv 0] )
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satisfying the same properties (a)-(d) listed in Theorem 8.3.

Proof of Proposition 8.5. For brevity we write €; = Cy, (o) (pi, %) x [-At,0]. Let a;
and b; denote the warping functions of ¢;(t). As g;(t) € Z we have

0< (bi)s <Q; <1 in €,

where (; = ¢+ and thus

1 1
b’L(p7 O) > 5 for pc C :(0) (p’u 5)
as b;(p;,0) = 1 by assumption. By the Ricci flow equation we have

Oib7 = —2b* (Rogo + Ri212 + Rases)
< 6C; on ;.

This implies
1
bz(p7 t) Z —= for (p7 t) € Qia

V8

as At < ﬁ by assumption. This yields the uniform curvature bound
|Rm(g,)|gl S 801 on Qz
The result now follows from Theorem 8.1. O

The main proof idea of Theorem 8.1 is to construct a set of four Killing vector
fields X, j = 1,2, 3,4, generated by the U(2)-action on each (U;, g;(t)), and show
that these Killing vector fields pass to the limit (Coo,goo(t)). This allows us to
reconstruct the U(2)-action on Cy, proving the desired result. The main difficulty,
however, is to show that the orbits corresponding to the flows of the Killing vector
fields do not degenerate in the limit and thereby ensure that the full U(2) symmetry
group is preserved. For this we will rely on Lemma 8.4 below, where we prove that
r-non-collapsedness implies a lower positive bound on () away from a non-principal
orbit.

Lemma 8.4. Let k € N, ro € (0,1] and k,Cy,c > 0. Assume that (M, g) is a U(2)-
invariant cohomogeneity one manifold with principal orbit S3/7Z;, equipped with a
metric g € L. Takep € M. If

(1) The set CF(p,b(p)ro) (See Definition 7.2) is compactly contained in M

(2) |Rmyly < G on G5 (p, b(p)ro)

(3) g is k-non-collapsed at scale cb(p): If for r < cb(p) the ball By(p,r) is com-

pactly contained in M and |Rmg|, < 772 on By(p,r) then vol(By(p,r)) > rrt

then there exists an € > 0 depending on k,k,Cy,c and ro for which the follow-

T0

ing holds: If for ¢ € C;(p,b(p)ro) the set Cy(q,b(p)7) is compactly contained in
Cy (p, b(p)ro) then Q(q) > e.
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Proof. By rescaling we may assume without loss of generality b(p) = 1 and that the
metric g is k-non-collapsed at scale ¢ > 0. The latter follows from the fact that if
g is k-non-collapsed at scale p then a?g is k-non-collapsed at scale ap. Fix a q €
Cy (p,b(p)ro) such that the assumptions of the lemma hold. Take U := Cy(q,b(p)73).
Note that U is a union of orbits of the U(2)-action. Recall that non-principal orbits
are non-generic and characterized by a = 0. As a;, > 0 we see that all the orbits of
U are principal and therefore diffeomorphic to S3/Z;. Because 0 < b, < @Q <1 for
metrics in Z we see that
1<b<2in CJ(p,ro)
and hence
|Rmyly < C1 in Cy (p, 7o)

by assumption (2). From the expression

1
M2 - b_2 (as - Qbs)
for the curvature component Rgo3; derived in section 2.3 and the fact that
1
Qs = E (as - Qbs)

we deduce that
|Qs’ S Ol in C;(]% TO)'

Thus for r < r{ := min <%°, %?) we have

Q@ <2Q(q) on Cy(q,r1).
Claim 1: For r < r5 := min (ﬁ,rl) we have

vol(By(q,7)) < C°Q(q)
for some constant C' > 0 depending on k only.

Proof of Claim: Let ¢ € Cy(q,r), r < ro. Then 3 is isometric to S*/Z;, equipped
with a squashed Berger metric. In particular, if we denote by ¢ : ¥, — M the
inclusion, then

g =alg)’w@w+b(q)’m" (grs),
where grg is the Fubini-Study metric on S? normalized to have curvature equal to
1 and 7 : S*/Z;, — S? is the Hopf fibration. Note that

B¢ N By(q,m) € By N By(d', 1) C 7 (Byps(m(d), 1)) C By
Furthermore, as the Hopf fibers of Xy 2 5% /7, have length 2Ta(q), we see that

00l (B (1(4'), 7)) = =l Yool (B (w(d'), 7)) < Cale)r,

for some constant C' > 0 depending on & only. Since @ = §, @ < 2Q(q) and b € [1, 2]
in C,(q,r) it follows that

vol(Sg N By(g,7)) < 40Q(q)r*,
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Integrating this inequality proves the claim.
|

As [Rmy|, < Oy on Cff (p,10), the ball By(q, ) is compactly contained in M, and

g is k-non-collapsed at scale ¢, we see that for r < r3 := min (\/%, c, %0)

vol(By(q,7)) > k.
Setting 74 := min (73, 73) we therefore obtain
CriQ(q) > vol(B,(q,74)) > kry.
Rearranging this inequality proves the lemma. 0

Before proving the compactness theorems listed above, we construct a set of four
Killing vector fields on a general U(2)-invariant cohomogeneity one manifold M with
principal orbit S3/Z;. By passing to the universal cover we may assume without
loss of generality that & = 1. Pick the basis

7 0 0 0 ¢ 0 —1
(o 1) x=(ph) =) (09
for the Lie algebra of U(2). Then X;, i = 1,2, 3,4, satisfy the commutation relations
[Xl,XQ] = 2X3 [XQ,Xg] == 2X1 [X3,X1] == 2X2

and

[X(),Xi] =0 for i = ]., 2,3
Extend X;, i = 1,2, 3,4, to left-invariant vector fields on U(2). Note that the integral
curves generated by X;, ¢ = 1,2,3,4, have period 2m. The U(2)-action generates
four corresponding Killing vector fields X;, ¢ = 1,2, 3,4, on M} by taking

_ d .
Xi(p) = pri exp(tX;)-p, p€ My, i=1,2,34.

We now prove the following;:

Lemma 8.5. Fori=1,2,3,4 we have
|Xi|, < max(a,b).

Proof. By the form (2.3) of the metric we see that |X,|, = a. Hence we only need
to prove the result for i = 1,2,3. First note that the vector fields X;, i = 1,2, 3,
are orthogonal to % and therefore parallel to the orbits of the U(2) action on Mj.
Hence it suffices to study the metric g restricted to these directions. Here we see
that
a’w @ w + b*1*(grs) < max(a,b)*gss,

where ggs is the round metric on S* with sectional curvatures equal to 1. Thus it
suffices to show that

|7i’953 S L.
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If we identify S® with SU(2), the vectors X; correspond to right-invariant vector
fields on SU(2). Moreover, one can check that these vector fields are orthonormal
with respect to the metric ggs. Hence the desired result follows. 0

Remark 8.6. In fact one can show that min(a,b) < |X;|, < max(a,b). Recalling
that the isometry generated by the Killing vector field X; descends to a rotation of
the base S? in the Hopf fibration 7 : S* — S2, one can see that the upper bound is
attained on 77! ({Equator of S?}) and the lower bound is attained on 71 ({N, S}),
where N, S denote the north and south pole with respect to the rotation induced

Now we proceed to proving the main theorem of this section:

Proof of Theorem 8.1. As g;(t) is k-non-collapsed at (p;,0) at scale min(p, r, vAt)
it follows from [Chl, Lemma 6.54] that there exists a uniform ¢ > 0 such that
injg, o) (pi) > 0.
By assumption g;(t) has bounded curvature on the parabolic neighborhood
Qi = Cy,0) (pisT) x [=AL,0].

By an adaptation of [ChI, Theorem 3.16] we therefore deduce that after passing to
a subsequence

(Cou0) (0is7)  95(t),pi) . t € [=AL,0],

converges, in the Cheeger-Gromov sense, to a pointed Ricci flow

(Coovgoo(t)apoo> ) te [_At7 0]7

where Co, is an open manifold.
Claim 1: (Coo, goo (1)), t € [=AL, 0], is U(2)-invariant.

Proof of Claim: Recall the construction of the Killing vector fields X, j = 1,2, 3,4
for a general U(2)-invariant manifold M explained above. Let X,;, i € N, j =
1,2,3,4, denote the corresponding Killing vector fields on the manifolds C, o) (ps, 7).
Recall that g¢;(t) € Z implies that 0 < by < @ < 1. Therefore b < r + 1 on
Cyi(0) (pi, 7). Note that from the evolution equation (2.12) of b it follows that

0;b

< C|ngi(t) |9i(t)7

where ¢ > 0 is some universal constant. As |ngi(t) gty < C'1 on €); by assumption,
we see that there exists a C' > 0, depending on r and (' only, such that b < C' on
;. From Lemma 8.5 it hence follows that for: € N, j =1,2,3,4,

|7ij|gi(t) S C on Qz
Recall that in general a Killing vector field X* on a manifold satisfies the relation
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Therefore we see that the Killing vector fields X;; are uniformly bounded in C?(£2;),
and converge to C! Killing vector fields X j, j = 1,2,3,4, on (Co, goo(t)) after
passing to a subsequence. However, since the group of isometries of a smooth man-
ifold is a smooth Lie group, the vector fields 700,]-, 7 =1,2,3,4 are in fact smooth.
As the Killing vector fields 7”-, 1€ N, j =1,2,3,4, are complete, so are 700,]-,
7 =1,2,3,4. Integrating the Killing vector fields Yoo,j, J=1,2,3,4, then yields the
desired U(2)-action on (Ceo, goo(1)). |

It remains to be shown that this action is faithful by proving that the Killing
vector fields are non-zero at times t € [—At,0].

Claim 2: The U(2)-action on (Cx, goo(t)), t € [-AtL, 0] is faithful.

Proof of Claim: Take r1 > 0 such that Cy_ (Poo, 1) is compactly contained in Cy
for allt € [—At,0]. This is possible by standard distance distortion estimates and the
fact that Coo x [—At, 0] has bounded curvature. Furthermore, since Cy__(¢)(Poo, 1) X
[—At, 0] is compactly contained in Cy, X [—At, 0], there exist constants p’, &’ > 0 such
that for each ¢t € [—-At, 0] the manifold (Cy_(t)(Poc:71), 9o (t)) is x'-non-collapsed
at scale less or equal to p'. Since (Cy,)(pi;7), 9i(t), p;) converges in the Cheeger-
Gromov sense to (Cuo, goo (), Poo) We see that eventually (Cy,(pi,71), 9:(t)) is K'/2-
non-collapsed at scales less or equal to p’/2.

Fix t' € [-At,0] and choose points ¢; € X} (see Definition 2.1) and ¢ € Coo

1

with dg, (g, Z;) = 371 and ¢; — G- Checking the conditions of Lemma 8.4, we

see that there exists an € > 0, independent of ¢, such that

Q(q17t/> 2 €.
As g € T and therefore 0 < by, < Q) < 1, we see that

1 <b(g;,t") < g
Therefore the geometry of the orbit 3, & S3/Z; is controlled — the curvature and
diameter are uniformly bounded from above, and its volume and Hopf fiber lengths
are uniformly bounded away from zero. Hence the norms of the Killing vector fields
Xij, j = 1,2,3,4, at the points (g;,?) in spacetime are uniformly bounded away
from zero, proving that on the limiting space (Cw, goo(t')) the Killing vector fields
Xoojs § = 1,2,3,4, are non-zero. As t' € [At,(] was arbitrary, the desired result
follows. |

By the slice theorem we we see that either (i) all orbits of C, are principal and
diffeomorphic to S%/Z; or (ii) there exists exactly one non-principal orbit, which is
diffeomorphic to S? and as usual we denote by S2. Below it will become clear why
Co cannot possess two non-principal orbits. In case (i) Co is diffeomorphic to the
manifold R x S3/Z;, and in case (ii) it is diffeomorphic to M. In both cases there
is a dense open set of the form R x S3/Z;, C Co.
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We now show that the metrics g (t) can be expressed in the form (2.3). Denote
the warping functions of the metrics g;(t) by a; and b;. In case (i) we define the
radial coordinates

gZ(p) - :l:dgi(o) (p’ ZPi)?
and

goo(p) = :l:dgoo(l)) (p7 Epoo)

on Cy,(0) (pi, ) and C, respectively. We choose the sign of &(p) depending on which
side of the hypersurface X, the point p lies, and in such a way that O, a;, O¢,b; > 0.
The sign of £, (p) is chosen such that & — £, as i — oo. In case (ii) we may assume
without loss of generality that for all i € N the open manifolds Cy, o) (p;, ) contain
a point o; such that the orbit ¥, is non-principal and 0; = 0, € Cx as ¢ — o0.
Then define radial coordinates

gi (p) = dgi(O) (p7 Eoi)
and

foo(p) = dgoo(()) (p> Z]ooo>

on Cy,(0) (pi, ) and Cs. Note that the coordinates & and £ are smooth away from a
non-principal orbit and furthermore that & — £, in C'"™ away from a non-principal
orbit. Hence we obtain the one-forms d¢; and d¢,, away from a non-principal orbit,
which are orthogonal to all orbits of Cy, o) (pi,r) and Cs, respectively. For brevity
we drop the subscript and write £ for the coordinates &; or &..

Since the metric go(t) is U(2)-invariant, as shown above, there exists warping
functions e, oo, boo : Coo X [—At, 0] — R>¢ such that the metric can be expressed
as

Goo(t) = 3, (§,1)dE? + a% (€, hw @ w + b2, (€, 1) 7" (grs),
where at time 0 we have
u=1 on Cu.
As
oo (P, 1) = [Xoo,0/gue ) (P)

and 7,'70 — 70070 as ¢ — oo by above, we see that away from a non-principal orbit
a; — as smoothly. Similarly, one can show with help of the remaining Killing vector
fields Yi,j, j =1,2,3, that away from a non-principal orbit b; — b, smoothly.
Hence away from a non-principal orbit,a;(&, ), b;(€,t) — axo(&,1), b (&, ) in C
as 1 — 0o. Furthermore, from the curvature bounds on €2; and the boundary condi-
tions on a;, b;, aeo, bs at a non-principal orbit (see section 2.2 for the smoothness
conditions on the warping functions at the non-principal orbit), one can show that
in fact a;(§,1),0;(&,t) = ano(&, 1), bso(&,t) smoothly everywhere. Hence the metric
Jo(t), t € [—At, 0], is in the class Z. As ags > 0 for metrics in Z we see that C, can
possess at most one non-principal orbit. Finally, we note that by [ChI, Theorem

3.16] the closed set C,

o0 0) (Poo, ") C Cs is compact for every r’ < r. O
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9. ANCIENT Ricci FLOWS PART 1

In this section we prove some properties of ancient Ricci flows g(t) € Z, —oo < t <
0, that are non-collapsed at all scales. This yields important geometric information
on the blow-up limits of singular Ricci flows, which we exploit and refine in later
chapters. The main goal is to prove the following theorem:

Theorem 9.1. Let k > 0 and (My, g(t)), k > 2, t € (—00,0], be an ancient Ricci
flow, which satisfies the following properties:
(i) k-non-collapsed at all scales
(ii) g(t) € T fort € (—o0,0].
Then if k = 2 the following inequalities hold:
T =a,+20Q*—2>0
Th=Qy—22>0
T3:as_Qbs_Q2+1ZO

If k > 2 we only have T} > 0 and T3 > 0. For all k > 2 we have Ty(p,t) = 0 if, and
only if, k =2 and p € S2.

Furthermore we show
Theorem 9.2. Let k > 0 and (M, g(t)), t € (—o0,0], be an ancient Ricci flow,
which satisfies the following properties:

(i) k-non-collapsed at all scales
(i1) g(t) € T fort € (—o0,0]
(11i) Kdihler with respect to Jy, or equivalently y = 0 everywhere

Then (Ms, g(t)) is stationary and homothetic to the Eguchi-Hanson space.

Proof strategy. In both of these theorems we are given an ancient Ricci flow
(M, g(t)), t <0, and want to show that a scale invariant quantity 7" satisfies

T>0 on M x (—o0,0].

We prove such statements by a contradiction/compactness argument. First we as-
sume that

t:= inf T <0
MkX(—O0,0]
and take a sequence of points (p;, ;) in spacetime such that
T(pi,t;) = as i — oo.

Then we consider the rescaled Ricci flows

1
(1) = =——g (t; + b*(ps, s —At
g’b( ) bQ(p“tl)g< K3 + b (platl)t) 9 t E [ 70]7
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where At > 0 is chosen such that the conditions of Proposition 8.3 are met. Then
(Cyi0) (pis %) 9i(t), p;) subsequentially converges to a Ricci flow (Coo, goo(t), Poo), T €
[—At,0]. By construction
T(pso,0) = inf T =1<0.
<p ) Coo X [—AL,0]

However, if the evolution equation of T precludes the possibility of a negative in-
fimum being attained, we have arrived at a contradiction and proven the desired
result.

Proof of main theorems of this section. Before proving Theorem 9.1 we need
to state a technical lemma in preparation:

Lemma 9.3. Let (Mg, g(t)), k € N, t <0, be an ancient Ricci flow satisfying the
conditions of Theorem 9.1. Then for every ¢ > 0 there exists a 6 > 0 such that
whenever at a point (p,t) in spacetime one of the following inequalities holds
(i) Ti(p,t) < —€ and k > 2

(i1) To(p,t) < —€ and k < 2

(iii) T5(p,t) < —€ and k € N

() |z(p,t)| > € and k =2
then s(p,t) > 0b(p,t).

<
<

Proof. Recall that by Corollary 7.6 there exists a C; > 0 such that |Rmg)|qe) < %
on My x (—o00,0]. We first prove (i). We fix ¢ > 0 and argue by contradiction.
Assume there exists a sequence of points (p;, ;) in spacetime such that
Ty (pi, ti) < —¢

and

i) tz
(9.1) slent) _,
b(pi, ts)

Define the rescaled metrics

9i = mg (t: + t0°(pis 1)) , t € [=AL,0].
For sufficiently small At > 0 the conditions of Proposition 8.3 are satisfied and hence
(Cyi(0) (pi, %) , gi(t), pi) subsequentially converges to a Ricci flow (Coo, goo(t), Po)- By
(9.1) one sees that ps, lies on the non-principal orbit S? of C.,. By construction we
have T1(pso,0) < —€ as T} is a scale invariant quantity. This however contradicts
the fact that Ty = a, +2(Q*—1) =k —2 >0 on S2

Note that 7o =2 — k, T3 = k+ 1 and 2 = k — 2 on S2. Therefore by the same
argument applied to T, T3 and x the desired result holds true. O

Next we prove Theorem 9.1.
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Proof of Theorem 9.1. Recall that by Corollary 7.6 there exists a C} > 0 such that
|Rmg(o)|g) < & on My, x (—o0,0]. We first show that 77 > 0 in Mj, X (—o0, 0]. We
argue by contradiction. Assume that

v:= inf T} <0.

MkX(—O0,0]
As g(t) € T we know that ¢ > —oo. Take a sequence of points (p;, ;) in spacetime
such that
Ti(pi, t;) — ¢ as i — 0.
From Lemma 9.3 it follows that for sufficiently large 7

for some § > 0. Define the rescaled metrics

1
= ——g (t+t0%(pi, ), te[-At,0].
g bQ(pi’ti)g( +tb*(pits)), te| ]
For sufficiently small At > 0 the conditions of Proposition 8.3 are satisfied and hence
(Cyi0) (Pis %), 9i(t), p;) subsequentially converges to a Ricci flow (Coo, goo(t), Poc), T €
[—At, 0], on which by construction

b(poo, 0) = 1.
and

(9.3) T1(Poo, 0) = Cooxl[rifAt,O] T, =1 <0,

as Ty is a scale invariant quantity. Since Ty(pso,0) = 0, we see from the evolution
equation (5.11) of 77 that

on| = LITY] + b% [—4 (1+ Q%) y* +8Q (1 —2Q%) y +16Q* (1 — Q)]
T
+ 200 -y
4Q? T
Z (Tl)ss + b;cg (1 - QZ) + 2%2 : (2Q - y) )

where we bounded the zeroth order term from below as in the proof of Lemma 5.8.
Hence

>0
(Pso,0)

o1

unless

case b) : Q(Pso,0) =0 and y(pso,0) =0
or

case a) :  Q(Po,0) =1 and y(pso,0) =0
However by (9.3) we have

o, T} <0.
(Poo,0)
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showing that either case a) or case b) must hold. We now show that both of
these cases are impossible, thereby arriving at a contradiction. First note that by
(9.2) we know that p., does not lie on the non-principal orbit S2. Therefore the
strong maximum principle applied to the evolution equation (5.1) of @) shows that
in case a) Q = 0 everywhere on Cy X [—At,0]. This, however, contradicts the
non-collapsedness of C., and therefore case a) cannot occur. In case b) the same
argument shows that Q = 1 everywhere on C, x [—At,0]. Then applying the strong
maximum principle to the evolution equation (5.8) of Qy, which simplifies when
@ = 1, shows that y = 0 everywhere on C,, x [—At,0]. This, however, implies that
T1 =1> 0 on Cyx X [—At, 0] contradicting our assumption that ¢ < 0.

[t remains to be shown that Tj(p,t) = 0 if, and only if, £ = 2 and p lies on the
non-principal orbit S%2. We argue by contradiction. Assume there exists a point
(p,t) in spacetime such that p ¢ S? and

Tl(p7 t) =0.

Then arguing as above, we see that either case a) or case b) must hold true, both
of which lead to the same contradiction.

By the same method we may prove that 75 > 0 and 75 > 0 on Mj, x (—o0,0].
Note that the evolution equations (5.13) and (5.14) show that 75 and T3 cannot
attain a negative infimum, leading to the desired contradiction. 0

Next we prove Theorem 9.2.

Proof of Theorem 9.2. Recall that by Corollary 7.6 there exists a C} > 0 such that

|Rmglgey < S on My x (—00,0]. Also recall Lemma 4.1, which states that

(M, g(t), t € (—00,0], is homothetic to the Eguchi-Hanson space if, and only if,
r=y=0 on My x (—00,0].

Therefore it suffices to show that x = 0. We follow the proof strategy of Theorem
9.1 and argue by contradiction. Assume

vt = inf x2<0
MQX(O0,0]

and take a sequence of points (p;,t;) in spacetime such that

x(pi ;) — .
Note that ¢t > —o0 as g(t) € Z for t € (—o0,0]. From Lemma 9.3 it follows that
for some 6 > 0. Define the rescaled metrics
1
i = 57— ~9 (1 tzb2 isti)), t _Atao )
g bQ(p“ti)g( + b (pi, 1)), teE| ]

where At > 0 is chosen such that the conditions of Proposition 8.3 are satisfied.
Then (Cy, (o) (pz-, %) , gi(t), pi) subsequentially converges to a Ricci flow (Coo, goo (£), Poo)s
t € [-At,0], on which by construction

Z(Poo,0) = ¢ <0,
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since z is a scale-invariant quantity. Furthermore, we see by (9.4) that p,, does not
lie on the non-principal orbit S2. The evolution equation (5.7) for x in the Kihler
case y = 0 simplifies to

4 2
O = L[z] — b;ch
which implies that
2
0 =Zgs— ——2x >0
ey ~ 7 "

unless Q(pso,0) = 0. This, however, cannot happen, as otherwise the strong maxi-
mum principle applied to the evolution equation (5.1) of @ would imply that Q =0
on Coo X [—At,0]. Hence we have arrived at a contradiction and conclude

x>0 on My X (—o0,0].
By the same argument one shows that

x <0 on My X (—o0,0].

as well, which concludes the proof. 0

10. EGUCHI-HANSON AND A FAMILY OF TYPE II SINGULARITIES

In this section we show that Ricci flow solutions (My, g(t)), k > 2, starting from
a large class of initial metrics encounter a Type II singularity in finite time at the
origin. In the case k = 2 we show that the Eguchi-Hanson metric can occur as a
blow-up limit. Below we state the precise result:

Theorem 10.1 (Type II singularities). Let (Mg, g(t)), k > 2, be a Ricci flow start-
ing from an initial metric g(0) € Z (see Definition 7.2) with

(10.1) sup b(p,0) < oo.
pEM>2

Then g(t) encounters a Type II curvature singularity in finite time Ty, > 0 and

sup  (Tying — t) b *(0,1) = o0.
0<t<Tsing
Furthermore, there exists a sequence of times t; — Ty, such that the following
holds: Consider the rescaled metrics
1
gl(t) = mg (tz + bz(O, tl)t> y te |: - b(O, ti)_2ti, b(O, ti)_Q (Tsing — tz) )

Then (Mg, g;(t),0) subsequentially converges, in the pointed Gromouv-Cheeger sense,
to an eternal Ricci flow (Mg, goo(t),0), t € (—00,00). When k = 2 the metric goo(t)
18 stationary and homothetic to the Equchi-Hanson metric.

In this paper we do not study the detailed geometry of the singularity models of
the Type II singularities arising in the k£ > 3 case, however, as stated in Conjecture
2 in the introduction, the author believes that these singularities are modeled on the
non-collapsed steady Ricci solitons found in [A17]. The author, in collaboration with
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Jon Wilkening, has carried out numerical simulations supporting this conjecture. A
paper summarizing the results is in preparation [AW19].

Outline of proof. Here we sketch the proof of Theorem 10.1. First we show in
Lemma 10.5 that the condition (10.1) forces a Ricci flow solution (My, g(t)), k > 2,
to develop a singularity in finite time T§;,, > 0 at the origin. Then we take a
sequence of times t; — Ty;,, and define the rescaled metrics

1
g;(t) = 20,2)” (t; +02(0,£})t) .
These metrics subsequentially converge to a singularity model (M, g. (1)), —oo <
t < 0 — an ancient solution of the Ricci low. Now recall the dichotomy between
Type I and Type II singularities and that every Type I singularity is modeled on
a shrinking Ricci soliton [EMT11]. Therefore we can prove that the singularity is
of Type II by showing that (Mg, g’ (t)) is not a shrinking Ricci soliton. For this
we apply Theorem 6.1, which excludes shrinking solitons whenever (i) sup |b;| < oo,
(ii) 71 > 0 for s > 0 and (iii) @ < 1 hold. By definition, every metric in Z satisfies
conditions (i) and (iii). As these conditions are scale-invariant, they pass to the
blow-up limit (M, ¢’(t)). From Theorem 9.1 it follows that condition (iii) holds
true as well, allowing us to conclude that (Mg, g5 (¢)) is not a shrinking soliton and
that the singularity is of Type II. By the work of Hamilton we can then choose
a sequence of times t; — T4, possibly different from the sequence ¢;, such that
the corresponding blow-ups around the origin converge to an eternal Ricci flow
(My, goo(t)), —00 < t < 0.
In the k = 2 case we show that (Ma, goo(t)) is stationary under Ricci flow and
homothetic to the Eguchi-Hanson space. What makes £ = 2 special is that the
second term of the right hand side of

o0.6) =2 (s + 52

is zero and therefore

as y < 0 with equality at S2 for metrics in Z. It turns out that for the specific choice
of t; = Tsing from Hamilton’s trick we have that on (Ma, g« (t)) at S at time 0 we
have

0:0(0,t) = 2y4(0,t) = 0.
An application of L’Hopital’s Rule shows that on S? we have
yo_ Y

Q K
Therefore we can apply the strong maximum principle of Theorem 3.2, Case 2, to
the evolution equation (12.8) of % to show that y = 0 everywhere. From Theorem
9.2 it then follows that (Ma, go(t)) is homothetic to the Eguchi-Hanson space.
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Remark 10.2. A priori it may be possible that other sequences of times give rise
to blow-up limits around o that are not homothetic to the Eguchi-Hanson space.
However in section 11 we show that the Eguchi-Hanson space is in fact the unique
blow-up limit.

Recap of some properties of singular Ricci flow solutions. Before proving
Theorem 10.1 we summarize some properties of curvature blow-up rates of Ricci
flows encountering singularities and their respective singularity models. For this let
(M,g(t)), t € [0,T) be a Ricci flow encountering a singularity at time T". Let

Kmax(t) = S}\l/[p ’ng(t)‘g(t)-

By Shi’s result [Shi89] on the short time existence of Ricci flow we have

lim sup K42 (1) = 0.

t T
In fact one can show with help of the evolution equation of |ng(t)|§(t) that
(10.3) R |y >~
: sup |Rm ——
Mp g(t)lg(t) = 8T — ¢

Hamilton [Ham95] introduced the notion of Type I and Type II Ricci flows, which
are defined by the rate at which the curvature blows up as ¢ ~ T. In particular,
(Ms, g(t)) is of Type I if it satisfies if there exists a C' > 0 such that for ¢ € [0,T)

C
Kmazt S )
(®) T—t

In the case that such a constant C' > 0 does not exists, that is
sup (T — t) Kpaz(t) = 00,
tel0,T)
we say the singularity is of Type II.
By the work of Naber [N10] and Enders, Miiller and Topping [EMT11] every Type
I singularity model is a non-flat Ricci shrinking soliton. Hamilton showed how for
Type II singularities one can extract a blow-up sequence converging to an eternal
Ricci flow [Ham95, Theorem 16.4]. However it remains to be understood whether
or not all Type II singularity models are steady solitons. So far all known examples
are.
Below we recap the main result of [EMT11]: First note the following definition:

Definition 10.3 (see [EMT11, Definition 1.2] ). A spacetime sequence (p;, t;) with
pi € M and t; /T in a Ricci flow is called an essential blow-up sequence if
there exists a constant ¢ > 0 such that

c
T—t
A point p € M in a Type I Ricci flow is called a (general) Type I singular point
if there exists an essential blow-up sequence with p; — p on M.

| Bmg e lgeen) (pi) >
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Now we state the main result of [EMT11], asserting that Type I singularities are
modeled on shrinking Ricci solitons.

Theorem 10.4 (see [EMT11, Theorem 1.4] ). Let (M, g(t)) be a Type I Ricci flow
on [0,T) and suppose p is a Type I singular point as in Definition 10.3. Then for
every sequence \;j — 00, the rescaled Ricci flows (M, g;(t),p) defined on [A\;T,0) by

t
9i(t) == Ajg <T + )\—)
J
subconverge to a non-flat gradient shrinking soliton.

We use Theorem 10.4 to exclude Type I singularities for Ricci flows satisfying the
assumptions of Theorem 10.1.

Proof of the main theorem. First we show that a singularity must occur in finite
time:

Lemma 10.5. The mazimal extension of a Ricci flow (My,g(t)), k > 1, starting
from an initial metric g(0) € T with

sup b(p,0) < oo
pEM),

encounters a singularity at the Sg in finite time Tying > 0.

Proof. By Shi’s short time existence of Ricci flow [Shi89] we have Ty;,, > 0. From
the evolution equation (2.12) of b under Ricci flow it follows that

atb2 < Ag(t)bQ — 4,

where we used expression (2.4) of the Laplacian. By the maximum principle (see
for instance [Chll, Theorem 12.14]) we see that there exists a 7' < oo such that

inf b*(p,t t—T.
mf (p,t) >0 ast—

As by, > 0 we conclude that
lim b(o,t) = 0.
tST

From Lemma 3.3 it follows that the curvature at S? blows up as ¢ — T. Hence
T = Tging. O

Below we prove Theorem 10.1.

Proof of Theorem 10.1. By Lemma 10.5 the Ricci flow becomes singular in finite
time Ty;ny > 0 > 0 and b(o0,t) — 0 as t 7 Ty;ny. Recall that by Theorem 7.5 there
exist a C'y > 0 such that

&
b2
Moreover, by Theorem 7.3 there exist constants x,p > 0 such that g(t) is xK-non-
collapsed at scales less or equal to p.

Now take a sequence of times t; Ty, such that

‘ng(t)‘g(t) < on Mk X [OaTsing)-
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(1) b(o,t}) — 0 as i — oo
(2) b(o,t) > b(o,t;) for t < ¢

Claim 1: The sequence of points (o, ;) in spacetime is an essential blow-up sequence.

Proof of Claim: We argue by contradiction. Assume, after passing to a subsequence,
that

(Tsing — t;)|ng(t;)|g(t;) — 0 as 1 — o0.
Then by Lemma 3.3 and the fact that by > 0 for metrics in Z we have
4 4
> ;
Razoz — |Rmygqrylgqy(0)

b’ (p,t) > b*(o,t) =

where we used the expression for the curvature component Rasp3 derived in section
2.3. This shows that

[Bmaap oty (P) < a0,y < 7 Himalowp(0) for p € My.

Therefore
Hm (Tying — ;) sup [Rmyg o) (p) = 0,

1—>00 pEMg

which contradicts (10.3). This proves the claim. [

Define the rescaled metrics

1
()= —— g (t + 20,1 —b2(0, ¢!
gz(t) - b2(0, t;)g (tz + b (07tz)t) ’ t 6 [ b (07 tz)tm 0]7

By property (2) above and the fact that by > 0 for metrics in Z it follows that
[Rmgolge) < Croon My, x [=b7%(o, t})¢], 0].

Note also that the rescaled metrics g.(t) are x-non-collapsed at scales tending to
infinity. Corollary 8.2 then implies that (M, gi(t), 0) subsequentially converges, in
the Cheeger-Gromov sense, to an ancient Ricci flow (Mo, g- (t),0), t € (—o0,0],
where M., = My. By Theorem 9.1 we have

Ti(p,t) >0 on My \ S? x (—o0, 0]

on the blow-up limit g/ (t). Theorem 6.1 shows that ¢/ (¢) cannot be a shrinking
soliton, which by the contrapositive of Theorem 10.4 proves that the singularity is
of Type II. Therefore

sup  (Tuing — t) [Rmgee|g) = 00
M x [O,Tsing)

from which we see that

sup  (Tuing — ) b7 %(0,1) = 0.
tG[O,TSing)
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Now we mimic the proof of [Ham95, Theorem 16.4, Type II(a)] to construct an
eternal blow-up limit. Pick a sequence of times T; < Ty,  satisfying

(Tsing — 13) 672(0, t) — o0

as ¢ — 0o. Then we can choose t; < T; such that

(10.4) (T; — t;) b *(0,t;) = sup (T — t) b (o, 1)
t<T;
as the latter goes to zero as t — T;. Consider the rescaled Ricci flow solutions
1
(1) = ———g (t; +0*(0, 1)),
1) = gy s+ 0.0

which exist for —A; <t < B; with
A; =tb*(0,t;) — o0
B; = (T; — t;) b *(o,t;) — oo.
If we write a;,b; for the warping functions of the rescaled metric ¢;(t) we obtain
from equation (10.4) the following inequality
(B; —t)b;%(0,t) < B;.

Note that here t is the time variable of the rescaled Ricci flow g;(¢). Therefore for
any fixed t we have

B:
10. —2 < . 1 '
(10.5) b, (o,t)_Bi_t—> as i — 00
and
(10.6) b;%(0,0) = 1.

From this, the fact that by, > 0 and the curvature bound of Theorem 7.5, we see
that on bounded time intervals the curvatures of g;(t) eventually become bounded
by 2C. In addition to this the metrics g;(¢) are k-non-collapsed at larger and larger
scales. Therefore Corollary 8.2 implies that (Ms, g;(t), 0) subsequentially converges
to an eternal Ricci flow (M, goo(t),0). Furthermore (10.5) and (10.6) show that
that

(10.7) boo(0,t) > 1 for t € (—o0,00)
and
(10.8) boo(0,0) = 1,

where we write a,, and b, for the warping functions of the metric g.(t). Notice
that (10.7) and (10.8) imply that at time 0 on S? we have

(10.9) Orbog = 2 ((yw)s + g) — 0,

boo

where Yoo = (boo)s — p corresponds to the Kahler quantity y on the g, background.
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Now it only remains to be shown that in the k = 2 case g (t) is stationary and
homothetic to the Eguchi-Hanson metric. In the following we drop the oo subscript
and let a, b, @, y be with respect to the metric g..(t). Note that equation (10.9)
and an application of L’Hopital’s Rule show that at time 0 on S? we have

S:—:O
Ge)

The evolution equation for % derived in the Appendix A is

o a(5)-(3), (55 (), 35 o -

Because go(t) € Z is of bounded curvature we see that

1 Yy 1 2a4b; 9

b_2 <2 -+ @) (Qbs — 2(13) = b_2 <— Q — 2CL3 -+ Qbs + bs)

is bounded. Note that we applied Lemma 3.3 to show that b% is bounded. Therefore
we may apply the strong maximum principle of Theorem 3.2, Case 2, to deduce that

Y —0 on My x (=00, 0],

Q
yielding that g.(t) is Kéhler in the the k = 2 case. By Theorem 9.2 we then deduce
that g (t) is homothetic to the Eguchi-Hanson metric, which proves the desired
result. U

11. ANCIENT RiIcci FLOWS PART II: £ = 2 CASE

In this section we prove that every non-collapsed ancient Ricci flow in the class
of metrics Z is isometric to the Eguchi-Hanson metric:

Theorem 11.1 (Unique ancient flow). Let k > 0 and (Ma, g(t)), t € (—o0,0], be
an ancient Ricci flow that is k-non-collapsed at all scales and g(t) € Z, t € (—o0, 0]
(see Definition 7.2). Then g(t) is stationary and homothetic to the Equchi-Hanson
metric.

An immediate consequence of this theorem is that for every sequence of times
ti = Tsing in Theorem 10.1, the rescaled Ricci flows

gi(t) = g (t+t:b*(0,t;)), te [=blo,t;)t;,0],

b2 (O, tl)
subsequentially converge to the Eguchi-Hanson space. In other words, the Eguchi-
Hanson space is the unique limit of blow-ups around the origin. With a little extra
work one can show the slightly more general result, asserting that blow-up limits
centered at points close to, but not necessarily on the tip of My, subsequentially
converge to the Eguchi-Hanson space:
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Corollary 11.2. Let (Ma, g(t)), t € [0, Tsing), be a Ricci flow starting from an initial
metric g(0) € I (see Definition 7.2) that develops a singularity at time Tying. Let
(pi, ti) be a sequence of points in spacetime with t; — T, satisfying
b(piati)
S
ep b(07 tz)
and consider the rescaled metrics
1
() = 5——g (Li+ b (pi ti)t),  t € [—t:b (i, t:),0].
g:(t) b2(pi7ti>g( + % (p, ta)1) [ (pist:), 0]
Then (Ma, gi(t),p;) subsequentially converges, in the Gromov-Cheeger sense, to a

blow-up limit (Ms, goo(t), Pso), t < 0, which is homothetic to the Equchi-Hanson
space.

< o0

We defer the proof of Corollary 11.2 to the end of subsection 11.5.

11.1. Outline of Proof. Here we outline the proof of Theorem 11.1. Below we
take (Ma, g(t)), t € (—o0, 0], to be a non-collapsed ancient Ricci flow with g(t) € Z,
t € (—o00,0]. We construct a continuously varying one-parameter family of functions
fo:10,1] = [0,1], 6 € (0,1],
satisfying the following five requirements:
(1) For every 6 € (0, 1] the condition

2 _
Z0(6.t) = G5 + @ = "L 4 (@) 2 0
is preserved on the (Ma, g(t)) background.
(2) For every 0 < @ < 1
fo(Q) — 0 as § — 0

(3) For every 6 € (0,1] there exists a Qg € [0, 1) such that
f(Q) <1 for Q< Q,
and

f(@Q) =1 for Q> Q.

Furthermore )y depends continuously on 6.

(4) For 8 =1
fi=1
everywhere.
(5) For every 6 € (0, 1] the function fy is extendable to a smooth even function
around 0.

Remark 11.3. We briefly remark on some of the properties of fy:

e In the expression for Zy of requirement (1) we take z, ) and a, to be functions
of spacetime. For brevity we do not express the dependence explicitly.
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e The term & can be extended smoothly to the non-principal orbit S?, as
r=1xy =0 at s = 0. Therefore Zy is well-defined on M>.
e When 6 = 1 we already know that

x+ Q2
Zl - 7 Z O
in My x (—00,0], as from Theorem 9.1 it follows that T} = Q*Z; > 0 on

M2 X (—O0,0]
e At any point (p,t) in spacetime such that Q(p,t) > @y we have

Zo(p,t) = Z1(p,t) > 0.

e The family fp(Q), 6 € (0, 1], we construct below is smooth everywhere apart
from when Q = Q. It will become clear later that this does not pose a
problem.

In subsection 11.2 we show that at points (p,t) in spacetime at which Q(p,t) #
(Qy, or equivalently at points where f is smooth, the evolution equation of the
corresponding Zy can locally be written as

Qg b 1 ~
OhZy = [Zpss + (3; - 23) [Zp]s + W (Wa + ZaDa> ;

where W, and Dy are bounded and scale-invariant expressions involving bs, @, fo(Q),
f3(Q) and f}(Q). Again, all quantities in the evolution equation of Zy should be
interpreted as functions of spacetime.

In subsection 11.3 we construct a family of functions fy, 6 € (0, 1], by solving an
initial value problem for a second order non-linear ordinary differential equation.
Subsequently we show that the family satisfies requirements (1)-(5) listed above.
In particular, we show in subsection 11.4 that for the constructed family — on a
non-collapsed ancient Ricci flow background — the following property holds true:
For all points (p,t) in spacetime such that Q(p,t) < Qp, we have Wy(p,t) > 0,
0 € (0,1]. This fact, in conjunction with the fourth bullet point of Remark 11.3,
essentially shows that for each 6 € (0,1] the inequality Zy > 0 is preserved on the
g(t) background.

Once we have shown that our family fp, 6 € (0, 1], satisfies requirements (1)-(5),
we will use a blow-up argument in conjunction with the strong maximum principle
to show that if for some 6y € (0, 1] the inequality Zy > 0 holds for all 6 € [0, 1], then
there must exists an 6; < 6y such that the inequality also holds for all § € [6;, 1].
This shows that the set

E={0€(0,1]|Zy >0forall § <6 <1} C(0,1]

is open. As & is defined by a closed condition and therefore closed, it follows that
€ = (0,1] and therefore

Zy >0 forall § € (0,1].
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By property (2) of fy we deduce that at all points (p,t) in spacetime such that
Q(p,t) < 1 we have
z(p,t) > 0.
Note that by the strong maximum principle applied to the evolution equation (5.1)
of @ it follows that ) < 1 and hence x < 0 everywhere. Now recall Theorem 9.1
which states that
r<Qy<0 on Myx (—o0,0].
Therefore
r=y=0 on My x (—o0,0]
and we conclude that the metric g(t) is homothetic to the Eguchi-Hanson metric by
Lemma 4.1.

11.2. Evolution equations. The main difficulty in carrying out the proof is to
find a family of functions fp, 6 € (0, 1], for which requirement (1) is satisfied. Our
strategy is to first derive the evolution equation of Zy for a general fy and then
reduce the problem to solving a second order ordinary differential equation in fy.
For this, first note that the evolution equation of fy(Q) away from the non-principal
orbit S? can be written as

Oufo(@Q) = [fa( @) + (3% - 2%> @)+ L

2 Ot
where
(11.1) Cp = (8asbs — 3%3 —5Qb2 +4Q (1 - Q2)> f' = (as — Qby)* "

The computation is carried out in the Appendix A.

Remark 11.4. Some remarks on the evolution equation of fp(Q):

e We often omit the dependence of our quantities on spacetime, i.e. by fy(Q)

we mean fp(Q(p,t)).

e For brevity we often omit the dependence of f on # and @), as in the expres-
sion for Cy above. For instance, we write f’ for f;(Q) and f” for fy'(Q).

e Note that by Lemma 2.2 the quantity ) = 7 as a function of s can be
extended to an odd function around the origin. Therefore as long as fy :
[0,1] — [0,1] is extendable to an even function around the origin, the term
% and hence Cy can be smoothly extended to all of Ms.

From equation (11.1) and the evolution equations (5.3) and (5.5) of a, and Q?,

respectively, we see that the evolution equation of Zy can be written as
bs
b

after having eliminated any occurring a, by substituting

as=QZy — fQ° — Q° +2.

s 1
(11.2) 07y = [Zg)ss + (3% -2 ) [Zo)s + o (Czo+Cr1Z9 ++Cr273)
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A computation carried out in the Appendix A shows that

Czo=A +{%}A +{b—SrA
A 0 0 1 0 2,

where
AO — _ Q4f2f// . 2Q4ff// . Q4f” 4 4Q2ff// + 4Q2f// _ 4f// _ 3Q3f2f/
C6QUF —TQU 4 12Qf '+ 1608 — 2 a2 s 18 22 4
A ==2Q " = 2Q " +4Q* " — 8Q [ f' — 8Q° [’
+16Qf — 4Q*f? — 8Q*f + 8f +4Q* + 8
AQ :_Q4f”_5Q3f/_2Q2f_2Q2 -4

Similarly, we compute the expressions for Cz; and C 5 in the Appendix A, however
their exact forms are not important for our analysis. It is only important to note
that when f is extendable to an even function around 0, the quantities Cy;, A;,
i =0,1,2, are scale-invariant, bounded, and can be extended smoothly to SZ2.

For reasons that will become clear below, we rewrite the equation (11.2) in the
form

S bs 1
(11.3) 0,2y = [Zo]ss + (3% - 23) (Zal. + 55 (Wo + ZoDy).
where

s b, ?
(114) W9:A0+ E—Zg A1+ é—Zg A2
and

bs
Dy=Cy1+2ZCzo+ A1 — Ay (Ze - 2@)

Sometimes it will be useful to regard Wy as a quadratic polynomial. Therefore we
define
wy(2) = Ag + Arz + Ay2?

Wg—wg(%—z,g).

In the proof of Theorem 11.1 we also need the evolution equation of

x
Z1:@+17

Then

which can be written as

Qs be 1
(11.5) 0,7y = [Z1]ss + (3; — 23> [Z1]s + = (Czi0+CrnZy + Cy277)
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where
Cro = é (<4 (1+ Q%) +8Q (1—20%) y + 16Q° (1 — Q%))

and Cy, 1, Cz, 2 are a bounded scale-invariant functions of ay, b5 and ). The deriva-
tion of this evolution equation is carried out in the Appendix A. Note the following
lemma:

Lemma 11.5. Let (M, g(t)), t € (—00,0], be an ancient Ricci flow as in Theorem
11.1. Then

and

everywhere in My x (—o0,0].

Proof. By Theorem 9.1 we know that Z; = % > 0 in My x (—o0,0]. Moreover,
notice the similarity of Cyz o to the zeroth order term in the evolution equation
(5.11) of Ty. Therefore we see by the proof of Lemma 5.8 that Cz, o > 4 (1 — Q?)
for metrics in Z. 0

In the proof of Theorem 11.1 we deform the inequality Z; > 0 along a path of
conserved inequalities Zy > 0, 6 € (0,1]. Thus Z; > 0 is the starting point for
successively constraining the ancient Ricci flow towards the Eguchi-Hanson space.
Below we construct the fy leading to the conserved inequalities Zy > 0.

11.3. Construction of fy, § € (0, 1]. The goal of the following discussion is to find
a family of functions fy : [0,1] — [0,1], 8 € (0, 1], such that

Wy >0

is non-negative on ancient Ricci flows satisfying Zy > 0. For this we consider
solutions to the ordinary differential equation
f/

f//_4(1_Q2) (Q2f_5Q2+3) Q
+2f (f?Q*+3fQ*—6f —6Q° +38),

(11.6) 0=—4(1-@%

which is equivalent to
(11.7) wy (—f+1)=0.

Note that we are now regarding () as an independent variable and not as a function
of spacetime. Before we explain how we arrived at this differential equation, we
list some of its properties below. For clarity of exposition we defer their proofs to
subsection 11.6.

Lemma 11.6. For every fy € R the ordinary differential equation (11.6) possesses
an even analytic solution around the origin with initial condition

f(O) = Jo-
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Furthermore, f varies smoothly with fq.

Lemma 11.7. Let [ : [0, Qnaz) — R, Quar < 1, be the mazimal solution to the
ordinary differential equation (11.6) with initial condition 0 < f(0) < 1. Then on
any interval (0, Qy), Qv < Qumaz, on which 0 < f(Q) <1 we have f'(Q) > 0.

Lemma 11.8. Let 0 € (0,1] and fy : 0 € I — R be the mazimal solution to the
ordinary differential equation (11.6) with fy(0) = 0. Then there exists a Qg € [0,1)
such that

Jo(Qo) =1
and
fg(Q) <1 fO?"O S Q < Q@.

Furthermore,
(1) Qg varies continuously with 6 € (0, 1]
(2) Qg —1as —0
(3) Q=0

For each 6 € (0, 1] let
o : [0,Qp] — [0,1]

be the solution to the differential equation (11.6) with initial condition

$o(0) =0
and define fy, 6 € (0, 1], as follows:

for0 < Q<
11.8) = {7 A

Note that fy is continuous but in general not smooth at () = )y. This is not a
problem, as will become clear later. In summary, we have:

Proposition 11.9. There exists a unique continuously varying family of continuous
functions fy : [0,1] — [0,1] and numbers Qy € [0,1) for 8 € (0,1] satisfying the
following properties:

o fy(Q) solves (11.6) or equivalently wo(—fo(Q) +1) =0 for 0 < Q < Qp
e fy(0)=146

o fo(Q) <1 for Q@ < Qg and fo(Q) =1 for Q > Qy

o f4(Q) is strictly increasing in QQ when 0 < Q < Qg

o f4(Q) is extendable to an even function around the origin

e (Qy varies continuously with 0

e J)p—1ash —0and Q1 =0

o For every @ € [0,1) we have fy(Q) — 0 as § — 0
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11.4. Non-negativity of Wjy. For the choice of fy, 8 € (0,1], defined above the
following proposition holds true:

Proposition 11.10. Let 6 € (0,1] and fp be as defined in (11.8). Assume (Ma, g(t)),
t € (—00,0], is a non-collapsed ancient Ricci flow with g(t) € T fort € (—o0,0] and
Zy > 0 everywhere. Suppose at the point (p,t) in spacetime Q(p,t) < Q. Then

We(p,t) > 0
with equality if, and only if,
Ty(p,t) = 0.
We prove this proposition in multiple steps. First note

Lemma 11.11. Let fy, 0 € (0,1], be the family of functions as defined in Proposition
11.9. Then

(11.9) Ay = =Q'f" —5Q%f —2Q°f —2Q* —4 <0
for 0 < Q < Qp. Thus we(z) = Agz? + A1z + Ay is concave in z whenever 0 < Q <
Qo

The proof of this technical lemma can be found in subsection 11.6. Furthermore
we have

Lemma 11.12. Let 0 € (0,1]. Let (Ms,g(t)), t € (—00,0], be a non-collapsed
ancient Ricci flow with g(t) € T fort € (—o0,0] and Zy > 0 everywhere. Then

—ﬁ@D+1§%—i%gmm(L—ﬁ@@+ji_2>,

Q2
and
) 1-Q2
(11.10) Imn(L—JMQ)+é%—2)::{if+§§_2 Z¥S§;§3cy
Proof. By Theorem 9.1 and since ¢(t) € Z we know that
y=5b-0Q<0

Ty=Qy—z=—a,+Qbs+2(1-Q%) >0
Ts=a;—Qb,+1-Q*>0
on My x (—00,0]. Therefore y < 0 implies
be _ Zp <1 — 2y
Q

and Ty > 0 implies

_ _ N2
%_%:Q% as — Q" +2

) 02 — fo(Q) > 1~ fo(Q)
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and finally T35 > 0 implies

bs Qbs_as_Q2+2 3
0 Zp = o — fo(Q) < —fo(Q) + o2 2.
Now applying the assumption Zy > 0 proves the desired result. U

Recalling that by definition

bs
Wy = wy (@—Ze>,

the above Lemma 11.12 and concavity of wy(z) show that to prove Proposition 11.10
it suffices to check that for § € (0,1] and 0 < @ < @y we have

a = wp (—fp(Q) +1) >0,

1 — Q2

B :=wy (1) >0 whenever fy(Q) <3 o
3 -7
~y = 1wy (—fe(Q) + 0 2) > 0 whenever fy(Q) >3 07

where fj is as defined in Proposition 11.9. Note that « is only defined for Q? > 0.
This however does not pose a problem as

1—-Q?

Q2
implies that Q% > % > 0. Recall that by the properties of fy(Q)) summarized in
Proposition 11.9 we have

wy (—fo(Q)+1) =0 for 0 < Q < Qy,

and therefore only need to investigate the sign of 5 and ~ in their respective regimes.
This explains why we chose to define fy(Q)) via the ordinary differential equation
(11.6). In the following technical lemma, the proof of which we defer to subsection
11.6, we show that for our choice of fy the functions  and ~ are in fact positive in
their respective regimes:

1> fo(Q) >3

Lemma 11.13. Fiz 0 € (0,1] and let fo(Q) as defined in Proposition 11.9. Then
for 0 < Q < Qy we have
1-Q?

Q>

B >0 whenever fp(Q) <3

and
1 - Q?
Q>

v >0 whenever fp(Q) >3

Now we can prove Proposition 11.10.
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Proof of Proposition 11.10. By Lemma 11.11 and Lemma 11.13 we know that Wy >
0 whenever 0 < () < @y, with equality if and only if

b

5 - 29 =1- fH(Q)7
which by the definition of Zy is equivalent to T3 = 0. ]

Remark 11.14. The proof of Proposition 11.10 essentially implies that for every
6 € (0, 1] the inequality Zy > 0 is preserved on Ricci flow backgrounds in Z satisfying
Ty > 0, Ty > 0 and T3 > 0. We do not prove this here, as our proof of Theorem
11.1 does not rely on this fact.

11.5. Proof of main theorem. Next, we prove that the Eguchi-Hanson space is
the unique ancient Ricci flow in the class Z.

Proof of Theorem 11.1. Recall that by Corollary 7.6 there exists a C'; > 0 such that
[Bimgnlgm) < 75
Moreover, by Theorem 9.1

Tl,TQ,Tg >0 on MQ X (O0,0]
and by Lemma 11.5
Zy >0 on My x (00,0].
Hence we may assume that there exists a 6y € (0, 1] such that for all 8 € [0, 1]
x

R

Claim 1: For every 0 < @), < 1 we have

Zg + fQ(Q) >0 on M2 X (O0,0]

inf{Zgo(p, t) ‘ (p,t) € My x (00,0] such that Q(p,t) < Q*} > 0.

Proof of Claim: We argue by contradiction. Assume there exists a sequence of
points (p;, t;) in spacetime such that

and
Zy (piyti) — 0 as © — oo.

Consider the rescaled metrics
1

(t) = ————q(t; + b (pi, ti)t), t € [=At,0].

9i(t) bQ(phti)g( + b (i, :)t) [ ]

For sufficiently small At > 0 the conditions of Proposition 8.3 are satisfied and
therefore (Cy,(0) (pi, ), 9i(t),ps), t € [~At, 0] subsequentially converges to a Ricci
flow (Coos Goo(t), Poo)s t € [—AL,0]. Write

Q2 =Cyx x [-At,0].
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By construction

ZQO (pooa O) = Héf Zgo =0.
Now we need to distinguish two cases:

Case 1: Q(pso,0) < Qg,. Then there exists an r € (0,3) and At' € (0, At) such
that on the parabolic set

QO = Cgoo(O)(poo:T) X [—At/,O] c

we have () < QQy,. By the strong maximum principle of Theorem 3.2 applied to the
evolution equation (11.3) of Zy, we have

Zg, =0 on
and therefore
(Zoy)s = (Zpy)ss =0 on Q.
By the evolution equation (11.3) of Zy, we see that that
0= 0,Zg, = Qp, in
which by Proposition 11.10 implies
Th=Qy—2=0 in Q.
However, the evolution equation (5.13) of 75 then implies
y=0 on (.

and thus also
x=0 on .

That in turn implies

Z90(p0070) = f(Q(pomO)) > 6y >0,

which is a contradiction.

Case 2: Q(Po,0) > Qp,. Recall that at points (p, t) in spacetime satisfying Q(p, t) >
Qp, we have Zy (p,t) = Z1(p,t). In this case we therefore have
Zl(pOO70) - Z@o(pOCHO) = 0

By the strong maximum principle applied to the evolution equation (11.5) of Z; and
Lemma 11.5 we deduce

Z1 =10 on Q.
Furthermore, we see that this is only possible when
Q=1 on Q.

which contradicts
Q(ps,0) < Qu < 1.
This concludes the proof of the claim. |
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Thus for every @, € (0,1) there exists a § > 0 such that for all points (p,t) in
spacetime satisfying 0 < Q(p,t) < @, we have

Z00 (pa t) > 0.

By the continuous dependence of Zy and (Qy on 6, and the fact that Zy = Zy at
points (p,t) in spacetime at which Q(p,t) > max(Qy, Q¢ ), there exists an 6; < 6,
such that for 6 € [6;, 1]
Zyp >0 on My x (—o0,0].
Now consider the set
E={0€(0,1]|Zy >0for 6 <0 <1} C(0,1]

The above argument shows that £ is an open subset of (0,1]. As the condition
Zy > 0 is closed and fy depends continuously on 6, it follows that £ is also a closed
subset of (0,1]. Hence by connectedness of (0,1] it follows that & = (0, 1] and thus
for all 6 € (0, 1]

Zyp >0 on My x (—o0,0].
Note that by the strong maximum principle applied to the evolution equation (5.1)

of ()
Q <1 on My x (—o0,0],

as otherwise () = 1 everywhere, which is not true. As Zp = g5 + fo(Q) and by
Proposition 11.9 for every 0 < ) < 1 we have f3(Q) — 0 as § — 0 it follows that

x>0 on My x (—o0,0].
However, as
To=Qy—x>0 on My x (—o0,0]
and y < 0 by the assumption that ¢(t) € Z it follows that
r=y=0 on My x (—00,0].
By Lemma 4.1 we conclude that (Ms, g(t)),t € (—o0,0], is stationary and homo-
thetic to the Eguchi-Hanson space. 0

Now we prove Corollary 11.2.

Proof of Corollary 11.2. By Theorem 7.5 and the fact that by < 0 for metrics in Z
there exists a C; > 0 such that

Ch 4
< < .
’ng(t)|g(t)(p) = 02(p,t) — (o,

This shows that

b(o,t) = 0 as t = Tying.
As by assumption
b(pi, ts)
b(o,t;)

C = sup < 00
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and y < 0 by the fact that g(¢) € Z it follows that
Oib(0,t) <0, te|0,Tyng),
by (10.2). We deduce
b(pi,t;) = 0 as i — oo.

Consider the rescaled metrics

(1) = 4 th2 (st t € [—t:b=2(p: t; )
gz(t) bZ(pi,ti)g (tz + b (putz))a S [ tzb (putz)ao]

These satisfy the curvature bound
|ngi(t)|gi(t) S 0201 on M2 X [—tzb_Q(pZ,tz),O]

By Theorem 7.3 the rescaled metrics g;(t) are k-non-collapsed at larger and larger
scales. Hence by Corollary 8.2 the Ricci flows (Ms, ¢;(t), p;) subsequentially converge
to a pointed ancient Ricci flow (Mo, goo(t), Poo), —00 < t < 0, with go(t) € Z. By
Theorem 11.1 it follows that g..(t) is stationary and homothetic to the Eguchi-
Hanson metric. O

11.6. Proof of technical lemmas. In this subsection we collect the proofs of the
technical lemmas we relied on above.

Proof of Lemma 11.6. We apply [A17, Theorem 9.2] to prove this lemma. Define
r= Q>
Then
f=2Qf,
f” = 2f7” + 4rfrr7

where ’ denotes the derivative with respect to (Q and subscript r denotes the deriv-
ative with respect to r. Rewriting the differential equation (11.6) with respect to
the independent variable r, we obtain

(11.11) rfrrzﬁ(6r—4—rf)fr+8 L (PPr+3fr—6f —6r +8)

(1—r)*
At r = 0 the right hand side must equal zero, which can be ensured by requiring
1.0 = 3o = 313
Now define
ur=f—fo
U = fr — fr(o)'
Then (11.11) can be written as a system of equations of the form

r(ui)r :Pi(ﬁ7raf0)> 1= 1727
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where
P:R?*x (~1,1) x R — R?
(d,r, fo) — P(u,r, fo)
is an analytic vector-valued function of several variables satisfying
P(0,0, fo) =0
for all fo € (—1,1). A computation shows that

oP 0 0
Ou | @0.f0) 1—-f0 -2

This matrix has no positive integer eigenvalues and furthermore
meN

oP -
I, — —
<m > du 00f0>
foeR

where I, is the 2 x 2 identity matrix. By [A17, Theorem 9.2] the desired result
follows. O

Proof of Lemma 11.7. At (Q = 0, we have by L’Hopital’s Rule that

B = sup < 00,

1
(11.12) //:Zf(4_3f)>0 f0r0<f(())<§.
Furthermore, at an extremum of f we have

2f
11.13 = (fPQ*+3fQ - 6f —6Q° +8).
(11.13) T O Q67 60 +9)

Defining the polynomial
n(f.Q%) = f7Q* +3fQ* — 6f — 6Q" +8

we see that
anpl f—|—3f 6<OfOI‘O<f<1
Therefore

(£, Q) >pm(f,1)=f"=3f+2>0for 0<f<land0<Q <1
From (11.13) it then follows that f’ > 0 for as long as 0 < f < 1. O

Proof of Lemma 11.8. We argue by contradiction. Assume there does not exist such
a Qg < 1. Then by Lemma 11.7 we have f' > 0 on @ € (0,1) and hence

Jim f(Q)=1<1
exists. By (11.6) we have
L= QY = —4(1— Q) (@ — 5Q2+3)g
+2f (Q* (f*+3f—6) +8—6f).
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For Q> >1—%and 0 < f <1 we have
Q*f —5Q°+3<3—-4Q*< —-1+6
and
Q* (f*+3f = 6) +8—6f>(2— )1 - f),

asfor 0 < f <1

fA4+3f—6<0.
Hence for Q? > 1 — % and 0 < f < 1 we obtain the following inequality
" .f/ 1 _f
(11.14) 1z o s i =g
where
1=
“To0+Q)
5 f@2-7)
= 5
21+ Q)

Furthermore we observe that

1
04—>§ as f,Q — 1

1
£ — 3 as f,Q — 1.
If I < 1, then there would exists a ), < 1 such that for () > @), we have
f// > il<1 B l)(2 B l)
T (1-QP
1

Here {5 can be replaced by any positive number less that %. However, integrating
this differential inequality shows that in this case f would reach 1 before @) = 1,
leading to a contradiction of our assumption. Therefore we may assume that [ = 1.

Defining

9(Q) =1 f(Q)
we obtain the differential inequality
" 9'(Q) 9(Q)
(11.15) 7'Q) <01 gt

By Lemma 11.7 we know that g(@Q)) > 0 and ¢'(Q) <0 on Q € (0,1).
Claim 1: The function g(Q) reaches zero before @ = 1.

Proof of Claim: By our assumption that [ = 1 we know that there exists a @), < 1
such that for Q) > Q.

9(Q) < 0.
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Furthermore, by choosing (). < 1 sufficiently close to 1, we may assume that for

Q= Q.

p 39(@Q) 5 g(@Q)
(11.16) g9"(Q) < §m - Ema

as % < % and 45—9 < é. Now take the substitution

9(Q) = u(r)
for
r=—In(l - Q).
Then the (11.16) becomes
v 4du 5

- <
dr?  Tdr 49 —
The corresponding ordinary differential equation is of oscillatory type, which moti-
vates the substitution
u(r) = e_%’"v(r)

yielding the inequality

d*v 1

— < ——u.

dr? — 49
Hence v reaches 0 in finite r, which tracing back the substitutions, shows that g
must reach zero before () = 1. |

Now it remains to prove the assertion (1), (2) and (3). We prove (1). First fix a
6 € (0,1). By Lemma 11.7 we know that f;(Qp) > 0. Now extend the solution fp
of (11.6) to the interval [0,Qy + ¢|, ¢ > 0, such that f;(Q) > 0 on (0,Qp + ¢]. By
the continuous dependence of fp(Q) on 6 it follows that for every € > 0 there exists
a 6 > 0 such that |0 — ¢'| < 0 implies |Qy — Q¢'| < €. To prove the continuity of Qg
at 6 = 1, note that Q1 = 1, f1(0) = 1 and f; = 0. Then recall from the proof of
Lemma 11.7 that f”(0) > 0 when 0 < f(0) < %. Now applying the same argument
as above yields continuity of @y at @ = 1 and therefore proves (1).

Assertion (2) follows from the fact that for the initial condition f(0) = 0 the cor-
responding solution to the ODE (11.6) is f(Q) = 0. By the continuous dependence
of fon f(0) =0 we deduce that

Qo — 1asd — 0.
Finally, assertion (3) follows by definition. O
Proof of Lemma 11.11. First note that by Lemma 11.7 we know that f, f/ > 0 on
[0, Qp]. Solving the ODE (11.6) for f”, we obtain

"no__ 1 4 I 401 2 / 2 pl
(11.17) - T aF (20°7 7 = 10Q"f = 2Q*f 1 +16Q%]

6+ Q*f +3Q7* — 6Q°f — 6Qf* + 8Q )
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Substituting expression (11.17) into (11.9) yields
A= G Q=@ =@ r
100+ 32Q° — 6/°Q" — 2/Q° + 41Q7 +4Q° — 12Q° + 8)
Defining
pa(f, Q%) = fPQ° +3f2Q° — 6£°Q" — 2fQ° +4fQ* + 4Q° — 12Q* + 8
we then only need to check that
p2>0 for 0< f,Q <1

Defining
Pa(F, QQ) = pa(f, Q2)
for
F=fQ?
we see that

0g2D2 =3F2—4FQ2+12(Q4—1) <0 for 0<F,Q<1
F

with equality only at F' =0, Q = 1. Therefore the minimum of p, is attained when
@ = 1, in which case we have we have

P(F1)=(F-2)(F-1)F>0 for 0< F < 1.

As 0 < Q < Qg < 1, we actually have po(f, Q%) > 0 on (f,Q) € [0,1] x [0, Q] and
the result follows. O

Proof of Lemma 11.13. A computation shows that

(11.18) B=—(Qf +2Q*—-2)" 1"
+ (=3QYf7 — 14Q"' f + 12Q7 f — 20Q" + 32Q° — 12) %
—4Q?%f* — 12Q%*f + 161

and
(119) 7= —(1-@)° 1"+ (1 - @)@ + 1 - 95
+2Q2f3+6Q2f2—12f2—6Q2f+?£—f—20f—18Q2+g—t—§,

where we omitted the dependence of f on 8 and () for brevity. We first show that
B > 0 in the region

r-{ra|v<e=uo< s mn (13521
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of the f-Q-plane. Plugging the expression (11.17) of f” into the expression (11.18)
for 3, we obtain

2(1- Q) B =2ffQ0 - Q% (Q'f +2Q"f — 4Q*f — 20" — 2Q* + 4)
(= QO - TQU P 1004 — 10Q° + 36Q" f
— 28Q%f + 4Q° + 8Q* — 36Q% + 24)

An application of L’Hopital’s Rule shows that = 12f2 > 0 at (Q = 0 and therefore
we may assume that ¢Q > 0. Recall that f, f' > 0 on (0, Q) by Lemma 11.7. Hence
it suffices to show that the polynomials

pa(f, Q%) = Q'f* +2Q"f —4Q*f —2Q" —2Q" +4
and
pa £ Q%) = —QOF* —TQ° 2 + 10Q" f2 — 10Q°f + 36Q" f
—28Q°f +4Q° + 8Q* — 36Q* + 24
are positive on Ry N {Q > 0}. A computation shows
Ogeps = 2 (f7Q* = 1) +4f (Q° = 1) —4Q* <0
and hence for every (f,Q) € R; we have

p3(f7Q2)ZP3(f & ):( / >2>0.

3+ f 3+ f
To show that p, > 0 on R; is more complicated. For this we introduce the variable
F=fQ

and polynomial
pa(F, QZ) = pa(f, QQ)
Then
Pa(F, Q%) =24 — 28F + 10F? — F* + (—7F* 4+ 36F — 36) Q°
+ (8 — 10F)Q* + 4Q°
which gives
Ogeps = —TF? —4F (=9 +5Q%) +4 (-9 +4Q* 4+ 3Q") .
As this expression is concave in F' one can easily check that in the region
0<F<min(Q*3(1-Q%),0<Q<1
of the Q- F-plane we have
0g2ps <0
and thus

_F 1
Pa(F, Q%) > s <F 3T> = 5o F (2F° = 3F +18) > 0.
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From this we conclude that py > 0 on Ry N{Q > 0} and hence 5 > 0 on R;.
We adopt the same procedure to show that v > 0 in the region

1 — 2

o <i<i).

Substituting the expression (11.17) for f” into the expression (11.19) for v we obtain
RN C i Tacs

RZZ{(f7Q)‘0§Q§Q9>3
7:3(1—@2)(Q2f+2622—2)6+@4 5T 5 —9f2Q*

— 3£Q5 — 24fQ* + 30£Q? — 18Q° + 54Q* — 36)
First notice that for any point (f, Q) € Ry

31 EQQQZ <1
and hence
\/g <SQ< Q<1
Then from
f> 3129—92

it follows that

Q*f+20°—-2>1—-0Q*>0 on R,.
Therefore the first term in the expression for « is positive and we only need to prove
non-negativity of the second term. For this define the polynomials

(.01 = 2L LT g pgn_spqr g
+30fQ?% — 18Q° + 54Q? — 36
and
p5(F, Q%) = %Fg + ngQz —9F? —3FQ* — 24FQ?

+ 30F — 18Q° + 54Q* — 36,

where we again took F' = f@Q? Computing the partial derivatives

9[?
Do2Ps = - 6FQ% — 24F — 54Q* + 54
. 9F7 2 4 2

We deduce that at an local extrema O0g2p3 = Opps = 0

—17Q* + 8Q* + 8

F =
5Q% + 2
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and
80 + 144Q% — 188Q* — 200Q° + 307Q® = 0.

In Lemma 11.15 below we show that the equation for ) has no zeros in the interval
Q? € [3,1]. Therefore ps(F,@*) has no local extrema in the region Rj of the (F, Q?)-
plane enclosed by the curves

Ll : Q2 - ]-7

F<1

o
IN
IA

Ly: = <Q*<1,0

IA

2
= F<1
3
2

L3:3§Q2§1,F:3(1—Q2)

As the set of the (F,Q?)-plane corresponding to R, is a subset of Rs it suffices to
check non-negativity of p5 on the boundary of the region R3. There we have

3

and
P5(1,Q%) = 2(1 — Q) (12Q* +14Q*—9) >0 on Ly
and
B (31— @), Q%) = 0 (1- @) (20" ~3Q* +3) 20 on L
This concludes the proof. 0

Lemma 11.15. The equation
80 + 1447 — 188r* — 200 + 307r* = 0
has no roots in the interval [0, 1].
Proof. For r € [0, 1] we have
80 + 144r — 188r* — 2007 + 307r* > (80 — 67) + 150r — 20072 — 2007 + 300r*
> 24450 (14 3r —4r® — 4r° + 6r) .
Then we see that
14 3r — 42 —4r® 1 6t = (1—2r%)° + 1 (2% — 42 + 3)
> (1 — 2r2)2 +7r (27“4 — 4?4 3)
(1—2r2) 47 (20 = 1)2 4 1)
0

This concludes the proof. O
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12. DISCUSSION OF BLOW-UP LIMITS IN k = 2 CASE

In this section we investigate the possible blow-up limits of a Ricci flow (M, g(t)),
t € [0,Tying), starting from an initial metric g(0) € Z with sup,cy, b(p,0) < oo.
By Lemma 10.5 and Corollary 11.2 we know that such flows develop a Type II
singularity modeled on the Eguchi-Hanson space as the area of the non-principal
orbit S? shrinks to zero. One expects, however, that at larger distance scales from
S? one could also see other blow-up limits. The goal of this section is to show that
these are in fact limited to the following four possibilities: (i) the Eguchi-Hanson
space, (ii) the flat R*/Z, orbifold, (iii) the 4d Bryant soliton quotiented by Z, and
(iv) the shrinking cylinder R x RP3.

Next, we state the main theorem of this section:

Theorem 12.1 (Blow-up limits). Let (Ms,g(t)), t € [0,Ting), be a Ricci flow
starting from an initial metric g(0) € I (see Definition 7.2) with sup,¢,, b(p,0) <
oo. Let (p;,t;) be a sequence of points in spacetime with b(p;,t;) — 0. Passing to a
subsequence, we may assume that we are in one of the four cases listed below.

(1) lim;_, o0 —l;((p;’tt;)) < 00
(11) lim;_, o % = 00 and lim; o bs(ps, t;) = 1
(i) Tim o0 S5 = 00 and lim; o0 by(pi, 1) € (0,1)

(1v) lim;_, l;((p;”g)) = 00 and lim;_,, bs(p;, t;) =0

Consider the dilated Ricci flows

_ 1 2 -9
9:(t) = g,y (L Vo ti)t) € [=b(ps, 1), 0]

Then (My, gi(t),pi), t € [=b(pi, t;)"2t;, 0], subsequentially converges, in the Cheeger-
Gromov sense, to an ancient Ricci flow (Muo, goo(t), Do), t € (—00,0]. Depending
on the limiting property of the sequence (p;,t;) we have:

(i) Mo = My and goo(t) is stationary and homothetic to the Equchi-Hanson
metric
(ii) My =R\ {0}/Zy and goo(t) can be extended to a smooth orbifold Ricci flow
on RY/Zy that is stationary and isometric to the flat orbifold R*/Z,
(iii) My, =2 R\ {0}/Zy and g.o(t) can be extended to a smooth orbifold Ricci flow
on R*/Zy that is homothetic to the 4d Bryant soliton quotiented by Zs
(iv) My 2R x RP? and go(t) is homothetic to a shrinking cylinder

Remark 12.2. Notice that in Theorem 12.1 we do not claim that all blow-up limits

(i)-(iv) actually occur. If the Eguchi-Hanson singularity is isolated one would only
see (i) and (ii).

12.1. Outline of proof. Assume we are given a sequence of points (p;, t;) in space-
time with b(p;, t;) — 0. Consider the rescaled metrics

gl(t) - Qg(tl + b(p2> tl)zt)7 te [_b(pla ti)_ch O]a

1
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normalized such that b(p;,0) = 1. By passing to a subsequence we may assume that

either ( ) ( )
b(pi, ti . b(piyti
I < II) 1 =
sy <o o U gey
In case (I) we know by Corollary 11.2 that (Ma, g;(t), p;) subsequentially converges
to the Eguchi-Hanson space, which is the blow-up limit (i) from above. Therefore
we only need to investigate the behavior in case (II), i.e. at scales larger than
the forming Eguchi-Hanson singularity. At these scales Lemma 12.3 yields very
important geometric information. In particular, we show that for every ¢ > 0
there exist constants C,d > 0 such that the following holds: For all points (p,t) in
spacetime at which Cb(o,t) < b(p,t) < § we have
eRQ>1—c¢
o T =0bbys+1—0b>> —¢
o T, =bbyy +1—0>—(1—102)° <e
[} 8tb2 S €
Hence a blow-up limit (My, goo(t), Do) in case (II) satisfies @ = 1, Tr, > 0 and
Tr, < 0. Therefore M, is rotationally symmetric and satisfies

1 — b? B (1—1b%)? <_% < 1—1)3.
b2 b? - b 7 b
As —bT and 1;21’2 are the only non-zero components of the curvature tensor of a

rotationally symmetric metric, we see that blow-up limits of case (II) satisfy the
curvature bound
11
[BMgec(v)]gae () < €5
for some universal constant ¢ > 0.

We now briefly explain some of the geometric intuition behind the quantities
Ty, and Tp, for rotationally symmetric metrics. When T = 0 the underlying
space is of constant curvature and therefore isometric to a sphere, the flat plane or
hyperbolic space, depending on the sign of the scalar curvature. On the other hand
solving the ODE T, = 0 one can show that by — 0 as s — oo and the underlying
space is asymptotically cylindrical. Thus blow-up limits in case (II) are rotationally
symmetric spaces that are ‘sandwiched’ between a sphere and an asymptotically
cylindrical space.

We need to divide case (II) into three subcases in order to investigate the possible
blow-up limits: By passing to a subsequence we may assume that

(IL.a) bs(pi, t;) — 1 or (ILb) bs(pi,t;) = n € (0,1) or (ILc) by(ps,t;) — 0.

For (IL.a) and (IL.c) we show in Lemma 12.9 and Lemma 12.6 that (Ma, g:(t), p;)
subsequentially converges to the flat orbifold R*/Z, and the shrinking cylinder R x
RP3, respectively. The main idea is that by the strong maximum principle applied
to the evolution equation (12.10) of b; when ) = 1 a minimum bs = 0 or a maximum
bs = 1 can only be attained if b, is constant everywhere.
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Proving that the blow-up limit in case (I.b) is an ancient orbifold Ricci flow,
which is homothetic to the 4d Bryant soliton quotiented by Zs, is trickier. The
construction is carried out in Lemma 12.8, the proof of which we sketch here: Fix a
T > 0 and define

b(p,t
n

Then consider the rescaled metrics g;(t), defined as above, on the parabolic neigh-
borhoods

Qp=Ept.0x[-T—1,0]
in spacetime. By Lemma 12.3 we know that 9,b> — 0 uniformly as b — 0. Hence
from the curvature bound
(12.1) |ng(t)|g(t) S %
of Theorem 7.5, we see that the curvature of g;(t) is bounded by Cn? on ;,, for
sufficiently large and C' > 0 some constant. The difficulty in constructing the limit-
ing orbifold flow arises from the fact that the curvature bound (12.1) degenerates as
n — oo. We get around this by exploiting the inequalities on T and T, derived
in Lemma 12.3, to find a uniform curvature bound independent of n. From here it
is then easy to construct the orbifold Ricci flow g.o(t), t € [=T,0], on R*\ {0}/Z,
by taking the limit n — oo. Via Lemma 12.12, and Theorem 12.11 in the Appendix
B, we show that g..(t) can be extended to a smooth orbifold Ricci flow on R*/Z,.
Apriori the curvature bound of g, (¢) on R*/Z, x [0, T] may deteriorate as T — oo.
Nevertheless we can use a diagonal argument to construct an ancient orbifold Ricci
flow on R*/Z,. Hamilton’s trace Harnack inequality then implies that g..(¢) has
bounded curvature on R*/Z? x (—o0,0]. Finally, we apply the result [LZ18] by Xi-
aolong Li and Yongjia Zhang to deduce that g, (t) is homothetic to the 4d Bryant
soliton quotiented by Zs.

12.2. Proof of main theorem. We begin by proving the central lemma of this
section, which yields important geometric information on the high curvature regions
of a Ricci flow (Ma, g(t)) as in the Theorem 12.1.

Lemma 12.3. Let (M, g(t)), t € [0,Ting), be a Ricci flow starting from an initial
metric g(0) € Z with sup,cyy, b(p,0) < oo. Then for every e € (0,1) there exist
constants C,0 > 0 such that at all points (p,t) in spacetime with Cb(o,t) < b(p,t) <
0 the following inequalities hold:
(i) Q>1—¢
(71) bbss < €
(iii) Tp, = bbsy + 1 — b2 > —¢
(iv) Tp, = bbgs +1— b2 — (1 —b2)* < ¢
(v) Ob* < e

Remark 12.4. Inequality (ii) is implied by (iv) for metrics in Z. However, we need
(i) as an intermediate result before proving (iv).
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Proof. Fix € € (0,1). Recall the following facts of the Eguchi-Hanson space (Ma, g%)
derived in section 4:

(a) z =y =0on M,
(b) @ > 1ass— o0
(c) g” is normalized such that its warping function b¥ satisfies b¥(0) = 1.

Using (a) a computation shows that

bbss =2 (1 — Q%)

Tr =3(1-Q%
Tr =3(1-Q%) - (1- Q%)
8tb2 :O

on (Ms, g¥). Pick C > 10 such that on (M, g¥) we have Q > 1 — ¢, bby, < e,
Tp, > —e and Tk, < € whenever s > C. This is possible by property (b).
Take a path 7 : [0, Ting) — Ms such that

s(y(t), 1) = Cb(o, 1),

where we recall that s(p,t) is the distance of a point p € M, from the non-principal
orbit S? at the tip of M,. By Corollary 11.2 we know that at distance scales
comparable to b(o,t) away from S? we converge to the Eguchi-Hanson space as
t — Tying. From the scale-invariance of @, bbss, Tr,, T, and 0,b? it follows that at
spacetime points (y(¢),t) inequalities (i)-(v) eventually hold as t — Tp,.

Let A be the set of all sequences of points {(p;, ;) }sen in spacetime satisfying the
following two properties:

(1) b(pi, ti) = Cb(o, ;)

Note that property (2) implies that for such sequences t; — Tip, as i — 00.

We first prove inequality (i), arguing by contradiction. Assume that

v = inf {lilgian(pi,tz’) | {(pi, t:) Yien € A} <l-e

Then there exists a sequence {A,},en of sequences A,, = {(Pn.i,tni)}ien of points
in spacetime satisfying properties (1) and (2) above, and

lim liminf Q(pni,tns) = ¢

n—,oo  1—0o0

For each n € N take N(n) € N such that for m > N(n) we have

1
lim inf QP iy b ) = 1] <
n

1—00

For each n € N take I(n) € N such that

1—00

1
< =
n

‘ Q(pn,[(n) ; tn,I(n)) - hm inf Q(pn,iu tn,z)



96 ALEXANDER APPLETON

and
b(Pn.1(n)> tn,1(n)) <

S |-

Let (pn, tn) = (pN(n),I(N(n)), tN(n),I(N(n))) for n € N. Then we see that
Q(pi ti) — tas i — o

and both properties (1) and (2) from above hold.
Before we carry on recall that by Theorem 7.5 there exists a C; > 0 such that

C
|ng(t)|g(t) < b_21 on M X [OaTsing)-

Recall also Theorem 7.3, from which it follows that there exist constants x,p > 0
such that ¢(t) is k-non-collapsed at scale p. Next, consider the rescaled metrics

1
g9i(t) = mg(ti +th(pi i),  [—AL,0],
where At > 0 is chosen such that Proposition 8.3 holds. Then (Cly, (pl-, %) ,9i(t), pi)
subsequentially converges to a pointed Ricci flow (Cu, goo(t), Poo), t € [—AtL,0]. By
construction
b(Po,0) =1

and

Q(Po,0) =1 < 1—k.

b(piti) __

Clarm 1: lim;_, Bot) — X

Proof of Claim: We argue by contradiction. Assume there exists a C’ > 0 such that
after passing to a subsequence of (p;, t;)

b(o, 1) < C".

Consider the rescaled metrics

gi(t) g(t; + t0°(pi,ti)),  [—b(pi, t:)~*t;, 0]

1

B2 (pity)
By Corollary 11.2 we see that (Mo, g;(t), p;) subsequentially converges to (Ma, goo(t), Poo),
where g (t) is stationary and homothetic to the Eguchi-Hanson metric. By con-
struction

1 =b(po,0) > Cb(0,0)
and

Q(Pso,0) =1 <1—k€.
Furthermore,

$(Pos, 0) 2 b(poo, 0) = Cb(0,0),

where the first inequality follows from the fact that 1 > @ > b, > 0 for metrics in
7 and the second inequality follows from the definition of C'. Thus

Q(pooao) >1-— €,
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which is a contradiction and hence proves the claim. |

Claim 2: For every N € N eventually en) t) > N everywhere in (Cy, (o) (pi, %) , gi(t), pi) X
[—At, 0]

Proof of Claim: Fix N € N. We argue by contradiction. After passing to a subse-
quence of (p;,t;), we may assume that there exists a sequence of spacetime points

(P, t;) € (Cyyo) (pir3) , 9:(t), pi) x [~At,0] for which b((plf,) < N. Consider the

rescaled metrics

1
gi(t) = R0 t,)g(thbQ(pQ,té)), t € [—b(p}, ), 0].
By Corollary 11.2, (Ms, ¢i(t),p), t € [=b(p,t;)7%t,, 0], converges to an ancient
Ricci flow (Mo, g4 (t),pl.), t € (—00,0], which is stationary and homothetic to
the Eguchi-Hanson space. Note that on the non-principal orbit S2

0> atb2(07 t) - 4bys > _4st = _4k7

as 0>y =1b,—Q > —Q and y = Q = 0 at o for metrics in Z. Hence for 7 € (0, ;-)
the warping function b; of the metric g;(t) satisfies

bi(o,t) > 1 — 4kt >0 for t € [-b(p],t)) "2, 7).

We deduce by Theorem 7.5 that g;(t) has bounded curvature on My X [—b(pf, t;)7%t!, 7].
Hence (Ms, gi(t),pl), t € [=b(p., t})~2t,, 7], also converges to the stationary Eguchi-
Hanson space. In fact, inductively we can then show that for any 7 > 0 we converge
to the Eguchi-Hanson space. As (pf, ;) converges to a point (pl_,t..) in Coo X [—At, 0],
this implies that C,, x[—At, 0] is a subset of a spacetime corresponding to the Eguchi-
Hanson space, and therefore lim;_, ., l;)((p L ‘)) < 00. This, however, contradicts Claim

1. |

Claim 3: Q(Poo,0) = infe_ x— a0 @

Proof of Claim: We argue by contradiction. If Q(p/,t') < ¢ at a point (p/,t') €
Coo X [—At, 0], one could pick a sequence of points (p},t;) € Cy, o) (pl, 2) x [—At, 0]
with (p}, ¢ ) (p',t') as i — oo. Then shifting back to the tlme of the Ricci flow
(Ms, g(t)) via T/ = t; + t;b(p;, t;)* we see that the sequence (p}, T!) € My x [0, Tying)
satisfies properties (1) and (2). The former property holds because of Claim 2. This,
however, would contradict the definition of ¢. [ |

By property (1) of the sequence (p;,t;) we see that p,, does not lie on a non-
principal orbit of Cy, and therefore Q(peo,0) = a(pso, 0) > 0. However, the evolution
equation (5.1) of @) shows that the only attainable minima are 0 and 1, yielding a
contradiction. This concludes the proof of (i).
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We prove (ii)-(v) by the same strategy. Below we first prove inequality (ii) by
contradiction. Assume that

L := sup {limsup bbss|(p_ ) ‘ {(pi, t;) }ien € A} > €.
i—00 v

As before we can construct a sequence of points (p;, t;) in spacetime satisfying prop-

erties (1) and (2), and such that

lim Db

1—00

= L.
(pisti)

Counsider the rescaled metrics

9i(t) = Wli,ti)g(ti +tb*(pi, 1)),  [—At,0],

i

subsequentially converges to a pointed Ricci flow (Coo, goo(t), Poo). By construction

where At > 0 is chosen such that Proposition 8.3 holds. Then (C'y, (o (pi, %) ,g:(t), pi)

bbss|(p0070) =1> €.
Furthermore, by the same arguments as in Claim 1 & 2 & 3, we have
Pl = o SR
and hence
Oybbss > 0.
Poo,0)

By statement (i) of this lemma we know that @ = 1 on Co, X [—At,0]. For Q =1
the evolution equation for bbg is

bs bss
— 5 (Bhee)s — 453 (1-02) - 2= (bbss +202) .

The derivation is carried out in the Appendix A, in the subsection on the evolution
equations when ) = 1. From this we see that at the point (p,0) in spacetime we
have

b2
at<bbss) = (bbss)ss >

O (bbgs)

<0,
(Poo,0)

which is a contradiction. This proves (ii).
We prove inequality (iii) similarly. Assume that

¢ :=inf {liminfTF1 (pi, ;) | {(pi, ti) }ien € A} < —€.
71— 00
Pick {(pi,t;) }ien € A such that
hrn ij1 (p,“ tz) = L.
1—00

As before, (Cy,0) (pis3) , 9:(t), pi) subsequentially converges to a pointed Ricci flow
(Coos goo (1), Poo ). By construction

Tr (Poo, 0) = xi[rifAtO]TFl =1 < —¢
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and hence
OTri |0y < O

By inequality (i) of this lemma @ = 1 on Cy x [—At,0]. For @ = 1 the evolution
equation of T can be written as

b, b2
atTFl = (TFl)ss - E(TFJS — 8ETF1.

The derivation is carried out in the Appendix A. From this we see that at the point
(Poo, 0) in spacetime we have

O, Tr, >0

— )

(pso,0)

with equality if, and only if, bs|(p 0 = 0. Therefore we conclude that by = 0 at

(Poo, 0). Applying the strong maximum principle to the evolution equation (12.10)
of by when Q = 1, it then follows that b, = 0, and hence b,; = 0, everywhere in
Coo X [—At,0]. This, however, implies Tr = 1 at (pso,0), which is a contradiction
and thus proves (ii).

We proceed to prove (iv) in the same fashion. Assume that

1—00

L= sup {limsup Tr, (pi, ti) ‘ {(pisti) ien € A} > €.
Pick {(pi,t;) }ien € A such that
hl’ﬂ TF2 (p“ tz) = L.
1—00

As before, (Cy,0) (pis3) , 9:(t), pi) subsequentially converges to a pointed Ricci flow
(Coos goo(t), Pso ). By construction

Tp, (P, 0) =  sup Tk =1>¢€
Coo X[—At,0]
Therefore
0 Tr, > 0.
(pcxno)

By statement (i) and (ii) of this lemma we have @ = 1 and bbss < 0 on C X [—At, 0].
When ) =1 the evolution equation of T, can be written as
b 1

atTFQ = (TFQ)SS - ES(TFZ)S + b2

where CF, is a polynomial expression in bb,, and 1 — b%. The derivation is carried
out in the Appendix A. By Lemma 12.10 in the Appendix A, Cr, < 0 whenever
Tr, > 0 and bbss < 0. This, however, implies

CF27

8tTF2 < O,

(Poo,0)

which is a contradiction and thus proves (iv).
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Finally we prove (v), also by contradiction. Assume that
L := sup {lim sup 9,b*(ps, t;) | {(pis ti) }ien € A} > €.
1—00
Pick {(pi,ti) }ien € A such that
lim 9,6 (p;, ;) = .

1—00
As before, (Cy, () (pi, %) , gi(t), pi) subsequentially converges to a pointed Ricci flow
(Coos oo (t), Poo). By construction

O,b*

=1 >
(poo ’O)

as O;b? is a scale-invariant quantity. By (i) we have Q = 1 on Cy, x [~At,0] and the
evolution equation (2.12) of b simplifies to
Opb* = 2bbgs +4 (b2 — 1)
By inequality (iii) of this lemma we have
bbss < b2 — 14 (1 —0?) <0 on Co x [—At,0],
as bs € [0, 1] for metrics in Z. This, however, implies that
0b* <0,
which is a contradiction and thus proves (v). O
Lemma 12.5. Let (M, g(t)), t € [0,Ting), be a Ricci flow starting from an initial

metric g(0) € T with sup,ecyy, b(p,0) < oo. Then for every € € (0,1) there exists a
d > 0 such that at all points (p,t) in spacetime at which b(p,t) < § we have

@bz S €.

Proof. Fix € > 0. By Lemma 12.3 we only need to prove that there exists a o > 0
such that the result holds when b(p,t) < Cb(o,t) < §, where C' > 0 is as in Lemma
12.3. Note that

8t62 - O
on the Eguchi-Hanson space background. By Corollary 11.2 we know that on the
scale b(p,t) < Cb(o,t) we converge to the Eguchi-Hanson space as t — Tyipg. As
b(o,t) = 0 as t — T, we see that there exists a § > 0 such that

atbQ S €
at all points (p,t) in spacetime at which b(p,t) < Cb(o,t) < §. This completes the
proof. 0

Below we prove the simplest case of Theorem 12.1.

Lemma 12.6. Let (M, g(t)), t € [0, Tying), be a Ricci flow starting from an initial
metric g(0) € T with sup,e,g, b(p,0) < oo. Let (pi,t;) be a sequence of points in
spacetime satisfying
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(2) bs(ps, ti) — 0

Consider the rescaled metrics

1
i(t) = ———g(t; + V*(pi, ti)t), t € [=b(pi,t;)"*t;, 0].
9i(t) bg%ti)g( + 07 (pi, ti)t), L€ [=blpi,ti) ", O]
Then (Mo, g;(t), ps) , t € [=b(pi, t;)2t;, 0], subsequentially converges, in the Cheeger-

Gromov sense, to the shrinking cylinder R x RP3.

Proof. Fix T" > 0. By Lemma 12.5, the curvature bound of Theorem 7.5 and
the fact that bs € [0, 1] for metrics in Z, we see that the curvatures of g;(¢) on the
parabolic neighborhoods Cy, ) (p;, %) x [=T, 0] are eventually uniformly bounded. By
Theorem 7.3 the Ricci flows g;(t) are k-non-collapsed. Hence (Cy,0)(pi, 3), 9i(t), i),
t € [-T,0], subsequentially converges to a Ricci flow (Cu, goo(t), Peo), t € [—T, 0],
where by construction by = 0 at the point (p,0) in spacetime. Lemma 12.3 implies
Q =1 on Cyx x [-T,0]. Applying the strong maximum principle to the evolution
equation (12.10) of b when @) = 1 shows that

bs =0 on Cx x [T,0].

That is, the metric g.(t) is cylindrical. From here one can inductively show that
for every r > 0 the Ricci flows (Cy,0)(pi;7), 9:(t), pi), t € [=T,0] subsequentially
converge to a limiting cylindrical Ricci flow. Hence (Ma, gi(t),p;), t € [-T,0],
subsequentially converges to the shrinking cylinder (RxRP3, g (), pso), t € [T, 0.
As T > 0 is arbitrary the desired result follows by a diagonal argument. 0

Before we carry on constructing the blow-up limit (iii) of Theorem 12.1, we need
to state two technical lemmas. Their proofs can be skipped on the first reading.

Lemma 12.7. Let 7 > 0. There exists a K = K(7) > 1 such that the following
holds: Let so > 0 and b : [sg,00) — R satisfy the ordinary differential inequalities

(12.2) bbes < b — 14 (1 —82)?
and
by > 0.

If at sy we have

1—b?
12. 2 =K
(12.3) 7ol
and
(12.4) b, € [0, 1),

then by < n when b > 1.
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Proof. First note that b(sg) < LK < 1 by (12.3) and (12.4). Furthermore, as

bs € [1,1) at s¢ we see from (12.2) that by < 1 on [sg, 00).
Write B = b,. Then the ODI becomes

bB, < B> -1+ (1-B?)"=—B?(1- B?).

Since b, > 0 we may treat b as the independent variable, yielding the following ODI
dB < _32 (1 - B?)
db — bB

Note that as B = bs € (0, 1) we may rearrange the inequality and integrate to obtain

/B BdB  _ /b db
BOBQ(l_B2)_ bo b7
where we denote by by and By the values of b and B at sg, respectively. Evaluating
the integrals and rearranging we deduce
B _ B
1—B2 = (1-B2)b

By the initial conditions (12.3) and (12.4) we have

BB _Bi _ By _ 1

1-B2 K KB~ Kp?

and therefore

B? 1
1— B? = Kn2b?
Hence when b > 1 we have
B2 < 1
1-B2~ Kp%
which can be rearranged to
9 1
B < m
Choosing K sufficiently large the desired result follows. O

Now we may construct the orbifold Ricci flow blow-up:

Lemma 12.8. Let n € (0,1) and (M, g(t)), t € [0, Tsing), be a Ricci flow starting
from an initial metric g(0) € Z with sup,¢,y, b(p,0) < co. Assume that (p;,t;) is a
sequence of points in spacetime satisfying

(1) b(pi, t;) — 0 as i — oo

(2) %(ngjfj)) — 00 as i — 00

(8) bs(pi, ti) = n asi — oo
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Consider the rescaled Ricci flows
1
(1) = ————g(t; + b*(pi, t:)t), t € [—b(pi,t:)~*t;,0].
) = a0t + P, 1€ (b t) 0

Then (M, gi(t),p;), t € [=b(pi, t;)"t;, 0], subsequentially converges, in the Cheeger-
Gromov sense, to an ancient Ricci flow (Moo, goo(t), Poo), t € (—00,0], where M, =
R*\ {0}/Zy. Moreover, goo(t) can be extended to a smooth orbifold Ricci flow on
R*/Zy that is homothetic to the 4d Bryant soliton quotiented by Z,.

Proof. Fix T' > 0. By Lemma 12.5 we have that for every ¢ > 0 there exists a
§ > 0 such that at points (p,t) in spacetime at which b(p,t) < § we have d,b* < e.
This shows that for every N > 0 there exists a ¢’ = ¢'(N) > 0 such that whenever
b(p,t) < ¢ then

b(p,t
(12.5) b(p,t') > (pT’) for ' € [t — Nb*(p,1),1].
Counsider the rescaled metrics

9i(t) = mg (ti + bz(puti)t) .

For n € N>, and (p,t) € My x [0, Ty;pgy) define the open set

b(p, t
Eptn = {p’ € M, ‘ b(p',t) > (pT)} C M,

Furthermore, define the parabolic neighborhoods

Qz‘m — Ep“t“n X [—T - 1, O]
Recall that by Theorem 7.5 there exists a C'; > 0 such that
C
b
Hence for fixed n and sufficiently large i the curvatures of g;(t) on 2, ,, are uniformly
bounded:

|ng(t)|g(t) < on M X [OaTsing)-

|ngi(t)|9i(t) S 4”201 on Qi,n-

This follows from (12.5), b(p;,t;) — 0 and the fact that b, > 0 for metrics in Z. By
Theorem 7.3 the Ricci flows g;(t) are k-non-collapsed at larger and larger scales. By
a slight adaptation of the local compactness Theorem 8.1 we see that for each n € N
the Ricci flows (E,, 4,0, 9i(t), i), t € [T —1,0], subsequentially converge to a Ricci
flow (oo Goon(t), Poon), t € [T — 1,0]. The manifolds £, are diffeomorphic
to R*\ {0}/Z, and therefore incomplete. By a diagonal argument we may assume
that Exn C Esont1 A goon(t) = Gooms1(t) on . This allows us to drop the
dependence on n and write g (t) and po, for brevity. By Lemma 12.3 we have
Q=1,bbss <0, Tr, <0, Tk, >0 and 9;b* <0 on Ex .

Claim 1: There exists an 7 > 0, independent of n, such that on the word line (pu,t),
t e [-T,0], in &, % [T, 0] we have by > 7 uniformly.
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Proof of Claim: We argue by contradiction. Assume that ¢’ € [T, 0] is such that
for t € [/, 0] we have by(poo,t) > 0 with equality if, and only if, ¢ = ¢’. Applying the
strong maximum principle to the evolution equation (12.10) of by when Q = 1, we
obtain that by = 0 on €, x [T — 1,¢]. That is, the metric g (t) is cylindrical for
times t € [T — 1,t']. We now show that this leads to a contradiction. Take times
ti =t; — t'b*(p;, t;). Then the spacetime points (p;,t;) € My x [0, Tyin,) converge to
the spacetime point (peo,t’) € Eoon X [T — 1,¢']. Consider the rescaled metrics

1

g:(t) = Wﬂ(tg +tb(pi,t7)?), € [~tib(ps, 1) 72, 0].

Because by(p;,t;) — 0 as i — oo, Lemma 12.6 implies that after passing to a
subsequence (M, gi(t), p;) converges to the shrinking cylinder R x RP3. For every
n € N take N,, € N such that for i > N, the region Cyq)(pi,n) C M, is close,
in the Cheeger-Gromov sense, to a cylinder R x RP3 of length 2n and radius 1.
By Perelman’s pseudolocality theorem there exists a K > 0 and 7 > 0 such that
gi(t) has bounded curvature on Cyo)(pi;,n — 1) x [0,7]. Hence (Ma, g;(t),p:), t €
[—t.b(p;, t)) 72, 7], subsequentially converges to a limiting Ricci flow (M, g5 (1), Poo),
t € (—o0, 7], where My, 2 R x RP? and ¢/_(0) is cylindrical. By the uniqueness of
Ricci flow solutions [CZ06], we see that ¢/ (f) remains cylindrical for ¢ € [0, 7] and
therefore by = 0 on My, X (—o0, 7). Now we have arrived at a contradiction, as this
implies that ¢ is not the earliest time at which by = 0 on the wordline through the
point (ps,0) in the spacetime Ey , x [-1 — 1,0]. This proves the claim. [ |

As T, > 0 we have

by 1— 12
<
b~ B2

on Exn x [—T,0]

and hence
1 — b2
b2

(12.6) |Bmg.. ) lgee(t) < €

. 1-b2
for some universal constant ¢ > 0, as —z* and —”STS are the only non-zero curvature

components of a rotationally symmetric metric.

Claim 2: There exists a K = K(7) > 1, independent of n, such that
[Bimgoc ()] goot) < ¢
uniformly on €, x [T, 0].

Proof of Claim: Fix n > 2. As bb,, < 0 and b, > 0 it follows from Claim 1 that
bs > 1 > 0 in the region

R:%gwe@mxpﬂmbmagumﬂg.

As 9;b* < 0 we have b(puo,t) > b(poo,0) = 1 for t € [T, 0].
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Now choose a K = K(7) > 1 such that Lemma 12.7 holds true. If at some point

(p/,t") € Eon X [=T,0] we had
il K
b2~

then on the time slice {t = '} C &, the result of Lemma 12.7 would imply that
by < /) when b > 1. This cannot be true, as by Lemma 12.5 we have that 9,b*> < 0 on
Eoom X |[—T,0] and therefore b(poo,t) > 1 for t € [-T,0]. Hence we deduce by (12.6)
that the curvature is bounded by c¢K on the region R. As on ., x [-1,0] \ R we
have b > 1, it follows by (12.6) and the fact that b, € [0, 1] for metrics in Z that the
curvature is uniformly bounded by ¢ there. |

Claim 2 shows that as n — oo we may extract a limiting Ricci flow (Mo, goo (1), Poo ),
t € [-T,0], with curvature bounded by cK. By construction M, is diffeomorphic
o (R*\ {0})/Z,. Define the radial coordinate & : M., — R by

§(p) = dgoo0) (P ) + &0

where &, € R is chosen such that & — 0 as b — 0.
Note that by the Ricci flow equation (2.12) for b we have

|@t52| S 3b2|ng(t)|g(t) S 352K on ]\4C>o X [—T, 0].
Working in (€,t) coordinates we see that
b*(€,1) < B(&,0)e* T, t e [-T,0].

Hence for all ¢t € [—T,0] we have b(§,t) — 0 as £ — 0. As M, has bounded
curvature, we see that 1221’3 is bounded as well and hence bs(§,t) — 1 as £ — 0.
From Theorem 12.11 in Appendix B it then follows that g..(t), t € (=7,0], can
be extended to a smooth orbifold Ricci low on R* x Z,. Since T was arbitrary,
a diagonal argument produces an ancient orbifold Ricci flow (R*\ /Zs, goo (), Poo),
t € (—00,0]. Note that apriori go(t) might have unbounded curvature as t — —oo.

As Q =1, bs € ]0,1] and bss, < 0 we see that g () is rotationally symmetric and
has positive sectional curvature. Furthermore, for each ¢t € (—o0, 0] the metric g (t)
is asymptotically cylindrical, as the following argument shows: Either b is bounded,
in which case bb,s < 0 and by, > 0 show that lim, .., b, = 0, or b is unbounded, in
which case the inequality 7% < 0 and the proof of Lemma 12.7 show that on each
time slice b, — 0 as b — oo.

By the Hamilton’s trace Harnack inequality (see for instance [ChlIl, Theorem
D.26]) and the fact that for any 7" > 0 the metric g (t) has bounded curvature on
R*/Zy x [—T,0], it follows that

athoo(t) > 0 on R4/ZQ X (—O0,0]

Therefore g (t) has bounded curvature on R*/Z, x (00, 0]. By the result of Li and
Zhang [LZ18] we conclude that g (t) is homothetic to the four dimensional Bryant
soliton quotiented by Zs.

O
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Lemma 12.9. Let (M, g(t)), t € [0, Tying), be a Ricci flow starting from an initial
metric g(0) € T with sup,¢,, b(p,0) < oo. Let (ps,t;) be a sequence of points in
spacetime satisfying

Consider the sequence of rescaled metrics
1
i(t) = 57—~
Then (Ms, g;i(t), ps), t € [=b(ps, )%, 0], subsequentially converges, in the Cheeger-
Gromov sense, to an ancient Ricci flow (Moo, goo(t), Do), t € (—00,0], where My, =
R*\ {0}/Zy and g.o(t) can be extended to a smooth orbifold Ricci flow on R*/Z,
that is stationary and isometric to the flat orbifold R*/Z.

g(t; + 0*(pi ti)t), t € [=b(pi, ;)% 0].

Proof. First note that

Claim 1:

b(o,ti) — 00 as ¢ —> 00

Proof of Claim: We argue by contradiction. Assume there exists a C' > 0 such that
after passing to a subsequence of (p;,t;) we have

b(O,ti> -
Consider the rescaled metrics
1
gi(t) b(phng( +th(pi, t:)%),  t € [=b(pi, ty) ]

Then by by Corollary 11.2 the sequence (Ms, g;(t), p;) subsequentially converges to
a blow-up limit (Ms, goo(t), Pso), Which is homothetic to the Eguchi-Hanson space.
By construction

b(Poo,0) =1
and
bs(Poo, 0) = 1.

The latter follows from the assumption that bs(p;,t;) — 1 as i — oco. However,
by Lemma 4.2 we have by < 1 everywhere on the Eguchi-Hanson space. This is a
contradiction and the claim follows. [

Fix T' > 0 and consider the rescaled metrics g;(t) on the parabolic sets E,, 1, ») X
[—T,0] as in the proof of Lemma 12.8. By the same reasoning, we see that for
all n € Nso the flows (E,, 1, 1, 9:i(t), pi) subsequentially converges to a Ricci flow
(Eooms oo (t), Poon), t € [=T,0]. As in the proof of Lemma 12.8, we may assume
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that £ n C Eoont1 AN Goonn = Goont1 O Ex . Therefore we drop the dependence
on n and write ps, and g (t). By construction we have

b(poovo) =1
and
bs(p0070> = 17

where the latter follows from the assumption that bs(p;,t;) — 1 as i — oo. Fur-
thermore, by Lemma 12.3 and Claim 1 we have @ = 1 on &, x [-T,0]. Ap-
plying the strong maximum principle to the evolution equation (12.10) of b, when
@ = 1 we deduce that bs = 1 everywhere in &, X [T, 0]. Hence g (t) is flat and
(Esomy Goo(t), Po), t € [T, 0], converges to the flat orbifold R*/Zy as n — oo. As
T > 0 was arbitrary the desired result follows by a diagonal argument. 0J

APPENDIX A

Here we carry out some of the computations we rely on throughout the paper.
Recall

9_ 10
s u(&,t) 0
and the commutation relation
a b
Oy, 05| = —— — 22
0% 9] a b

from subsection 2.4. For the computations it will also be helpful to keep in mind
that

st = Qs — Qbs
which follows from differentiating the expression () = #. Finally recall the definition
of the Kéhler quantities

r=a,+Q*—2
and

Y= bs - Q
from section 4.
First we compute the evolution equation of Q:

. 8ta a@tb
at@ - b - b2

Inserting the expressions for d;a and ;b from the evolution equations (2.11) and
(2.12) for a and b we obtain

b
at@ = st + 3?@5 + %Q(l - Q2>
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Evolution equations of a,, by, Qbs, z, y and % By the commutation relations
above we have

Qgs b

Oias = 0,0:a — (— + 2ﬁ> Qg
a b

S8 bSS
Oubs = D,04b — (“— + 2—> be
a b
Hence plugging in the expressions for d;a and 9;b from the evolution equations (2.11)
and (2.12) for a and b we obtain

bs s 1
Oras = (as)ss + (23 - %) (as)s + 2 (—Q%bi — 6Q%a, + 8@3()3)

as 1 a’b, 9 5
Oibs = (bs)ss +—(bs)s + 35 | — ot 4Qas — 6Q%bs — b2 + 4b,

From here we can compute the evolution equation of QQb,:

0:Qbs = (0:Q)bs + Q04bs

bs s 1
= (@b).s + <23 - “—) (Qb)s + 75 (4Q%a, — 10Q%, — 2Q¥! + 8Qb,)
a
Now we may compute the evolution equations of the Kahler quantities x and y:

815.’17 = 8ta5 + 2@3,5@

by  ag 2 2
=Ty + <2€_E> xs—b—2(2Q2+y2)x—b—2(Q2+2)y2,

where in the last step we made the substitutions a, = z — Q? + 2, b, = y + Q and
a = Qb. Similarly,

(127) 3ty = @tbs — (7tQ
Qs
e By S (02 o)

Then we can compute

vy _ % _ Yo, Q
129 a(g) =7 -

(Y as % Y 22 y -
(Q>Ss+(3a 2b)(Q)S+b2Q(2+Q>(QbS 2a,)

where we substituted a, = 2 — Q* + 2, by = y + Q and a = Qb in the last step.

Evolution equation of H.. In section 7 we define the quantities
Hy =bby,Fa2—b2+C

for some constant C' > 0. Below we derive its evolution equation.
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First note that we have

SS bSS
Oubes = D.0;by — (“— 4 2—) b,.

a b
Substituting the evolution equation for by derived above we obtain
a 4aa 2a2b 2a3b
0 bss = bss s8 = bss s 2 — —— .
¢ (Bas)ss + a (Bss)s + b3 a? a3
24aasbs  4a®  2asa.bs  6a’bss  24a*b?
o R R T &

202, db,, 264 8K2  3b2b,,

b b? b3 b3 b?
Hence we can compute the evolution equation of H via

O H = (0;b)bss + bO,bss F 2a50,as — 2bs0;bs

and substituting the expressions for d;b, 0;b,,, 0;as and 0;b, derived above. Noting
that

Hs - :ansass + b(bss)s - bsbss
and

Hss - :F2a§s =+ 2(ass)sas + b<bss)ss - b2
a longer computation shows that

s bs 2a2  4a*  4b?
O Hy = [Hylss + (Z - 23) [Hils + Hy <_a_ — = —)

202 da® 4P
io(a8+bi4+ )

a? b?
2 402 4
+ 203, + a, (— bc(j;bs F Sagbs + Z + b—j)
2ba§’bS 32aasb,  16aagb, 4a§ 8a2a§
L I R ERRT
2at  32a%0  16b3
T2 T Ty

Evolution equation of fy(Q).
9 fo(Q) = f2.Q

= f/ (st + 3%8@8 + %Q (1 - QQ))

by the evolution equation (5.1) of ). Note that we omitted the dependence the
quantities on spacetime (&, ) and and the dependence of f on ) and 6. For example
we wrote f' for fg(Q(&,t)). Noting that

[F(Q)], = F(Q)Qs
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and

(@) = (@A + F(Q)Qss

we obtain

atf(Q) = [f(Q)]ss - f”Q? +3

where
Cr= <5bs - 3—) Ol (Q)s +4fQ (1 - Q%) — [V Q3
= <5bs - 3_) f/ (as - QbS) + 4f,Q (1 - Q2) - (as - Qb5)2 f//

— (8asb5 — 3%5 —5Qb2 +4Q (1 — QQ)) = (as — Qby)* f"

Evolution equation of Z;. We have

x
O Zp = Oy <@> +0,fo(Q)
We computed the evolution equation for fy(Q)) above. Therefore it remains to
compute 8t&. For this recall the evolution equation (5.7) of

by ag 1
0ta: = Tgg + (23 — ;) Tg + b—20$

where

Co=—-202Q*+v")z—2(Q*+2)y".

Differentiation shows that
as i — & _ 2'%.@8
Q? Q? Q3

2
Oss (é) = % - 4Iz;gs — 295%538 + 6x%.

and
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Therefore we get

até - éat antQ
(@), (% -2%) (@), + 5%
where
€t = 51 (0Q.) = 10735 (6Q.) = 6,55 (WQ + 05 — (1= Q)
_ _453175 + 22;2 + 8223[) i;? 2a, — i; +8Qb, + 2; — 16

In the last step, we used the expressions for x, y and ), in terms of ay, b, and @ to
eliminate x, y and )5 from the expression for Oﬁ' Hence we have

s bs 1
0ty = el + (3% - 25 ) el + 55C

b b?
where
Cz=Cz +Cy.
As
s T Q2 —2
Zy = Q2 + fo(Q) = GT + fo(Q)

by definition, we can solve for ay to obtain
=Q°Zy—Q*fy+2—- Q"
Using this substitution to eliminate all occurring a, from the expression C; we
obtain
Cy=Cg0+Cz1Zs+ CraZ;
where

Czo=Ag+ A {E}Jr/l Fr
Z0 — 0 1 Q 2 Q

855 X + 2fQ4fl/

+2Q " —AQ° " + 6 Q' + 6Q° f' — 12Qf + 2Q* — 8
Cpa = —4Qbs — Q' f" — 3Q%f’

"

0271 =2
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and

AO — Q4f2f// . 2Q4ff” o Q4f// + 4Q2ff// + 4Q2f” . 4f// . 3Q3f2f/
—6QU S~ TQ + 121+ 16Qf — - — 202 + 8] —2G* ~4
Ay == 2Qff" = 2Q"f" + 4Q " — 8Q* ' — 8Q°
+16Qf — 4Q*f* — 8Q*f + 8f +4Q* + 8
A2 :_Q4f//_5Q3f/_2Q2f_2Q2 —4

Evolution equation of Z;. The evolution equation for Z; = & + 1 follows quickly
from the evolution equations for Zy by setting f = 1. One obtains

bs

(129) 8,21 = [Z]ss + (3% -2~

1
> [Z1]s + 5 (Czl,o +Cz 121 + 021,2212)

where

Cro = & (~4(1+ Q%) +8Q (1—20%) y + 16Q° (1 — Q%))

8b,
Cyz1 = 16Qb, — 0 + 207 +2Q* — 8
CZ1,2 = —4Qb5.

Note that we wrote Uz, o in terms of y = b, — @) instead of b, in order to see the
similarity with the zeroth order term of the evolution equation of 7T} presented in
the proof of Lemma 5.8.

Evolution equations when ) = 1. When ) = 1 we have a = b and the Ricci
flow equations simplify. In particular, we obtain

8{&_ bss

U _3b

Ob=1b +2(b2—1)
t ss b s

Using the commutation relation of J, and 05 we can also compute the evolution
equation of b, and b,,:

(12.10) Oiby = 0,0,b — 3b56723

b_g(bs)s ol ow)

- (bs)ss + bQ
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Similarly,
bSS
(1211) atbss - (93(9tbs - gbssT
b 2b§8 4 (bg —1) bg
- (bss)ss + z(bss)s - b + b3
SbEbSS 2 (bg — 1) b
IR b2
Let us introduce the notation
X:=1-b
Y = —bb,,.

We need the evolution equations of scale-invariant quantities of the form
Tr ==Y + F(X),
where F': [0,1] — R is a smooth function. In particular, we see that
0T = (0;b)bss + bOsbss — 2b, F' (1 — bg) Opbs
Expanding this expression, we obtain
b,
b

1

atTF = (TF)ss - b2

(Tp)s + 5CF

where
Crp=4X" —4XY —4X —2Y? + 4Y
+2(2X7 —2XY —2X +Y? 4+2Y) F'(X)
+4(X - 1)Y?*F"(X)
In this paper we make use of three different choices of F':
Fo(X)=0
F(X)=X
F(X)=X - X?
Plugging these into the expression for Cr above we compute
Cr, = —4b2 (1 — b?) — 2bbg, (bbss + 2b2)
Cr, = —8b2Tp,
Cr,=4(2-3X)Y?+ (2X?> —4X +2) Y — 2(X — 1)%X)
We also prove the following lemma here:
Lemma 12.10. Let X € [0,1]. Then whenever 0 <Y < X — X? we have
P(X,)Y)=(2-3X)Y?+ (2X* - 4X +2) Y — 2(X — 1)°X <0.

In other words, Cr, < 0 whenever Tk, > 0 and bbss < 0.

113
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Proof. Let R be the region in the X-Y-plane satisfying the inequalities X € [0, 1]
and 0 <Y < X — X2 Note that Y < X — X? and Y > 0 implies that X € (0,1).
A computation shows

P(X,X — X?) = -3(X —1)2X% <0 for X €(0,1)

Notice that for a fixed X € [0, %] the quadratic polynomial P(X,Y’) in Y is convex.
As

P(X,0) = —2(X —1)’X <0 for X € (0,1)
we deduce that P(X,Y) > 0 on RN{X < 2}. To prove that P(X,Y) > 0 in
RN{X > 2} is trickier. For this we prove the following claim:
Claim 1: OxP(X,Y) >0 on RN{X > 2}.
Proof of Claim: A computation shows

OxP(X,Y) = —6X?+8X — 2+ (4X —4)Y — 3V~
Hence for fixed X is concave in Y. Then note that
OxP(X,0) = —6X?+8X —2>0 for X € [%, 1)

and

2
IXP(X, X - X*)=(1-X)(3X’+X*+2X —2) >0 for X € 5D

The last inequality follows by the fact that the polynomial 3X3 4+ X2 + 2X — 2

is increasing on [0,1] and evaluates to 2 at X = 2. Hence the claim follows by

concavity of OxP(X,Y)in Y. |

By above we know that P(X, X? — X) < 0 for X € (0,1). Hence using the result
of the claim, we see that P(X,Y) <0 on RN{X > 2}. O

APPENDIX B: REMOVABLE SINGULARITY
We prove the following theorem:

Theorem 12.11 (Removable singularity). Let (R*\ {0},9(t)), t € [0,T], be a
rotationally symmetric Ricci flow of bounded curvature, i.e. there exists a K > 0
such that

[ Rmg(plg0) < K on RY x [0,77].

Taking ¢ € (0,00) to be a radial coordinate on R*\ {0} the metric g(t) may be
written as

g(t) = w*(§,1)dE” + b*(&, t)gss,
where u,b : (0,00) — R are smooth warping functions, and gss is the round metric

on S* with sectional curvatures equal to one. If for allt € [0,T] the warping function
b(&,t) = 0 as & — 0, then g(t) can be extended to a smooth Ricci flow on R* x (0, T7.
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Below we assume (R*\ {0},¢(t)), ¢t € [0,T], is a Ricci flow as in Theorem 12.11.
The proof strategy will be as follows: First we prove in Lemma 12.12 that for every
to € [0,T)] there exist coordinates z‘,i = 1,2, 3,4, of R* for which the metric g(t,)
can be extended to a C™! metric on R*. Note, however, without control on the
derivative of the curvature tensor the metric g(t) at times ¢ # t, may not to be C1!
with respect to the coordinates z'. To get around this issue we show in Lemma
12.14 and Lemma 12.16 that in fact all derivatives V" Rm, m € N, of the curvature
tensor are bounded on R*\ {0} x (6, T] for any § > 0. The proof utilizes Shi’s interior
derivative estimates and is based on a De Giorgi-Nash-Moser iteration argument.
With these results in place, we use harmonic coordinates to prove Theorem 12.11.
Let us begin by proving

Lemma 12.12. Let g = ds* + b(s)?ggs be a smooth, rotationally symmetric metric
with bounded curvature on R*\ {0}. Here ggs is the round metric of curvature one
on S and b: (0,00) — R is a smooth positive function. If

b—0 as s—0

then g can be extended to a CY' metric on R*. Furthermore, if we take standard
Euclidean coordinates x;, i = 1,2,3,4, on R* we have g;; = 6;; and Og;; = 0 at the
origin, and 0x0,9;; locally bounded on R*\ {0}.

Proof. As g has bounded curvature there exists a K > 0 such that

bes| |1 — b
b b?
because these are the only non-zero curvature components of a rotationally sym-
metric metric. In particular, this shows that

<K

Y — ?

by -1 as s — 0"
and
bes — 0 as s — 0.
Let z;, i = 1,2,3, 4, be Euclidean coordinates of R*, normalized such that }_,(z")* =
s?. In these coordinates
g = [0+ (s°6i; — wiz;) U(s)] da'da’,

where

Note that we used the Einstein summation convention.
Claim 1: ¥, s0,¥, s20,,¥ = O(K) as s — 0.

Proof of Claim: Fix s > 0. By Taylor’s theorem there exist numbers sg, s1 € (0, s)
such that
1

b(s) =s+ 5653(30)32

bs(s) =14 bss(s1)s.



116 ALEXANDER APPLETON

Hence

S

U(s) = bss(50) N (bSS;SO))2.

As || < K,b— 0and by — 1 as s = 0, we see ¥(s) = O(K) as s — 0. By

similar reasoning one shows that

24 ()’ +2(8)0,

s0,VU(s) = 2
3bss(s 2b,,(s
— S( 0) + S( D bes(50)? + bas(51)bss(50)
and
2bbss — 16 (L) by + 262 + 20 (2)° — 6
32838‘11(3) — (s) 82 s (s)
2 12 12
= bu(so)bua(s) 4 el 2eloo) E2el)
+ 5bss(30)2 - 8bss(sl)bss(30) + 2bss(81>2
are of order O(K) as s — 0. |

Next, extend g to the origin by setting g = J;; there. As
(%0 — wiwj) = O(s%)

it follows by Claim 1 that this defines a continuous extension of g to the origin.
A computation shows

8kgij = (2$k5ij — 5ikxj — 9515]k:) \I/(S) + (SQCSZ‘j — $ixj) %85\11(8)
As
(2$k(5w - 5ikxj - xiéjk) = O(S)
and
Lk
(5°0 — wiw;) — = O(s"),

it follows that we may continuously extend Jyg;; to the origin by setting Jyg;; = 0
there. Finally, note that

Mh01gi; = O(1)W + O(5)0,¥ + O(5%)0,, ¥ = O(K).

Hence 0;0,9;; is bounded in a neighborhood around, but excluding the origin. This
shows that 0yg;; is Lipshitz. d

Next, we prove the boundedness of the gradient of the curvature tensor. For
this we recall some interior curvature estimates. Note the following differential
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inequalities for the evolution of the curvature tensor and its derivatives under Ricci
flow (See for instance [BC04, Chapter 7]):

(12.12) (0, — A)|Rm|* < —2|VRm|* + 16| Rm|?
(12.13) (8, = A)|[V™Rm[* < =2|V"™ ' Rm/?

+ Y iV Rm| - [V Rm| - [V Rm|
5=0
Here c,,; are positive constants depending on j, m and the dimension of the manifold
only. Note also that the laplacian is with respect to the evolving metric g(t). Using

these inequalities one can show the following interior derivative estimate (See for
instance [CZ06, Theorem 1.4.2]).

Theorem 12.13 (Shi’s interior estimates). There exist positive constants 0, Cy,, m €
N, depending on the dimension n only, such that the following holds: Let M be a
manifold of dimensionn and 0 < T < £. Assume that g(t), t € [0,T), is a solution
to the Ricci flow on an open neighborhood U of M and

|Rm| < K on By (p,7) x [0,T].
If forp € U and r > 0 the closed set By)(p,) is contained in U then

1 1
V" Rm|* < C,,K? (7"_ + — + Km> on By (p, g) x (0,T]

Next, we prove that for all 7 > 0 the gradient |V Rm| is bounded on R\ {0} x[r, T'.
First note that due to Shi’s estimates of Theorem 12.13

¥ Byl ¢) = O (7o) om B\ (0) x .7

Furthermore, from (12.13) and and an application of Kato’s inequality to show that
IVIVRm|| < |V*Rm|

it follows that
(0, — A)[VRm| < C|Rm||VRm)|.

Hence when curvature is bounded by K, the function u := e~“%*|V Rm)| is a subso-
lution to the heat equation, i.e.

(0, — A)u<0.

With help of a De Giorgi-Nash-Moser iteration argument, this is enough to prove
that u is bounded for ¢ > 7. We carry this out in the lemma below:

Lemma 12.14. Let (R*\ {0}, 4(t)), t € [0,T], be a Ricci flow as in Theorem 12.11.
Then for any T > 0 there exists a C = C(K,7) > 0 such that

IVRm| < C
on R* x \{0} x [r,T].
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Proof. As shown above, the function u = e~“K*|V Rm| is a subsolution to the heat
equation, i.e.

By Lemma (12.12) we may choose Euclidean coordinates z?, i = 1,2, 3,4, on R* for
which ¢(0) is C*'. Take s* = Y ,(2")* and write Bg(z) for the ball centered at x
with radius R with respect to ¢(0).

Since the curvature of g(t) is bounded on R*\ {0} x [0, 7], there exists a A > 0
such that

ig(o) < g(t) < Ag(0) on R*\ {0} x [0, T].

Therefore, Shi’s interior estimates imply

1
u(-,t) =0 (—) for ¢t e [r,T].
s
Hence it suffices to show that for some R > 0 the function u is bounded on Bg(0) x
[7,T]. We achieve this via a De Giorgi-Nash-Moser iteration argument. In the Claim
below we derive the crucial estimate.

Claim 1: Let 6 > 0, p > 2, Ry € [1,10] and to € [§,T). Then there exists a constant
C =C(K,4,T) > 0 such that the following holds: If u € LP(Bg, X [to,T]), then for
R, € [%,Ro) and t; € (tQ,T]

p2

o
lollnisnominry < |€ (g + er) | Tt

Proof of Claim: In the following a constant C' is assumed to only depend on K, ¢
and T and might vary from line to line. Fix a number A > 1 that we later take to
0o. Then choose a C? function F : R>q — R with the following properties:

(1) F(s)=sPfors < A
(2) F is linear for s > A+ 1 with slope pAP~! +1
(3) On [A, A+ 1] take F(s) to be defined such that F” >0

We see that these properties imply that F”(s) < psP~!. Next, define the cut-off
functions 7., € > 0, and ¢ : R* — R. For this take a smooth function » : R — R
with A = 0 on (—oc0, ] and h =1 on [1,00). Then define

)
=1 (7)

. R()—S
(b_h(—Ro—Rl)'

That is, ¢ = 1 on Bg,(0) and ¢ = 0 on R*\ Bg,(0). Clearly, [V¢|yu) < 555
|Velgry < € for some universal constant ¢ depending on h and A only.

and

and
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Since u € LP(Bg, X [to,T]) is a positive function there exists a t' € [to, 1] such
that

1 T
(12.14) / uP (-, 1) do < / / u? dzx dt.
Br,(0) to —t1 Jy, Br(0)

Next, we compute via integration by parts

d
& [ nFwede= [ 0 d
dt R4 R4

= —/ Ve F'(u)Vug? dz —/ nF"(u)|Vul?¢* dz
R4 R4

—/ n ' (uw)VuVe* dz.
R4

Integrating with respect to time from ¢’ to T" and noting that

/R4 neF(u('vT))¢2 dz >0,

we obtain
(12.15)

T T
/ / neF” (u)|Vul?¢? dz dt < / neF (u(-,t))¢* do — / / Vn F'(u)Vug? dz dt
t JR4 R4 t JR4

T
—/ / neF' (u)VuVe? dz dt
v Jra
= Il — IQ — ]3.

Next we estimate each of these integrals I, I and I3 separately, in order to analyze
their behaviors as € — 0. For the first integral we have

1
L < Pl dr < p .
| < /B ) o S o il o

For the second integral I5, note that Shi’s estimates and Kato’s inequality yield

1
Vu| = |V (e “®|VRm|) | < |V*Rm| = O <_> as s — 0.

52
As |V | < € |F'] < pAP~' +1 and ¢* = 1 in a neighborhood of 0, we see that
V] - [P/ (w)] - [Vul - |6%] < O (pA» 1 1) on B.(0).
As voly (B(0)) < Ce* we obtain
|Io] < Ce(pAP~' +1).

For the final integral I3, recall that by definition 0 < F’(u) < puP~!. Furthermore,

|V¢?| has support in Bg,(0) \ Bg,(0) and is bounded by ROQ_CRI. As Ry > L by
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assumption, Shi’s estimates imply that on this set |Vu| and u are bounded by some
constant C'. Thus

2cpCP
Ry — Ry
< pC**,

|Is] < vol (Bry(0) \ Br, (0))

where we used that
vol(Bg,(0) \ Bg,(0)) < C (Ry — Ry) < C(Ry — R1),

as % < Ry < R; <10 by assumption. This shows that I3 is convergent. Now split
the integral I3 as

T
Iy = / / nF'(u)VuVe? dz dt + I,
{usAa}

where

T
Iy = / / nF' (w)VuVe? dz dt.
t J{u>A}

As I3 is convergent, we see that I, — 0 as A — oo. Observe that by Young’s
inequality

p—2 P 1
pup’1|VuHV(/b2\ =o¢u 2 |Vul|-2puz|Ve| < §up’2]Vu]2¢2 + 2p2]V¢]2up.

2
P L
Vel < (Ro - Rl)
Hence we obtain

. </ J W”’ VU6 + 20 [V e i+ Iy
{u<A}

Moreover,

Cp?
SNeu p 2 v d dt _ p 1.

Next, note that F”(u) =p(p—1)uP~? for u < A and F” > 0 everywhere. Therefore

T T
/ / neF" (u)|Vul*¢? dz dt > / / nep(p — 1)uP2|Vul?¢? dz dt.
v Jra v J{u<ay

Substituting this inequality and the inequalities for |I;|, |I5| and |/3| derived above
into (12.15), we deduce

1 T
(p(p —1) — —) / / neup_Q\Vu\quQ dz dt
2) Jv Jou<ay

2
P 1 _
<cC ’ Ce(pA™L + 1) + I
B ((RO—R1)2+t1—to) lellzo i, 0o,y + CEPA™ + 1) + L
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Taking € — 0 and then A — oo yields

1 T
(p(p —1) - —) / / P2 Vul*¢? dr dt
2 t/ ]R4

p2
<
<0 (st ) s oeiom

by the monotone convergence theorem. Then note that

4 P
VU = Uk
P
and

Vub26? = |V (guf) - u?

2

v

‘V(gbug n UQqur _ Q(V(gbu%)

i

1 p
SV (@uh) — |Vl

where in the last line we applied Young’s inequality to bound the cross-term. There-
fore

2

T
Py 2 P 1
[ [menraa s o (Gt ) olfm, o

and applying the Sobolev inequality proves Claim 1. |

Now we may iterate the estimate of Claim 1 to prove the desired result. First
note that due to Shi’s estimates, for any Ry > 0 and ¢ty > 0 we have that u €
Lz(BRO(O) X [to,T]) We take ty = %, R() =2+ \/;, Atl = (ARZ>2 = 21-%, Di = Qi1
and

Ri+1 = Rz - AR’L
ti+1 — tl + Atl

Then inductively applying the estimate of Claim 1 and taking the limit as i — oo,
we obtain

HU”LOO(B2(0)x[T,T]) < Cx HUHLz(BRO(o)x[g,T}) < 00,

where C, > 0 is a positive constant. This proves the desired result.
OJ

Next, we prove that the higher derivatives of the curvature tensor are also bounded
at positive times. For this we need a generalization of Shi’s estimates for the sit-
uation in which some of the derivatives of the curvature tensor are known to be
bounded. In particular, we have
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Theorem 12.15 (Shi’s interior estimates with derivative bounds). Let n > 2 and
m > 1. Then for every choice of constant K > 0 there exists constants 6 > 0 and
C > 0 such that the following holds: Let M be an open manifold M of dimension n
and 0 <T < %. Assume that g(t), t € [0,T], is a solution to the Ricci flow on an
open subset U of M and

IV!IRm| < K on Ux[0,T] and for 1 € {0,1,2,--- ,m}

If forp € U and r > 0 the closed set By)(p,) is contained in U then

2

Proof. We follow the proofs of [CZ06, Theorem 1.4.2] and [ChII, Theorem 14.16].
In the following the constant C' depends on m and n only and may vary from line
to line. Consider the quantity

S = (BK?+|V™Rm|*) [V"" Rm|?,

where B > 0 is to be fixed later. With help of the differential inequality (12.13) we
obtain

8,55 < AS — 2V|VmRm|ZV|vm+1Rm|2 . 2|vm+1Rm|4
+> "y - [V Rm| - [V Rn| - [V R - V"™ R ?
J
—2(BK?+ [V™Rm[*) [V"*Rm|?
+ (BK2 + \VMRmP) Zcm-i-lj . ’ijm‘ . ‘vm+1—ij’ . ’vm-ﬁ-lle

J

1 1
V" Rm|* < C (ﬁ + n + 1) on By (p, f) x (0,T]

Using Cauchy’s inequality and the assumption that |V Rm| < K forl = 0,1,2,---m,
we deduce

0,8 < AS 4 8K |V™ M Rm|?|[V™ 2 Rm| — 2|V Rm|* — 2BK?|V™ "2 Rm|?
+ CK*|V™™M Rm|* + CK*(B + 1) ([V™"' Rm|> + K|V™ " Rm|)
Noting that for all z € R we have 2? + Kz < 22% + iK2 we obtain with help of
Young’s inequality that
98 < AS — V™M Rm|* 4+ 2 (32 — B) K*[V™" 2 Rm|?
+CK°+ CK°(B+1)+ CK® B+ 1)*.

Taking B = 32 and assuming without loss of generality that K > 1, we obtain
2

CK*

From here we may follow the proof of [CZ06, Theorem 1.4.2] to deduce the desired
result. O

0,S < AS — + CK?*
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With help of Theorem 12.15 we inductively prove that the higher derivatives of
the curvature tensor are bounded.

Lemma 12.16. Let (R*\ {0}, g(t)), t € [0,T], be a Ricci flow as in Theorem 12.11.
Then for any T > 0 there exist constants C,, = Cp,(K,7) >0, m € N, such that

V" Rm| < C,,
on R x \{0} x [, T].

Proof. We prove this lemma by induction. By Lemma 12.14 the result is true for
m = 1. Assume that the result is true for m < N. Then there exist constants
C,>0,1=1,2,3,---, N such that

|VIRm| < C; on R*\ {0} x E,T] and for [ =1,2,3,---,N.
As in the proof of Lemma 12.14, choose coordinates z¢, i = 1,2,3,4, such that g(0)

can be extended to a C'! metric on R*, and write s* = Y. (z%)?. As the curvature
of g(t), t € [0,T], is bounded there exists a A > 0 such that

ig(o) < g(t) < Ag(0) on R*\ {0} x [0,7].

By the modified Shi’s estimates of Theorem 12.15 we see that
7|,

1
VN Rm| < C (— + 1) on R*\ {0} x [g
s
for some C' that depends on 7, K, and C}, [ = 1,2,--- , N, only. In particular, this
implies that for all R > 0 the function u € L?(Br(0)) x [0,T]. By the differential

inequality (12.13) for the evolution of the curvature derivatives we see that
(0, — A VN Rm|? < 2|V 2 Rm|? + COK? VY™ Rm| + C K|V Rm?
and hence
(0, — A) VN Rm| < CK (K + |VNHRm|) :
Thus defining
u — e~ CKt (IVY*'Rm| + K)
we deduce that
Now we are in the same setup as in the proof of Lemma 12.14. Therefore we may

use the same De Giorgi-Nash-Moser iteration argument to show that v and hence
|VNF1Rm| are bounded in R* x |7, T]. This proves the desired result. O

Now we may prove the main Theorem 12.11:

Proof of Theorem 12.11. By Lemma 12.12 we can choose coordinates x%, i = 1,2, 3, 4,
for R* such that g(T) can be extended to a C''! metric on all of R*. Below we write
g = g(T) for brevity. By [DK81, Lemma 1.2] there exist C** harmonic coordinates
y' U — R, i=1,2,3,4, in an open neighborhood U of R* containing the origin
and satisfying
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(1) y'=0
oy* i
(2) 3zj = 53'
at the origin. Furthermore, as ¢ is smooth on U\ {0}, it follows from interior elliptic

regularity that y’ are smooth on U \ {0}. Write

o 0 . . o 0
o0 =9 (a5 ) 0 1 = s (5755)
We have that g;; € Ct*(U) with respect to the y* coordinates. Furthermore, g;; is

smooth on U \ {0}.
By [PP, Chapter 10, Lemma 49]) we have

1

where (g, 0g) is some universal analytic expression that is polynomial in the ma-

trix g, quadratic in gygﬂ and has a denominator term depending on 4/det g;;. The

equation (12.16) makes sense on all of U if we interprete it in the weak sense.
Claim 1: 1f g;;(y) € C¥(U) for k € N then R;;(y) € C*11(U).
Proof of Claim: Write

Y, = i for i =1,2,3,4.
ay*

on U\ {0} we have
8k

iK Ricij = Y;J/iz e Y;kRZC(}/“ Y})
= VyileiQ s Vy% RZ'C(Y;‘, Y;)

Since covariant differentiation commutes with contractions, we can use the product
rule to express the above derivative as a sum of terms, which only involve V'™ Ric,
m = 1,2,--- k, and VY, m,l = 1,2,3,--- , k, contracted with ¥;, ¥, and Y,

l=1,2,--- k. As by Lemma 12.16 all the derivatives of the curvature tensor are
bounded and g;;(y) € C*(U) we see that
ak

8yll 3y12 e 8ylk J
is bounded as well. Hence the k-th spatial derivatives 0% Ric;; are bounded, which
implies that 0"~ Ric;; is a Lipshitz function and can be continuously extended to a
all of U. Similarly, the lower order derivatives 0™ Ric;;, m = 0,1,2,--- ,k — 2, can
be continuously extended to the origin. [

First note that g is a C''(U) weak solution of the elliptic equation (12.16). Fur-
thermore Q(g,0g) € C*'(U) and by Claim 1 we have Ric;; € C%(U) as well. Since
such weak solutions are unique, and there exists a C*(U) solution that agrees on
the boundary AU, we see that g is in fact C%(U). Bootstrapping standard Schauder
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estimates and the result of Claim 1, we conclude that g;; is smooth with respect to
the harmonic coordinates ¥, i = 1,2, 3, 4.

It remains to be shown that g(¢) can be extended to a smooth Ricci flow on
R* x (0,T]. Recall that by Lemma 12.16, for all 7 > 0 the derivatives of the
curvature tensor are bounded on U x [1,T]. Moreover ¢g(T') is bi-lipshitz to the
euclidean metric d;; on U and by the previous paragraph the covariant derivatives
of g(T) with respect to ¢;; are all bounded. Therefore we may follow the proof of
[Chl, Lemma 3.11] with ¢, = T to deduce that

o™ o
ot Qyin - - - Pyin

(9(1);; < K on UNAO} x [7,T],

for some constants K,,, > 0. This shows that ¢g(¢) can be smoothly extended to
U x [1,T]. As 7 > 0 was arbitrary the desired result follows. O
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