Math 32 Final Study Guide - Trig Fall 2013

This is a study guide for the Math 32 final, Fall 2013. It is not intended to be exhaustive. The
best way to study is to do practice solving problems so I suggest you do as many problems as you
can, not just the ones listed here. I would recommend doing the problems in the chapter review
sections. The study guide ONLY covers trig, so you will need to review chapters 0-3, sec 7.1-7.2,
and Appendix A as well. Good luck!

Section 4.1-4.2

The unit circle: positive angles are measured counter-clockwise, negative angles are measured clock-
wise. We usually call an angle 6 (the Greek letter “theta”), but it can have any name.

A

180° = 7 radians.
To convert from radians to degrees, multiply by 1780.

To convert from degrees to radians, multiply by 155-
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Section 4.3-4.5

cosf gives us the x coordinate of a point on the unit circle. sinf gives us the y coordinate of a
point on the unit circle. tan 6 gives us the slope of the line that goes from the origin to the point
on the unit circle. Alternatively,
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Recall that the Domain of a function f(z) is every real number x that the function can accept as
in input. The Range of a function f(z) is every real number y that the function can output. Hence

y = f(x).

sinz and cosz have Domain: (—o0,00) and Range: [—1,1]. When graphed on the z-y coordinate

plane, they look like:
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Recall that a zero of a function f(x) is a number a such that f(a) = 0. Graphically, the function

crosses the z-axis at x = a.

(2n—1)m

sinz has zeros at r, = &nm where n is a positive integer including 0. sinz = +1 at x, = £~
where n is a integer that’s not 0. You will have to figure out whether it’s +1 or -1. Think of the
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unit circle. When z = 7, sinz = +1. When = = 37”, sinx = —1. You could follow the pattern:
sin(%) = +1, sin(F) = -1, sin(%) = +1, sin(1F) = —1, etc.

Note that these expressions are both arithmetic sequences. The second one is odd multiples of
5 and looks like
2n—1)mr 7

3 bmw Iw
5 .

222
cos z has zeros at z, = +2=UT where n is a positive integer that’s not 0. cosx = +1 at x,, = £n7
where n is a integer including 0. Note that when sinx = 41, cosx = 0 and when cosz = =+1,
sinx = 0.

tanz = L2 g5 it is undefined when cosz = 0. Remember that cosz has zeros at x, = iw

cos T
where n is a positive integer that’s not 0. So that means tan x is undefined at z,, = iw where
n is a positive integer that’s not 0.
That means the Domain of tanz is all real numbers that are not :I:@, where n is a positive
integer that’s not 0. The Range of tanz is (—o0,00). It looks like this when graphed in the z-y

coordinate plane:
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Note that tan x has vertical asymptotes at x,, = iw where n is a positive integer that’s not

0.

Section 4.6, 5.5-5.6: Trig Identities

An identity is an expression that tells us two things are equal. That means we can use them
interchangeably. This is useful because one form may be more convenient than the other.

cos’f +sin’f =1
Remember that cos? § is the same thing as saying (cos 6)?.

cos(—0) = cos(0)
sin(—6) = —sin(0)
tan(—6) = — tan(0)



Math 32 Final Study Guide - Trig Fall 2013

Recall that we call a function odd if f(—x) = —f(x) and even if f(—z) = f(z). That means sin(z)
and tan(x) are odd and cos(z) is even.

cos(z — 6) = sin(0)

2
sin(g — ) = cos(0)
m 1
tan(§ —0) = tan(6)
cosf if n is an even integer

cos(f + nm) = {

—cosf if n is an odd integer

sin if n is an even integer

sin(6 + nr) = {

tan(f +nm) = tanf  if n is an integer

—sinf if n is an odd integer

The previous identities you will absolutely have to know for the final. Some of the next ones will
be given to you, but not all of them. In particular, the ones with tanf may not be. But that’s no

sin @

problem if you remember tan 6 = *77.

cos(20) = 1 — 2sin?# = 2 cos?(A) — 1 = cos®§ — sin® 0
sin(26) = 2sin 6 cos 0

2tand
tan(20) = T ton2d

COSQ:i /1 + cos6
2 2
sinQ::I: /1 —cos@
2 2

6 1—-cost sin 6
tan — = - =
2 sin 6 1+ cos@

cos(u +v) = cosucosv — sinusinv
cos(u — v) = cosucos v + sinusin v
sin(u + v) = sinwu cos v + cosu sinv
sin(u — v) = sinwu cosv — cos u sin v

tanu + tanwv

t =
an(u + U) 1 —tanutanv
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tanu — tanwv

tan(u —v) =
1+ tanutanwv

You may also not be given sin(u — v) and cos(u — v), but you can derive these from sin(u + v)

and cos(u + v) by replacing v in the identities by —v and remembering that cos(—v) = cos(v) and

sin(—v) = —sin(v).

Section 5.1-5.2

Arccosine: cos™'t = 0 means cosf =t for 0 < § < 7 and —1 < t < 1. The Domain of cos™'t is
[—1,1] and the Range is [0, 7].
Arcsine: sin~'t = 6 means sinf = t for -5 < 0 <= and —1 <t < 1. The Domain of sin”'t is

[—1,1] and the Range is [-7, 7].

o

Arctangent: tan~!'t = 6§ means tanf = t for —5 < 0 < 7 and t is any real number. The Do-
main of tan~'¢ is (—o0, 00) and the Range is -5, Z].

Recall that the inverse of f(z), we call f~1(x), is defined such that f(f~(z)) = f~}(f(x)) = .
That means

cos *(cos(#)) =6 for every 6 in [0, 7]
sin~(sin(f)) = 6 for every 0 in [—g, g]
tan"!(tan(f)) = 0 for every 6 in [—g, g]

And

cos(cos !(t)) =t for every t in [—1,1]
sin(sin '(t)) =t for every t in [—1,1]

tan(tan"'(t)) =t for every real number ¢

We also have the following identities

cos '(—t) = 7 — cos (1)
sin™'(—t) = —sin"'(t)

tan~'(—t) = —tan "' (¢)

1 N
cos t+ sin t—§

Remember —1 <t < 1 for cos™ 't and sin~'¢. ¢ can be any real number for tan='¢.
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Section 5.3-5.5

In this section, consider the following triangle

b

Recall the area of a triangle Area = %(base x height). With some trig, we can also say

1

Area = =bcsin A = iabsinC = EacsinB

N | —

Law of Sines:
sin A B sin B B sinC'

a b c

Law of Cosines:
?=a®>+b*—2abcosC

b = a’® + ¢ — 2accos B

a’> =2+ b* —2chcos A

Suppose you have an angle ¢ that is small. Then the following approximate expressions may be
useful:

sinf ~ 6
tanf ~ 6
(92
~1-—
cos 0 5
sin9N
g~

Here 6 has to be in radians. The meaning of a “small” angle is a little bit subjective. Typically it
will be much less than the number 1. A good rule of thumb is ~ 0.1.

Section 6.1

The Amplitude of a sine or cosine wave is half the distance between the maximum and the mini-

mum: )
A= E(Max — Min)

A quick way to find the amplitude of a sine or cosine function is to look at the number multiplying
the sine or cosine. Example: 3sinx has amplitude 3.

6
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A function is called periodic if f(x + P) = f(x). We call the period of the function P. That
means the function will repeat itself every P units on the z-axis. sinx and cosx both have P = 27
and tanz has P = 7.

sin x
COS X
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2r -3m2 -T -T/2 0 2 T 3n/2 2n

Recall that if we multiply a function by a constant like this: g(z) = c¢f(z), we stretch it vertically
in the z-y plane. If ¢ > 1, the graph gets bigger and if 0 < ¢ < 1 the graph gets smaller. If ¢ < 0,
it will mirror itself about the z-axis. If we stretch a trig function vertically, we change its amplitude.

Recall that if we add (or subtract) a constant to a function like this: g(z) = f(x) + ¢, it shifts
vertically by ¢ units. If we add a positive number (e.g. f(x) + 2), it moves up. If we subtract a
positive number (e.g. f(z) — 2), it moves down.

Recall that if we multiply the input of a function by a constant like this: g(z) = f(cz), we stretch
it horizontally in the z-y plane. If ¢ > 1, the graph gets smaller and if 0 < ¢ < 1 the graph gets
bigger. If ¢ < 0, it will mirror itself about the y-axis. If we stretch a trig function horizontally, we
change its period. A convenient way to change the period of a sine or cosine wave is to write it like
this

2m 2m

sin (Fx) cos (Fl‘)

Then we just pick P to be the period we want. For example, if we want P = 27, we would get

27 .27 .
sin (—x) = sin (=—x) = sin(x
() = sin () = sinfa)
which makes sense since we know the period of sin(z) is 27. If someone gives us some random sine
wave and wants us to find the period, we just set 2% equal to whatever is multiplying x and solve
for P.
Example: Find the period of cos(0.37z — 2).

2m 2m
— =037 = P=—
P 0.37
The period of cos(0.37z — 2) is Z&= ~ 522 ~ 20. Notice how subtracting 2 inside cos didn’t affect

our calculation That means cos(0.37z — 2) and cos(0.37x) have the same period. The only thing
that will change the period of a trig function is stretching it horizontally, i.e., f(cx).
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Phase Shift

Recall that if we add (or subtract) a constant to the input of a function like this: g(z) = f(z + ¢),
it shifts horizontally by ¢ units. If we add a positive number (e.g. f(z 4 2)), it moves to the left.
If we subtract a positive number (e.g. f(z — 2)), it moves to the right. For trig functions, we call
this a phase shift.

As an example look at the following graph:
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We observe that cos(z) is just sin(x) shifted to the left by . So cos(x) = sin(z + 7). We can also

look at it this way: sin(x) is just cos(x) shifted to the right by 7. So sin(z) = cos(z — 7).



