GEOMETRIC LEVEL RAISING AND LOWERING ON THE
EIGENCURVE

ALEXANDER G.M. PAULIN

ABSTRACT. If 7y is a cuspidal automorphic representation of GLz,q associated to a mod-
ular form f, the local and global Langlands correspondences are compatible at all finite
places of Q. On the p-adic Coleman-Mazur eigencurve this principle can fail (away from
p) under one of two conditions: on a generically principal series component where mon-
odromy vanishes; or on a generically special component where the ratio of the Satake
parameters degenerates. We prove, under mild restrictive hypotheses, that such points
are the intersection of generically principal series and special components. This is a
geometric analogue of Ribet’s level raising and lowering theorems.

1. INTRODUCTION

Let 7y be a cuspidal automorphic representation of GLgq associated to a cuspidal modular
form f. Let p be a prime number and fix Q, an algebraic closure of Q . To 7 we may
naturally associate py, a 2-dimensional, p-adic potentially semi-stable representation of
G := Gal(Q/Q), naturally fitting into a compatible system. Each of these global objects
naturally decomposes into local data.

On the automorphic side, the restriction of 7 to the finite adeles is the restricted tensor
product

T =@

where 7y is a smooth admissible irreducible representation of GL2(Q;), for [ prime. On
the Galois side, for any prime [, py gives rise to a 2-dimensional Frobenius semisimple
Weil-Deligne representation (ps;, Ny).

If 7 is the Tate normalised local Langlands correspondence then by work of Carayol
([6]), Saito ([23]), et al, local to global compatibility holds, i.e.

m(pg1, Ny) Z

In [22] we extend this result to families of finite slope overconvergent modular forms. More
precisely, for N a natural number coprime to p, let £ be the cuspidal eigencurve (for the
full Hecke algebra) of tame level N. Let [ be a prime not equal to p. By [22], to any
x € £ we may associate 7, a smooth admissible representation of GL2(Q;) and (ps1, N)
a 2-dimensional Frobenius semisimple Weil-Deligne representation. The central result of
[22] is:
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Theorem (Local to Global Compatibility). Away from a discrete subset X C &, local
to global compatibility holds, i.e. for x € £\ X we have

ﬂ—(px,la Nz) = T+

In [22] it is also shown that on the irreducible locus of £, failure can only occur when
7(pg,1, N) is one dimensional, something with cannot happen classically. In this paper we
address the geometric consequences of this failure.

Let [ and p be two distinct rational primes. This will be the convention adopted through-
out the rest of the paper. Let S be a finite set of places of Q containing p, [ and oco. Let
FF be a finite field of characteristic p and Vg be a two dimensional F-vector space equipped
with a continuous, odd action of Gg . Let us, furthermore, assume that endpigy ) Ve = F
and that Vf is modular, associated to a cuspidal eigenform. If Vx is absolutely irreducible
this last condition is automatically satisfied by Serre’s conjecture (now a theorem of Khare,
Wintenberger and Kisin). Let Xy, denote the universal deformation space associated to
V.

As explained in §5, there is a closed subspace £ C Xy, x G,,, the cuspidal eigencurve
lying over Vx (see §6 of [15] for a more detailed Galois theoretic construction, or §2 of [5]
for a Hecke theoretic construction). As above, to any = € £ we may naturally associate
a 2-dimensional Frobenius semisimple Weil-Deligne representation (pg;, N). We remark
that the Hecke construction of £ given in [5] involves glueing restricted Hecke Algebras,
i.e. those away from the level. Hence, strictly speaking, C,-valued points on £ correspond
to systems of eigenvalues associated to a finite slope overconvergent cuspidal eigenforms,
and not necessarily to eigenforms themselves. Hence, this eigencurve is subtly different
from the one introduced above. There is, of course, a natural morphism between the two
as explained in §5. We make the following conjecture:

Conjecture. Let v € £ be a point such that m(py, Ny) is one dimensional. Then there
exist irreducible components Z, Z' C £, generically special and principal series respectively,
such that x € ZN Z'.

This is equivalent to a combination of the following geometric analogues of Ribet’s level
lowering and raising theorems:

Conjecture (Level Lowering). Let Z C & be a generically special (atl) component such
that there exists v € Z such that N, = 0, then there exists Z' C £, a generically principal
series irreducible component, such that v € Z'.

Conjecture (Level Raising). Let Z C & be a generically principal series (at 1) com-
ponent such that there exists v € Z such that 7(py;, Ny) is one dimensional. Then there
exists Z' C £, a generically special irreducible component, such that x € Z'.

We prove these conjectures under mild technical restrictions on V§ and =.

Let V, be the 2-dimensional p-adic representation associated to z. Let VZ denote its
restriction to a decomposition group at p. We say that = € £ satisfies (x) if

(1) V, and Vi are absolutely irreducible.
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e generalise odge-late weights of V; are 0 an —NU
2) Th lised Hodge-T ights of V/ 0 and % NuU{0

Our main result is the following:

Theorem A. Let p > 2. Let S be a finite set of places of Q such that {l,p,00} C S and
S\{l,p,00} # 0. Let Vg be a 2-dimensional, mod p, modular representation of Gg s such
that VF|GQ(<1)) 1s absolutely irreducible. Furthermore, assume that VE? is p-distinguished and
not a twist of an extension of the cyclotomic by trivial characters. Let £ denote the cuspidal
etgencurve lying over V. Let x € £ such that

(1) Vy satisfies (x).

(2) m(ps, Ny) is one dimensional.
Then there exist irreducible components Z,2Z' C € generically special and principal series
respectively such that x € Z N Z'.

We remark that S must contain an auxillary place purely for technical reasons (see
proposition 14).

Let us outline the basic strategy of the proof. In [15] it is proven that for any z € &,
V¥ satisfies the property of being trianguline (see §3.4). Using this Kisin ([15]) defines
the closed rigid analytic subspace space Xrs C Xy, X Gy, using purely Galois theoretic
techniques. One should think of X as a Galois theoretic avatar of £. In particular
there is a canonical inclusion & C Xy, In [15] it was conjectured that this inclusion is
actually an equality, giving a purely Galois theoretic construction of £. By recent work of
Emerton ([12]) this has been shown to be true after imposing the above restrictions on V.
Philosophically speaking this is an R =T theorem.

This allows us to study the local geometry of & using Xy,. The benefit of such an
approach is that the local geometry of X, can be understood using Galois deformation
theory (Theorem 6 of §4.2). In particular we may apply the theory of trianguline deforma-
tions as developed in [1] to determine the local geometry of Xy,. Our strategy is to first
prove the level raising and lowering conjectures for Xy, using Galois deformation theory,
then using Emerton’s result, deduce them for £.

We remark that this strategy is reminiscent of that employed by Gee in [13], where level
raising ard lowering results are proven using deformation theory and then transported to
the realm of automorphic representations using an R = T theorem. We should also remark
that certain cases of the level raising conjecture have already been established by work of
Newton ([21]), in the unramified case by directly generalising the methods of Diamond and
Taylor in the classical case. Our approach is fundamentally different.

The techniques developed in this paper are well suited to studying the local geometry
of Galois theoretic eigenvarieties in the higher rank case, as being developed by Pottharst.
As R =T theorems improve it seems reasonable to hope that these techniques will provide
a means of understanding the local geometry of higher rank automorphic eigenvarieties.

We also remark that the techniques developed in this paper may be used to prove similar
geometric level raising and lowering results for the full space of p-adic modular forms.
More precisely, one may prove a natural analogue of theorem A for the rigid analytic space
associated to the big Hecke algebra acting on the the full space of cuspidal p-adic modular
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forms, under mild restrictions on V. The strategy in this case would be the same, first
proving it for the universal deformation space associated to Vg and then transferring it the
setting of p-adic modular forms using results of Boeckle ([4]). In a sense, this situation is
easier because one does not need to impose any condition on the local deformations at p.

Arrangement of the Paper. In §2 we review the basic theory of deformation of repre-
sentations of profinite groups. In §3.1 we study local deformations away from p, refining
results of Gee ([13]) and Kisin ([17]). In §3.2 we review the theory of trianguline deforma-
tion theory developed in [1]. In particular we show that under favourable circumstances
Kisin’s h-deformation functor (see §8 of [15]) and the trianguline defomation functor are
naturally isomorphic. This allows us to transport results from [1] to the setting of [15]. In
§4.1 we prove a characteristic zero analogue of Kisin’s results on presenting global defor-
mation rings over local deformations in positive characteristic ([16]). Finally in §4.2 we
bring these ideas together to prove the level lowering and raising conjectures for Xyr,. In
85 we review the basic theory of the eigencurve and prove level raising and lowering in this
context invoking Emerton’s R =T result.

Acknowledgments. I would like to thank Kevin Buzzard and Mathew Emerton for the
numerous and helpful conversations I have had with them.

2. DEFORMATIONS OF PROFINITE GROUPS

In this section we review the basic concepts of deformations of finite dimensional repre-
sentations of profinite groups. We also recall some of the techniques needed to study the
local geometry of the universal deformation space of a finite characteristic representation
in the spirit of [17] .

Let p be a rational prime and F a finite field of characteristic p. Let G be a profinite
group and Vg be a finite dimensional F-vector space equipped with a continuous action of
G. We write dimp(Vr) = d. In practice G will always be a Galois group of a number field
or a local field.

Let W(FF) be the Witt vectors over IF and ARy () be the category of finite local, Artinian
W (IF)-algebras with residue field F. For A € ob([9Ryy(ry) we define a deformation of Vg
to A to be a finite free A-module, V4, equipped with a continuous A-linear action of G
and an isomorphism V4 ® 4 F = V. An isomorphism between two such deformations is a
A[G]-module isomorphism where the induced automorphism of Vg is the identity.

Using this we define the functor Dy;, which assigns to any A € ob(ARyy(r)) the set of
isomorphism classes of deformations of V& to A. We remark that this functor is naturally
isomorphic to the usual deformation functor defined in terms of strict equivalence classes
of liftings of Vf.

Let Or be a basis for Vp. If A € ob(UARyy () and Va is a deformation of Vg, then a
framing of V4 with respect to Op is a choice of A-basis lifting Gp. We will be interested
in deformations with multiple framings. Let X be a finite index set such that for every
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v € ¥ we have a fixed basis 8, C Vg. We define the functor DDF, which assigns to every
A € ob(ANRyy (r)) the set of isomorphism classes of deformations of Vi to A together with a
framing of 3, for each v € . There is a forgetful morphism of functors D‘% — Dy,. It is
clear that this morphism is formally smooth by construction.

From now on let us make the technical restriction that Hom(G,F)) is a finite dimen-
sional [F)-vector space. We then have the crucial result originally due to Mazur ([20]) and
extended by Kisin in [17]:

Proposition 1. (1) DEF is pro-representable by a complete local Noetherian W (F)-

algebra R‘% called the universal framed deformation ring.
(2) If Endgiq)Vr = F then Dy, is pro-represented by a complete local W (IF)-algebra Ry,
called the universal deformation ring.

The primary motivation for introducing the concept of a framed deformation is to ensure
representability under any circumstances.

Let Fle] = F[X]/X? and adVf& denote the dual numbers and the adjoint representation
respectively. The following well known lemma ([20], [17]) expresses the relationship be-
tween the tangent spaces of these two functors.

Lemma 1. (1) There is a canonical isomorphism of finite dimensional F-vector spaces:
Dy, (Fle]) = HY(G, adVr).
(2) D%(F[e]} is a finite dimensional F-vector space satisfying:
dimpD5} (Fle]) = dimz Dy (Fle] + |2|d? — dimp(adVi)C.
(3) Dy, (and thus D%) is formally smooth over W (F) if and only if H*(G, adVy) = 0.

Frequently the theory of deformations of finite characteristic representation of profinite
groups is set up over some auxiliary coefficient-ring O. Recall that this means that O is a
complete local noetherian algebra with residue field F. Note that such a ring is canonically
a W (IF)-alebgra. All of the above theory can be set up in this more restricted setting and all
above results hold. In particular the universal framed deformation in the case of O-algebra
framed deformations is given by REF@’W(F)O- In this sense, our setup is the most general.

Let E/Q, be a finite extension and AR be the category of local, Artinian E-alegbras
with residue field F. Similarly let Vg be a finite dimensional E-vector space equipped with
a continuous E-linear action of G. We define the deformation functor, Dy, on ANRE in
exactly the same way as above. Similarly if ¥ is a finite index set and (3, C Vg is a basis
for each v € ¥, we define the framed deformation functor DEE in exactly the same way as
above. All of the above results carry over to this setting replacing F by E.

There is an elegant geometric interpretation linking deformations from characteristic p
and characteristic zero originally developed in §2.3 of [17] and §9 of [15].
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Keeping the above notation, let %% be the generic fibre of the formal scheme Spf (REF)
as explained in [11]. 36% is a separated rigid space over W(IF)[1/p]. By lemma 7.1.9
of [11] the points of f{‘% are in natural bijection with the maximal spectra of R‘E)F[l /D).

Furthermore, if x € %‘% corresponds to the maximal ideal m C REIF[I /p] then there is a
canonical isomorphism of complete local noetherian rings

_—
~

~ plJ
Ox) o = Ry, [1/plm-

In particular they must have the same residue field, which is automatically a finite

extension £/Q,. The canonical morphism R\% — R‘%[l /p]m composed with reduction
modulo the maximal ideal induces a continuous representation of G' on a finite dimensional
E-vector space Vg. Furthermore, VE comes equipped with a choice of basis for each v € 3.
We can now apply the above deformation theoretic techniques to Vg to give the universal
framed deformation ring REE. By lemma 2.3.2, lemma 2.3.3 and proposition 2.3.5 of [17]
we know that

O ~ pOpn /0
Hence we may study the infinitesimal geomtry of %‘% by using deformation theoretic tech-
niques.

If EndpigVr = F then Dy, is pro-representable. Hence there exists an associated uni-
versal deformation space Xy;. All of the above observations remain true in this situation
replacing all framed deformation functors with their unframed counterparts.

3. LocAL DEFORMATIONS

3.1. Local Deformations away from p. Our eventual aim is to study deformations of
global Galois groups on p-adic vector spaces with prescribed behaviour at some prime [
not equal to p. With this in mind we begin by studying the structure of local deformation
spaces associated to representations of [-adic Galois groups acting on finite dimensional
vector spaces over a finite field F of characteristic p where [ £ p. Such deformation spaces
were extensively studied in §2 of [13], adapting the methods developed in §3 of [18].

3.1.1. Local Level Lowering Deformations. We wish to study the part of the local defor-
mation space on which monodromy vanishes. This is the geometric analogue of studying
the potentially crystalline locus of the universal deformation space when [ = p. This is
a natural geometric analogue of classical level lowering, albeit more refined as it is more
general than being unramified.

Let K/Q be a finite extension with residue field of cardinality (™. Fix an algebraic closure
K and let G be the absolute Galois group, together with its natural profinite topology.
By local class field theory we know that Gi satisfies the p-finiteness condition of §2. Let
Vr be a d-dimensional F-vector space equipped with a basis Op and a continuous F-linear
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action of Gg. Let REF be the complete local Noetherian W (FF)-algebra pro-representing
D‘% (with one framing) . Let %‘% denote the universal deformation space.

To z € %‘% with residue field £/Q, we may naturally associate a d-dimensional E-vector
space V,, equipped with a fixed basis and a continuous E-linear action of Gg.

Let I'x C Wx be the inertia subgroup and Weil group respectively. Fix ® € Wi, a lift
of (arithmetic) Frobenius. Let ||.|| : Wk — Q* be the unramified character which sends @
to ™.

A well known theorem of Grothendieck ([24]) states that there is a finite extension of
L/K such that V, restricted to I, is unipotent. This allows us to associate to V, a d-
dimensional Weil-Deligne representation of Wi over E. Such an object is a triple (A, pg, N)
where A is a d-dimensional E-vector space; pg : W — Autg(A) is a representation whose
kernel contains an open subgroup of Ix and N € Autg(A) is a nilpotent endomorphism
satisfying

po(0)N = o[ Npo(o) Vo € Wi,

N is the monodromy operator associated to V. . It is a measure of how much the initial
representation of G fails to be continuous for the discrete topology on V,. In particular,
if N = 0 then (A, py) is isomorphic to V, as a Wi representation. There is a natural
concept of a Weil-Deligne representation over an arbitrary Qp-algebra. There is also a
natural extension of Grothendieck’s result in the following sense:

—

As above let IF be a finite field of characteristic p. Let us denote by 2Ry (g, the category of

complete local Noetherian W (IF)-algebras with residue field F. Let A, € ob(ﬁm)) and
V4, be a finite free A,-module of rank d together with an A,-basis $4, and a continuous
A,-linear action of Gg. Write A = A,[1/p]. V4 := V4, ® A naturally comes equipped with
a continuous A-linear action of Gk and a canonical A-basis 34, lifting B4,. If we denote
the generic fibre of Spf(A,) by X then as above, Specmax(A) is in natural bijection with
X. We have the following mild generalization of Grothendieck’s result:

Proposition 2. To V4 we may naturally associate a Weil-Deligne representation over A
with the property that specializing to x € Specmaz(A) recovers the classical construction.

Proof. By proposition 19 of [22] we know the result is true for affinoid alegbras. We may
admissibly cover X by affinoids. Glueing each of these Weil-Deligne representations gives
the desired Weil-Deligne representation over A. ([l

We write Ny, for the monodromy operator of this Weil-Deligne representation over A.
Because we have a fixed A-basis 54 we have the canonical inclusion Ny, € My(A). Fur-
thermore, it is true by construction that, Ny, € My(A,). Let I C A° denote the ideal
generated by the entries of Ny,. We write AY=0 = A,/I and let Van=o = V4, ® AN=0
together with its natural G g-action and canonical A)=C-basis. We should observe that
it is perfectly possible that AY=0 is trivial. By construction the induced action of Ix on
Van=o factors through a finite quotient.
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Now set A, = REF. The above construction gives a closed subspace %EF’N:O C %\%.

.’{EF’N:O is the generic fibre of Spf (REF’N:O) and by construction, x € XE{F’NZO if and only

if the monodromy operator associated to V,, is trivial.

Observe that the Weil-Deligne representation carried by %EF’N:O must factor through a
finite quotient of Ix. Hence there exists a finite extension L/K such that this Weil-Deligne
representation factors through the finite inertia group Iy ,r. This implies that the action

of inertia on V0. v=0 must factor through Ir,/r. We also deduce that the action of inertia
Vi
on Vg must factor through Iy x.

We define the functor DEF’N:O which assigns to every A € ob(JARyy (x)) isomorphism classes
of framed deformations of Vg over A, whose restriction to Iy, factors though Ir /f. DEF’N:O

is a subfunctor of DE )
F

Proposition 3. D\%,N:O is pro-represented by REF’N:O.

Proof. Let A € ob(ANRy(r)) and let Vi be a framed deformation of Vg. By the universal
property of REF we know that this framed deformation must be induced by a local morphism
o : REF — A. Let Nypiv € Md(REF) be the universal monodromy operator. Clearly the
monodromy operator Ny, € My(A) is the image of Nyp, under ¢. By construction, Vy
factors through Iy k if and only if Ny, = 0. Hence the ideal generated by the entries of
Nuyniv is in the kernel of ¢ if and only if Ny, = 0. The result follows immediately. ]

There is a more natural interpretation of this functor as follows:

Let Iy, be the inertia subgroup of L. Let Gy, := Gk /Ir. It is naturally an extension of
Z by the finite group Ir, /-

Observe that VF naturally carries an action of Gy, . Let A € ob(Qli)%W(]F)). If Vu
framed deformation Vf, then its restriction to I factor through I,k if and only if (as a
Gk representation) it factors through the quotient Gy, 1.

Let us define the functor D‘% .un,1» Which assigns to A € 0b(UAMRyy () isomorphism classes
of framed deformations of V¢ (as a Gyp, 1, representation) over A. By construction this func-
tor is isomorphic to D\% N—o- This reinterpretation is useful because it is of the form studied
in §2 setting G = Gy, 1. In particular we observe that because G, 1, is a quotient of G'i
it satisfies the p-finiteness condition. Hence we may study the local geometry of %EIF’N:O
using deformation theoretic techniques.

We now prove the main result of this section, which is a refinement of theorem 2.0.6
of [13].

Theorem 1. If XEF’N:O is non-empty then it is the union of formally smooth components
each of dimension d>.
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Proof. Assume that .'{EF’N:O is non-empty. Let z € %EF’N:O have residue field E£/Q,. Let V,,

be the associated representation of G . By construction we know it factors through G, 1.
Let D‘%N:Odenote the functor which assigns to every A € ob(ARg) the set of isomorphism
classes framed deformations of V, (as a Gy, representation) over A. DEZ’N:O is pro-
represented by the complete local ring at x. Hence we just need to show that D%NZO is
unobstructed and has tangent space of dimension d?.

The obstruction to ’DEI’N:O being smooth over is in H*(Guyn, 1, adV,). Observe that there
is a short exact sequence

0_>IL/K _>Gun,L Hi_)()

Where we have fixed an isomorphism G /Ix = Z.

A finite group acting on a vector space over as characteristic zero field has trivial co-
homology in positive degree. The higher inflation-restriction sequence coming from the
Hoschild-Serre spectral sequence, tells us that

H?(Gun.1, adVy) = H*(Z, (adV,)'2/%).

This latter groups is always trival, hence we deduce that the functor is unobstructed thus

%EF’N:O is smooth at z. By lemma 1 we deduce that the dimension of the irreducible com-

ponent containing z is therefore equal to dimp(H(Gyn, 1, adVy)) + d? — dimg((adV,)CK).
The Hoschild-Serre spectral sequence again tells us that

HY(Gyn.1,adVy) = HY(Z, (adVy)'2/x).

It is well known that this latter space is equal to H(Z, (adV,)'t/x). However, this latter

space is equal to (ade)GK because x € %EF’N:O. This completes the proof. ]

Theorem 2. If L/K is tamely ramified then REF’N:O is formally smooth over W (F) of
relative dimension d>.

Proof. By the proof of theorem 1 we just need to show that the deformation functor DEF N=0
is unobstructed in this case. We know that |Iy x| = e(L/K) is coprime to p. A standard
result from the cohomology of finite groups tells us that the positive degree cohomology
must be annihilated by e(L/K). Because adVy is a vector space over F), we deduce that
H"(I,/k,adVg) = 0 for n > 0. Hence we may repeat the above argument to deduce that
H2(GunyL, adVy) = 0. The result follows. O

We do not know if this result remains true in the event of L/K being wild.

3.1.2. Local Raising Lowering Deformations. As remarked in the introduction we will ul-
timately be concerned with 2-dimensional p-adic global Galois representations whose re-
striction to a decomposition group at [ corresponds to a one dimensional representation
under 7, the local Langlands correspondence.
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Recall that if Vg is a 2-dimensional E-vector space, equipped with a continuous E-linear
action of G then under 7, the associated representation of GLg(K) is one dimensional if
and only if Vg is a direct sum of two characters, one of which is a twist of the other by
the p-adic cyclotomic character x. The semi-simple mod p representation associated to Vg
must therefore be the direct sum of two characters, one of which is a twist of the other by
the mod p cyclotomic character ¥.

Let Vg be a 2-dimensional F-vector space, equipped with a continuous representation
of Gk and a choice of basis fr. Let A : Gg — F* be a continuous character. We define
VF()\) = Vr ®r A, the twist of Vg by A.

Proposition 4. The functors DEF and DEF(A) are isomorphic.

Proof. Let \:Gg — W (F)* be the Teichmuiller lift of A. Let A € ob(JANRy (r)). We denote
by A4 the canonical A*-valued character induced by composition of A with the canonical
inclusion W (F) C A.

Let V4 be a deformation of Vg over A. By construction V4 ®4 M4 is a deformation of
Vr(A) over A.

Conversely if V4 is a deformation of Vg(A), then V4 ® 4 :\Zl is a deformation of Vf over
A.

This establishes a bijection between Dy, (A) and Dy;(y)(A). Given A, B € ob(ARyy (x))
and a morphism A — B, we have Ay ®4 B = Ag. Hence we deduce that this gives a
natural isomorphism Dy; = Dy (y)-

Let V4 be a deformation of Vg over A, with a fixed A-basis G4 lifting Gr. Then the image
of B4 under the natural morphism V4 — V4 ®4 W gives an A-basis of V4 ®4 A4. This
gives rise to the natural isomorphism of the framed deformation functors DEF i DEF o) O

Let VF be a 2-dimensional F-vector space, equipped with a continuous representation of
Gk and a choice of basis Op. Furthermore assume that

(1) Ve(x ") # {0}

(2) det(Vr) = x.
These are precisely the conditions imposed in §2.6 of [17]. In particular we have the the
following result of Kisin:

Proposition 5. There is a closed subspace of %E’X’SP C %EF with the following two prop-

erties: ’
(1) %EIF’X’SP is smooth of dimension of 3.
(2) Let x € %%, have residue field E/Q,. Then x € %EF’X’SP if and only if V., the
representation associated to x, is an extension of E by E(x).

Proof. This is proposition 2.6.6 from [17]. O

Note that the representations on %E{F’X’SP all have fixed determinant y. We wish to remove

this restriction.
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Let us define the subspace .'{EF’SP C %EF by demanding that x € %EF’SP if and only if the

associated representation of G'Ly(K) under the local Langlands correspondence occurs as a

subquotient of a reducible principal series. More concretely, let x € %‘D/F have residue field

E/Qp. Then z € %EF’SP if and only if V is a twist of an extension of F by E(x). Clearly
U,x,sp U,sp

Xy C Xy

Theorem 3. XE}F’SP is formally smooth of dimension 4.

Proof. By local Tate-Duality the universal deformation ring of the trivial representation
of G on a one dimensional F-vector space has universal deformation ring isomorphic to
the Twasawa algebra over W (F). In particular the associated deformation space, which we
denote by X, is smooth of dimension 1.

Ifz e %EF’SP then V, is a twist of a unique representation occuring in X
character which is residually trivial. We deduce that

‘:’7Sp ~Y ‘:LX,SP
Xy m =X x X0

Ox,
Vi

S .
. P by a unique

This in conjunction with proposition 5 yields the result. ([l

We should remark that by proposition 4 this result remains true after twisting Vg be a
character. In particular, given any V& such that %EF’SP is non-empty, we know that it is
formally smooth of dimension 4.

3.2. Local Deformations at p. In this section we review the theory of 2-dimensional
trianguline deformation theory and recast Kisin’s h-deformation functor in this language.

Let Bgris and Bgr denote Fontaine’s crystalline and de Rham period rings (for an ex-
cellent survey of their construction see [3]). Recall that B, is a topological Q,-algebra
equipped with a continuous action of Gg, and a continuous frobenius operator ¢, which
commutes with the Galois action. Similarly, Byg is a topological Q,-algebra, which comes
with a continuous action of G, and a separated, exhaustive decreasing filtration. Bepis
is constructed from B} . C BJR = Fil°(Byg) by inverting the p-adic period t € B}, ..
Beris naturally comes equipped with a separated, exhaustive decreasing filtration coming
from the natural embedding into Bgr. If V is a finite dimensional QQ-vector space with a
continuous Qp-linear action G, we define the functors D:;is, D¢ris, Dgr according to the
usual recipe of Fontaine. For example

D(—I";‘ZS(V) = (B+

cris

®q, V),
where G, acts diagonally.
Let E/Q, be a finite extension. Let Vg be a finite dimensional E-vector space equipped

with a continuous E-linear action of Gg,. Following [15] we assume that Vg has a non-
trivial cristalline period, i.e. there exists A € E* such that there is a non-zero vector
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vn € D, (Vie)? ™
Note that we are taking dual conventions to [15], where the equivalent property of the dual
representation is considered. To clarify the link, if we denote by Vj the E-dual of Vg then

the existence of vy is equivalent to a non-zero Gg,-equivariant E-linear morphism
h: Vi — (Bl ©g, B)7.

By theorem 6.3 of [15], if f is a finite slope, overconvergent, cuspidal, p-adic eigenform
defined over F/, then the local representation attached to f at p satisfies this condition where
A =a,(f), and a,(f) is the eigenvalue of the U, operator. Again note that we are implicitly
dualising the global representation associated to f in [15]. This is the fundamental reason
for introducing this somewhat technical looking definition. A more conceptual approach
using Fontaine’s theory of (¢, I')-modules was introduced by Colmez ([9]), where, in the two
dimensional case, he calls such representations (up to twist) trianguline. This theory has
been extensively developed both by Colmez, in the two dimensional case, and by Bellaiche
and Chenevier in higher dimensions ([1]). We now review this approach.

3.3. (¢,I')-modules and the Robba Ring. Following [15] we fix the convention that
the p-adic cyclotomic character has Hodge-Tate weight 1 and Sen polynomial X — 1. As
in [7] we normalise the local class fields theory reciprocity map to send a uniformiser to
geometric Frobenius. Under this choice of normalisation the the cyclotomic character cor-
responds to x, the character on Q; given by x(z) = z|z|. The reader is cautioned that
our convention on the sign of Hodge Tate weights is different than in [7] which we shall
frequently cite. As above let E/Q, be a finite extension.

The Robba ring with coefficients in E is the E-algebra Rpg of powers series

f(z) = Zan(z -1)" a, €E
nez
converging on some annulus of C, of the form r(f) < |z — 1| < 1, equipped with its nat-
ural E-algebra toplology. R is naturally equipped with commuting E-linear, continuous
actions of ¢ and the group I' := Z; defined by

e(f)(z) = f("),  ~(N)(z) = f(z7).
Note that Rp = Rq, ®q, E. Similarly, if A € 0b(ARE) we define R4 := Rg, ®q, A. In
the case when A = E, the Robba ring over F is a Bezout domain. An important element
of R, (and consequently any R4) is

t =log(z) := Z(—l)"“ﬂ.

n
n>1

It is important to observe that

p(t) =pt, y(t) =~t, Vy T
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Definition 1. let A € 0b(ANRE). A (¢,I')-module over R4 is a finitely generated R -
module D which is free over Rq, and eqiupped with commuting, R a-semilinear, contiuous
actions of ¢ and T', and such that Rg,o(D) = D.

Let A € ob(ARE). Let D be a (¢,I')-module over R4. Let D be of rank d € N over
Rq,. By work of Kedlaya ([14]) we may associate to D a sequence of rational numbers
s1 < - -+ < 54 called the slopes of D. We say that D is etale if all the slopes are 0. By work
of Fontaine, Cherbonnier-Colmez and Kedlaya (see proposition 2.7 of [10]) we have:

Proposition 6. There is a ®-equivalence of categories between A-representations of Gg,
and etale (¢, T')-module over R 4.

By lemma 2.2.7 of [1] if V4 is a free, rank n, A-module equipped with a continuous
A-linear action of G, then the associated etale (¢, I')-module is free of rank n over R 4.

3.4. (¢,T')-modules of rank one. Let A € ARE. Let D be a (¢, I')-module over R 4. We
say that D is of rank one if it is free of rank one over R 4. Let 6 : Q; — A* be a continuous
character. Following Colmez ([9]) we may associate to § a rank one (¢, I')-module R 4(J)
as follows: we equip R4 with the following semilinear actions

e(1) =6(p)1, (1) =061 vyel.
By proposition 4.2 of [7], we know that any rank one (¢, I')-module over R 4, arises as
above for a unique such 6. We remark that if § is the reduction of this character modulo
the maximal ideal then the R 4(6) is etale if and only if §(p) € O%.

Definition 2. Let A € ARp. Let D be a (¢,T')-module over R, which is free of rank
2. We say that D is trianguline if D is an extension of two rank one (p,T')-modules over
Ra. A triangulation of D is a choice of a rank one (o,T')-modules D' C D such that
D/D’ is rank one. More precisely D is trianguline if there exist two continuous characters
61,02 : Qp — A* such that there is a short exact sequence (in the category of (p,I')-
modules):

0 — Ra(61) — Dg — Ra(d2) — 0.

There is a natural generalisation of this definition to higher dimension ([1]).

Let V4 be a free A-module equipped with a continuous A-linear action of Gg,. By
proposition 6 we may associate to V4 a free (p,I')-module over R 4, which we denote D 4.
We say that V4 is trianguline if D4 is trianguline. We can detect whether V4 is trianguline
directly by using the following crucial result of Colmez and Chenevier.

Proposition 7. Let A € ob(ARE). Let Dy be an etale (p,T')-module over R4, which is
free of rank 2 corresponding to V4 as above. Suppose that for A € A* there exists a free
A-module of rank one Aw C Dcris(VA)s":’\. Let s € 7 be the minimal integer such that
v & Fil*™' Depis(Va) then D4 is an extension of Ra(d2) by Ra(d1), where §1(p) = A\p~*
and (61)|r = x~°, and 8o = det(Va)dy . In particular D, is trianguline.

Proof. This is proposition 4.6 of [7]. O
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Proposition 8. Let A € ARp. Let 61,02 : Q) — A* be two continuous characters. Let
51,09 : Q, — E* be their respective reductions modulo the mazimal ideal of A. Suppose
that 610, # =%, xx® fori > 0. Then Ext,1y(Ra(d2), Ra(01)) is a free A-module of rank
1.

Proof. This is proposition 4.3 of [7] O

3.5. Trianguline Deformations and Kisin’s h-deformations. The aim of this section
is to compare the trianguline deformation functor of [1] and the h-deformation functor
introduced in [15]. In favourable circumstances the two will turn out to be isomorphic.

For the rest of the section let Vg be a 2-dimensional FE-vector space with continuous
E-linear action of Gg,. We say that Vg satisfies () if

(1) Vg is absolutely irreducible.
(2) There exists A € E* such that there exists a non-zero period

on € DI (Vi)P=>,

Ccris
(3) Vg is not cristalline (hence vy, is unique up to a multiple of E*).
(4) The generalised Hodge-Tate weights of Vg are 0 and k ¢ —N U {0}.
(1) is exactly the type of condition introduced in [15]. We wish to recast it in the language
of (¢, I')-modules.

Let Dp, denote the (¢, T')-module associated to Vg.

Proposition 9. Assume that Vg satisfies (f). Then Dg is an extension of the following
form:

0 — Rg(61) — Dg — Rg(d) — 0,
where 61 is trivial on Z,. Moreover, 01 and 02 are unique and the extension is not split in
the category of (¢, I')-modules over Rg. Moreover, the collection of such extensions of Dg
forms a torsor under E*. In particular Dg is trianguline with a unique triangulation.

Proof. This is just an application of proposition 7 observing that D} . (Vr) C Filo(Deris(VE))
and the jumps in the filtration must occur at negative integers by (4) of . The assumption
that Vg is not cristalline together with the part (iii) of theorem 0.5 of [9] tells us that the
characters §; and d9 are unique. The extension is not split because this would contradict
part (1) of (7).

We must finally show that the collection of such extensions is a torsor under E*. This is
equivalent to showing that Ext(, ry(RE(d2), Re(61)) is a one dimensional E-vector space.
The proposition 8 this is precisely when d1d, V£ 2= ya' for i > 0. The second condition
cannot hold because of property (4) of (). Thus, we need to overrule the situation where
610, = 27 for i > 0. By remark 3.4 of [7] we know that §;52(p) € O and &1 (p) € Og.
By property (1) of (f) we know, furthermore, that 6;(p) ¢ O3. Thus, d2(p) ¢ Op. If
6165 1 = 27" for some i > 0, then &;(p) = p~*d2(p). This second term is not integral, which
is a contradiction. Thus, 10, L' 277 for i > 0. The result follows. 0
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From now on assume that Vg satisfies (f). Fix a non-zero cristalline period

vp € DT (VE)¢:)‘.

cris

Following [15] we define the h-deformation functor, D(}Zf on ANRE, which assigns to any
A € ob(2Rg) the set of isomorphism classes V4 of deformations of Vg such that there

exists A € A* lifting A and a non-zero period
f)h € D+ (VA)QOZS\

cris

lifting v;,. By proposition 8.12 of [15], A is uniquely determined by A and @), up to a mul-
tiple of A*.

Following [1], we define the trianguline deformation functor D“"E, in the language of (¢, I')-
modules. To any A € ob(UANRE), Dy (A) is the set of isomorphism classes of triples
(Da,m,T), where
(1) Dy is a free (¢, I')-module of rank 2 over R 4.
(2) 7 : Dy ®4 E = Dg is an isomorphism of (¢, I')-modules over Rp, i.e. Dy is a
deformation of Dg.
(3) T is a triangulation of D4 associated to an extension of the form:

OHRA(Sl)HDA*}RA((;VQ)HO,

where 51, 52 : Q; — A* are two continuous characters such that 51\ zy = 1 and after
tensoring over A with F and applying m we recover Dg together with its unique
triangulation.

Observe that this implies that in this case 81 and &9 reduce to §; and d modulo the maximal
ideal of A. This definition is slightly different than the one found in [1]. We are restricting
the behaviour of ;.

Proposition 10. Let Vg satisfy (1). Then D‘h/f and D%}’E are isomorphic.

Proof. Let Dg be the (p,I')-module over Rg associated to Vg. By proposition 2.3.13 of
[1] we know that the defomation functor of Vg and the deformation functor of Dg are
isomorphic. Thus, for A € ob(ARE), we must show that the existence of a non -zero crys-
talline period of Vg, lifting vy, gives rise to a unique triangulation on D4 with the desired
properties, and vice versa.

Let A € 0b(ARE). Choose a deformation V4 of Vg such that there exists a lifting
Vp € D;iS(VA)@:A.
Let D4 be the etale (¢,I')-module associated to V4. By proposition 2.3.13 of [1], This is
a deformation of Dpg, the (¢, I')-module associated to V.
The existence of 7y, together with the above proposition implies that D4 is trianguline.
We know any triangulation must reduce to the unique triangulation on Dg. Condition (4)
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of (1) implies that 616, ' # x° for all i > 0. Hence by proposition 2.3.6 of [1] we know that
this triangulation is unique. This also follows for the above proposition 8. If the rank one
submodule has associated character 5~1, then we know that it must reduce to 6; modulo the
maximal ideal. However by above proposition we know that (5~1]p = x~° for some s > 0.
Because d1|r = 1, the only way these two conditions can hold is if 5~1]p = 1. Hence the
triangulation on D, is of the desired form.

Conversely let us assume that D4 a free (¢, I')-module of rank 2 over R 4 deforming Dp,
together with a triangulation of the desired form. Again by proposition 2.3.13 of [1] we
know that D, is etale and corresponds to V4, a deformation of V.

Let vp, € D4 be a basis for the rank one submodule R A(Sl) such that I' acts trivially on
Uy, and @ acts by some A, a lift of . Hence

- I'=1,p=\
/Uh E DA g .

A fundamental result of Berger ([2]) tells us that there is a natural filtration and Frobenius
preserving A-module isomorphism:

DcriS(VA) = ([1/t]DA)F:1

Hence (under this isomorphism) o, € Dms(VA)WZS‘. By lemma 2.4.2 of [1] we know that

O, € Filo(Deris(Da)?=>)
By lemma 3.2 of [15] we know that

Filg(Deris(Da)?=) = D&, (Va)* =
Hence )
n € Dy (Va) =
Finally we may scale by an element of A*, to ensure that ¥y, is a lift of v,. This establishes
a bijection between D‘h/;p (A) and Df;_(A). This establishes a natural isomorphism because

the the fact that lifts of triangulations are necessarily unique by proposition 2.3.6 of [1]. [

This result allows us to use the techniques of (¢,T')-theory to determine the properties
of this functor.

Proposition 11. Assume that Vg satisfies (). Then the functor D‘h/g’ s pro-representable
and formally smooth.

Proof. By proposition 9, D‘h/;p is isomorphic to ’D%}"E. The assumptions in (f) allows us to
apply proposition 2.3.9 and 2.3.10 of [1]. The result follows immediately. ]

Proposition 12. Let us assume that Vg satisfies (1). Then the functor D%p s pro-
representable by a formally smooth complete local Noetherian ring of dimension 3, which
we denote R}‘L/gp € ARE
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Proof. By the previous proposition we know that we need only to determine the dimension
of the tangent space of D‘h,f. Let Ele] := FE[X]/(X?) be the dual numbers. We wish to

determine dimpg (D‘@;(E [e])). Let Dgjq be a deformation of Dg. By (f) and proposition 8
we know that any triangulation on D lifting the unique one on Dp is necessarily unique.

Conversely, if 61,09 Q,—F [e]* are two continuous characters lifting d; and d3, then by
proposition 8 we know that there is a unique (up to isomorphism) trianguline deformation
Dppq of D with weights characters 61 and do.

Thus the problem is reduced to determining the acceptable lifts of §; and d2. There is
no restriction on the ds lifting do and the space of such lifts is naturally a 2 dimensional
E-vector space. The restriction that &, is trivial on Z.,, means that the space of appropriate

lifts has E-dimension 1. We deduce that dim E(D‘h/E‘p(E [e])) = 3. The result follows. O

It will be convenient to consider a framed version of D‘};ﬁ. We will denote this new
functor by DE};h = DEE XDy, D(}Zf’. We have removed ¢ merely to simplify the notation.

The forgetful morphism DE}!‘ — D‘h/f is formally smooth of relative dimension 3. Hence
we have :

Corollary 1. Let Vg satisfy (1). then the functor DE};}L is pro-representable by a formally

smooth complete local Noetherian ring of dimension 6, which we denote R%Jh € ARE.

Proof. The result is immediate after observing, by proposition 12, that D‘h/’g’ is pro-represented

by a formally smooth complete local noetherian ring of dimension 3 and that DE};}” — D‘h/;"
is formally smooth of relative dimension 3. U

4. GLOBAL DEFORMATIONS

4.1. Presenting Global Deformation Rings Over Local Ones. We will ultimately
be studying global deformation rings of deformations with prescribed behaviour both at [
and p, to give us information about the local geometry of deformation spaces. Hence in
this section we develop the theory of presenting global deformation rings over local defor-
mation rings in the characteristic zero case. We follow [16], very closely, where the unequal
characteristic case is considered.

Let F be a number field and S a finite set of places of F' containing all those which
divide the prime p. Fix an algebraic closure F of F and denote Fg C F the maximal
extension of F unramified outside of S. Write G s = Gal(F/F).

Let ¥ C S and fix an algebraic closure F, of F, for each v € X. Write G, = Gal(F,/F,).
We also fix embeddings F' C F, inducing the inclusion Gg, C Gpg for each v € ¥. All
Galois groups we have described satisfy the p-finiteness condition introduced in §2.

Let E/Q, be a finite extension and Vg a finite dimensional E-vector space equipped
with a continuous action of Grg. Let d = dimp(Vg).
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For each v € ¥ fix a basis 8, of Vg. We denote by DvD the framed deformation functor
of (Ve|ap,,Bv). We denote the universal framed deformation ring by RY. Recall that it
is a complete local Noetherian ring with residue field E. We set Rg = ®UEERUD and we
denote by mE the maximal ideal of RD

Similarly, we define the functor DD F.s which to every A € ob(ANp) assigns the set of
isomorphism class of tuples (Va, {0, A}Ueg) where V4 is a deformation of Vg as a Gpg
representation and (3, 4 is an A-basis. This functor is pro-represented by a complete local

Noetherian ring which we denote by R% g- Again we denote the maximal ideal of RE g by

O
mF7S .
The functoriality of our construction together with the Yoneda lemma ensures that there

is a natural morphism Rg — R% g- Hence RE} g naturally has the structure of a Rg-algebra.

For i € {0,1,2} we define hiE to be the dimension of the kernel to the natural map of
FE-vector spaces:

v : H(Gps,adVg) — | [ H (Gr,,adVp).
vEY

Proposition 13. Let

0, 02 | 0,2
n:myg/me” — mpg/mpg
be the map on tangent spaces induced by the natural map Rg — RES. Then ng,s 1S a

quotient of a power series ring over Rg in dimpg(cokern) variables by at most dimg(kern)-+
h% relations.

Proof. We follow the proof of proposition 4.1.4 of [16] very closely. Our situtation is simpler
as all rings are equicharacteristic zero.

The number of generators of RE g over RD is equal to the FE-dimension of the tangent
space of RF s/ mE The tangent space of this ring is naturally equal to m& Fs/ (m £S5 mz)
coker(n). This proves the result about the number of generators. For ease of notation let
h = dimg/(coker(n)). Hence there is a surjection

R:= Rg[[xl, xp]] — R%S7

which by construction induces a surjection on tangent spaces whose kernel is naturally
isomorphic to ker(n). Let J be the kernel of this surjection. We wish to bound the number
of generators of J. Write 7 for the maximal ideal of R. Nakayama’s lemma tells us that
the minimal number of generators of J is equal to the dimg(J/mJ). Let

p:Grs — GLd(R%{S)
denote the universal framed deformation and consider a continuous set theoretic lifting

p:Grs — GLy(R/mJ)
of p. Such a lifting is always possible. Define a 2-cocycle
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c:Ghg — J/mJ ®padVe; c(g,g2) = plg192)p(g2) " plgr) "

Here we are naturally embedding the kernel of GLy(R/mJ) — GL4(RZ) in J/mJ ®p
adVg. ’

The class [c] of ¢ in H*(GF.s,adVE) ®p J/mJ depends only on p and not g . It vanishes
if and only if p can be chosen to be a homomorphism. By construction it it clear that for
each v € ¥, p|g,, may be lifted to GL4(RY) and hence GLy(R). We deduce that the image
of cin H*(GF,,adVg) ®g J/mJ = 0 Hence [] € ker(y?) ®g J/mJ. Hence if (J/mJ)* is
the E-dual of J/mJ we get the natural map

§: (J/md)* — ker(v%); u— ([c],u).
For ease of notation let us write I = kern. Observe that (J/m.J) surjects onto I C m/m?
and hence we get an inclusion I* C (J/mJ)*. We claim that I contains the kernel of .
Suppose that 0 # u € (J/mJ)* is in kerd. Let R, be the push-out of R/m.J by u. Hence
RE} g =Ry /I, where I, C R, is an ideal of square zero, which is isomorphic to E as an

Ry,-module. Since u € kerd, we know that p lifts to a representation py, : Grs — GLd(Ru).
Hence the natural map R, — RE’ g has a section by the universal property of RE’ g- Hence

R, & R%S ® I,,. In particular the map R, — RE g does not induce an isomorphism on
tangent. We deduce that the composite

ker(J/mdJ — I) — J/mJ — I,

is not surjective, and hence is zero. We conclude that u factors through I. By rank nullity
we deduce that

dimg(J/mJ)* < dimgl + dimg(kery?) = dimp(kern) + h.
O

Proposition 14. Suppose that X contains all places of F dividing p and S contains all
places dividing co. Let us also assume that the map

0: H(Grs, (adVe) (1)) = [[ H*(Gr,, (adVe)* (1)) x [ H°(Gr, (adVe)*(1))
v]oo ve(S\X) s

is injective, where (S\X); denotes the finite places and H(GF,, (adVg)*(1)) is the usual
cohomology group modulo the subgroup of norms. We note that this condition is automat-
ically satisfied if (S\X) ¢ # 0.
Then there exists a positive integer r such that
REg = RS [[x1, e ]/ (f1, s frrs)-

Where s =310 s dimp(H°(GFE,,adVg)).
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Proof. We have the following series of natural equalities:

) 0, )
dimp(mps/mps) = dimp(DE s(Ele)))
= &P|%| + dimp(H (GFs,adVg)) — dimp(H(Gr s, adVg)).

Similarly we have

dimp(mS/m®) = 3~ dimp(D;(E[)
vEX
= 3|+ > _[dimp(H (Gp,, adVe)) — dimg(H*(GF,, adVg)].
vEX
Local Tate duality, the final three terms of the Poitou-Tate sequence and the injectivity of
f imply that we have the equality

hg = dimp(H*(Grs,adVe)) — Y _ dimg(H*(Gp,, adVi))
vEX
By proposition 13 we know that we may convert the information about the number of
generators and relations into statements about local and global Euler characteristics. If 7
is the map defined in proposition 13 then we observe that

s = dimg(kern) + h% — dimg(cokern)
= dimp(mg/mg?) — dimp(w s /mp3)

+dimg(H*(Grs,adVg)) = Y dimp(H*(Gr,,adVg))
vEX

= x(Gps,adVE) — Z X(Gr,,adVg)
VEY]
Now we may apply Tate’s results on local and global euler characteristic formulae. Hence
we get the equality

s= Y dimg(H(GF, adVg)).
v|oo,v¢%
O

4.2. Global Applications. Let F be a finite field of characteristic p. Let S be a finite set
of places of Q containing p and co. Fix an embedding Q C @p. Let V& be a two dimensional
[F-vector space equipped with a continuous, odd action of Gg g. Furthermore, assume that
endF[GQ’ s]VF = F. This ensures that the deformation functor Dy; is pro-representable with
universal noetherian deformation ring Ry, € ob(QlSRW(]F)) Let Xy, denote the associated
universal deformation space of V. Following §11 of [15] we may construct a Zariski closed
subspace X¢s C Xy X Gy, which we may view as a Galois theoretic analogue of the
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Coleman-Mazur eigencurve ([8], [5]) of the appropriate tame level. The construction of this
subspace is rather technical and we refer the reader to [15] for a precise definition. The
following crucial property of X, allows one to use Galois deformation theoretic techniques
to study its local geometry:

Theorem 4. Let (x,\) € Xy have residue field E. Let V, denote the induced E-vector
space together with it’s natural action of Gg.s. Let VI denote the restriction of this rep-
resentation to Ggq,. Assume that the generalised Hodge-Tate weights of VP are 0 and
k¢ —NU{0}. Then there exists a non-zero vector
=X
v € D (VE)?
Furthermore, the complete local ring (’A)sty(m\) € AR pro-represents the functor
Dy,

T

hyp
X szp DVf .

Proof. First note that we are taking the dual conventions to [15]. Hence the existence of
vp, is equivalent to the existence of a non-zero, Gg,-equivariant E-linear morphism

h: Vi — (B, ®g, E)7™.

The result then follows by a combination of theorems 11.2 and 11.3 of [15], after observing
that condition (11.2)(1) is the same as our restriction on the generalised Hodge Tate weights
of VP. O

Let (z,\) € Xjs . We say that (z, \) satisfies (f) if
(1) V, and V¥ are absolutely irreducible.
(2) VI has generalised Hodge-Tate weights 0 and k ¢ —N U {0}.
(3) V& is not cristalline.

We should observe that under these assumptions the associated trianguline (¢, I')-module
satisfies:

0— Rg(d) — D(VP) — Rg(d2) — 0,
where 010, V2 2% yvaN. Also note that, by proposition 12, under these assumptions the
deformation functor D‘}Zf is pro-representable by a smooth complete local noetherian ring

of dimension 3. Furthermore, by corollary 1, DE},h is pro-represented by a smooth complete

local noetherian ring of dimension 6, denoted RE},}L.

The Framed X, Space. Assume that S now contains the prime [, where [ and p are
distinct. Fix an embedding Q C Q;. Let ¥ = {I,p} and assume that S\ {I,p,00} # 0. As
in §4.1, we define the deformation functor DE g Which to every A € ARy (p) assigns the
set of isomorphism classes of tuples (Va, {3y,4}vex), where Vy is a deformation of Vf as a
Gq,s representation and (3, 4 is an A-basis. This functor is always pro-representable and
we denote the universal deformation space by f{‘%.
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There is a natural surjective morphism of rigid spaces %EF — Xy, induced by the for-
getful functor. This map is formally smooth of relative dimension 7. We naturally get a
morphism %‘% X Gp, — Xy, x Gy, acting as the identity on G;,. This allows us to form
the fibre product:

X7 —— X0 x Gy,

i

XfS%%VIF X Gm

The natural morphism XfDS — Xy, is surjective and formally smooth of relative dimen-
sion 7.

Let Vi denote the restriction of V& to the decomposition group at I. Let f{ denote
F p group

the associated universal framed (one framing) deformation space. Note there is a natural

functorial morphism f{‘% — %El. This induces a canonical morphism Xst — %El. Let
F F

(x,f) € XfDS with residue field E. Let 2/ € %‘D/l be the image of (z,A) under the above

F
morphism. Let R/, denote the complete local ring at /. By construction there is a natural
embedding k(z') C E, where k(z') is residue field at 2’. Let us write V! for the restriction
of V, to Gg,. We write R‘% = R$/®k(z/)E € ARE. By §2 this ring pro-represents the

usual framed deformation functor associated to V\.

We say that (z, f) € XfDS satisfies () if its image in Xy, does.

Proposition 15. Let (z, f) € X}js have residue field E. Assume that (x,\) satisfies (1),
then

) = R OERD)[rr, |/ (fr.+ | frs2):

Proof. Let D‘% denote the functor which assigns to every A € ob(ARg) the set of iso-
morphism classes of tuples (Va, {8y 4}vex), where Vy is a deformation of V,, as a Gg g
representation and 3, 4 is an A-basis.

Let DDp the the usual framed deformation functor of V. By usual, we mean with only
one frammg This functor is pro-represented by a complete local noetherian rmg which,
as usual, we denote by R . Observe that there is a natural transformation: Dvx — DVZ

There is also a forgetful natural transformation: D" p — D . Exactly the same proof as in

the unframed case shows that because of (1) the complete local ring at (z, A) pro-represents
the functor:

O,k
PH x o D
Vi D‘% %4
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If the DEz is the usual framed deformation functor of V!, then we denote its universal
noetherian complete local ring by R":/’l. Observe that by assumption S\ {l,p, 00} # 0.

Hence, by proposition 14, we know that D‘% is pro-represented by a complete local ring of
the form

Ry, = (Ryp®pRy) (21, 2,/ (fro- -+, frys),

where s = dimg(H°(GF,,adV;)) and v = co. Because V. is odd this implies that s = 2.
We deduce that

Oh
PH x o D
Vi D‘D/g, VP

is pro-represented by a ring of the from: (REz;,h®ER%)[[;p1, s x)/(frs e fraz). Com-
bining all of the above we deduce that

~ s Ok o
@) = (Ryp ®ER%)H3317 szl /(fr e fra2)-

Osno
st,

O

Level Lowering and Level Raising on X,. Recall that we have the closed subspaces:
O,sp O

and

0O,N=0 O
%VFL C %VFZ.
Recall that to any x € .'{51 we may associate a 2-dimensional Frobenius semi-simple Weil-
F

Deligne representation (p;, Nz). Asin §1, let 7 denote the Tate normalised local Langlands

correspondence. Recall that = € %Sfp if and only if 7(p,, V;) is a subquotient of a re-
F

ducible principal series representation.

O,N=0

Vg

intersect precisely when 7(py, N,) is one dimensional.

if any only if N, = 0. Note that xBsp ong xBN=0

Similarly, recall that x € X v Vi

We form the following fibre products:

O,s O,sp
X% X x G
fs Vi m

L

X5 ——— Xy, X Gy
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and

O,N=0 0,N=0
st E— %V]Fl X Gm

XJ‘c:lS 4)%\/]1? X Gm

Let X;‘z denote the image of the composition %SF;S” — Xst — Xys. Similarly let X ){\g:o

denote the image of the composition %EF;N:O — XfDS — Xy

To summarise we have the following diagram:

O, O 0O,N=0
X fssp X7, X,
X;é;’ X s X}Y;O

All vertical arrows are surjective and at points satisfying (I) are of relative dimension 7.

All horizontal arrows are closed embeddings.

Let (z,)\) € XfE;’Sp, with residue field E. Let 2’ € %E;Sp denote the image of (x, ) under
F

the natural projection. Let R;’,? be the complete local ring at z’/. As before there is a

natural embedding k(2’) C E, where k(z') is the residue field at 2/. We form the complete

tensor product RE;SP = R & E € ARE.

Proposition 16. If (z,)\) € XfDS’Sp satisfies (1), then there is an isomorphism (in ARE)

A ~ rpOha O,
OXnyspv(w,)\) = (RVIP ®ERVZZ-SP)[[$1’ T 7557“]]/(]01, M) fT+2)'
Proof. By proposition 15 there is an isomorphism (in 2ARg)

A ~ Ok &

OXfDS,(x,)\) = (RV; ®ER\%Z)HJU1> o mg)l/(fr s frra)
Recall that REZ is the completed tensor product of the complete local ring at the image

. O
of z in %VFZ

(z,\) € XfDS’sP must be equal to the completed tensor product of ) XD, () with RE;SP over

REZ, hence we deduce that

with F. By the definition of XfDS’Sp we deduce that the complete local ring at

~ D, 5 D,S
OX?S’SP,(L)\) = (Rvag’h®ERvgg p)[[l'l’ T 7x7”“/(fl7 R fr+2)'
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Let (z,)\) € XfDS’N:O, with residue field E. Let 2/ € %E;NZO denote the image of (z,\)
F

under the natural projection. Let Ré\;:o be the complete local ring at z’. As before there
is a natural embedding k(z') C E, where k(2') is the residue field at 2. We form the
complete tensor product RE;NZO = Ri\{:(]@k(w/)E € ARE.

Proposition 17. If (z,\) € XfDS’N:0 satisfies (1), then there is an isomorphism (in AREg)

A ~ Ok 2 O,N=
OX?S’N:O7($,>\) = (vah(g)ERVéN 0)[[3:17 e )xr]]/(fh et 7f7’+2)'

Proof. Exactly the same as above. ([l
We are now in a position to state the two main theorems of this section:

Theorem 5. If (z,)\) € X} satisfies (1), then it lies on a irreducible component of di-
mension greater than or equal to one.

Proof. We know that at points which satisfy (1) the morphism XfDS’sP — XJ‘Z,’ is formally
smooth of relative dimension 7. Hence if we choose a point lying over (z, A) and determine

~

the dimension of its complete local ring we can deduce the dimension of O X2 (2,0 By an

abuse of notation let (x,\) € XfDS’Sp be such a point. We know by the proposition 16 that

A

Oxon gy = (Rf SRR e,/ (frov o+ s fraa).

By (f) we know, by corollary 1, that RE;,}L is formally smooth of dimension 6. By the-

orem 3 we know that %‘Dﬂ is formally smooth of dimension 4. Hence we deduce that
F

> 8. Thus dz’m(@x;p,(w) > 8 — 7 =1. The result follows. O

N

dim(OX?S’Sp,(a:,A))
Theorem 6. If (x,\) € X}\;:O satisfies (1), then it lies on an irreducible component of
dimension greater than or equal to one.

Proof. The proof is identical to the above theorem. O

5. THE COLEMAN-MAZURE EIGENCURVE

Let S be a finite set of places of Q containing p and co. Let VF be a two dimensional F-
vector space equipped with a continuous, odd action of Gg . Let us furthermore assume
that endpg, ;)VF = F and that Vp is modular. By modular we mean that up to semi-
simplification it is isomorphic to a mod p representation attached to a classical cuspform.
As usual we let Xy, denote the universal deformation space associated to V.

Coleman and Mazur show that the points (z,\) € Xy, X G, such that V,, corresponds
to a cuspidal eigenform f of level I'(Mp") with » > 1 and U, f = Af, interpolate to a rigid
analytic curve £ C Xy, X G,,. Here M is a natural number whose divisors are the finite
primes in S not equal to p. The possible M are bounded by the ramification properties of
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Vr (see [4]). Let N the maximal such M. £ is the cuspidal Coleman Mazur eigencurve of
tame level N lying over V.

The Cp-valued points of £ correspond bijectively to systems of Hecke eigenvalues associ-
ated to cuspidal, overconvergent, eigenforms of tame level N, which are of finite slope (i.e.
the eigenvalue of U, is non-zero) and whose residual Galois representations have the same
semi-simplification as Vg. It is systems of Hecke eigenvalues and not eigenforms themselves
because if N # 1 then if [ is a prime dividing N then given a cuspform which is new at
I then we can [-stabilse to get two old forms at [ which have the same associated Galois
representation and U, eigenvalue, hence correspond to the same point on £. The Hecke
theoretic construction of £ (see [5]) involves glueing suitable Hecke algebras away from the
tame level N. If we carry out the same construction with full Hecke-algebras (i.e. including
for those primes dividing V) then we get a curve whose C,-valued points correspond bijec-
tively to cuspidal, overconvergent, eigenforms of tame level N, which are of finite slope. Let
€ denote the component of this curve whose points have associated residual representation
isomorphic to the semi-simplification of Vg. There is a natural morphism of rigid analytic
curves £ — &.

Let £° C &€ denote the locus whose associated global Galois representation is absolutely
irreducible. This is a dense, admissible open subset containing all points corresponding
to classical cuspforms. Similarly let £° denote the irreducible locus of £. To any point
x € £° we can associate (see [22]) a smooth, admissible representation of GL2(Qy), 7y,
and a 2-dimensional Weil-Deligne representation (p;, N;). On any irreducible component
of £° these representations are generically principal series, special or supercuspidal. As in
§, let m denote the Tate normalised local Langlands correspondence. The central result of
[22] is :

Theorem (Local to Global Compatibility). There is a discrete subset X C £° such
that for all x € £°, x ¢ X, local to global compatibility holds, i.e.

Tl = W(px,h Nr)

Moreover, local to global compatibility can fail under one of two situations:

(1) x lies on a generically principal series irreducible component but w(py 1, Ny) is one
dimensional.
(2) x lies on a generically special irreducible component but N, = 0.

Observe that the failure of local to global compatibility is a consequence of the prop-
erties of the Galois representation associated to x. It is, therefore, natural to ask what
consequences the failure of local to global compatibility has for £. In particular we have
the level raising and lowering conjectures in §1.

By work of Kisin ([15]) we know that £ C X,. Furthermore in §11 of [15] it is conjectured
that they are equal. In [19] Kisin proves that & = XJ‘?S C Xys, where XJ‘?S is the union
of the irredicible components containing a potentially semistable point. In [12] Emerton
proves, by establishing a local to global principle in the p-adic Langlands programme for
GLy/q, the following important result:
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Theorem [Emerton]. Let p > 2. Assume that Vi satisfied the following conditions:
(1) VF’G@(cp) is absolutely irreducible.

(2) V¥ is p-distinguished and not a twist of an extension of the cyclotomic by trivial
characters.

Then
&= Xys.

Proof. This follows from theorem 1.2.4 of [12], which proves conjecture 11.8 of [15]. O

Philosophically this is an R = T result. Xy, is constructed Galois theoretically and &
Hecke theoretically. We are now in a position to be prove (under mild technical restrictions)
the level lowering and level raising conjectures.

Theorem (Level Lowering). Let p > 2. Let S be a finite set of places of Q such
that {l,p,o0} C S and S\ {l,p,00} # 0. Let Vg be a 2-dimensional, mod p, modular

representation of Gq,s such that V]F’G@(Cp) 1s absolutely irreducible. Furthermore, assume

that VIB? 1s p-distinguished and mot a twist of an extension of the cyclotomic by trivial
characters. Let £ denote the cuspidal eigencurve lying over V. Let x € £ such that

(1) The Galois representation associated to x satisfies (1).
(2) x lies on a generically special (atl) irreducible component but has trivial monodromy
(i.e. Ny =0).

Then f lies on a one dimensional generically principal series (at 1) irreducible component.

Proof. The assumption on V¥ ensures that & = Xy,. By the theorem 6 we observe that
there is a one dimension component passing through z on which monodromy is identically
zero. Recall that classical points on such a component must be principal series, thus
because they are Zariski dense the whole component is generically principal series. O

Theorem (Level Raising). Let p > 2. Let S be a finite set of places of Q such that
{l,p,00} C S and S\ {l,p,00} # 0. Let Vg be a 2-dimensional, mod p, modular represen-
tation of Go,s such that VF’GQ(Cp) 1s absolutely irreducible. Furthermore, assume that Vf
is p-distinguished and not a twist of an extension of the cyclotomic by trivial characters.
Let £ denote the cuspidal eigencurve lying over Vr. Let f € £ such that

(1) The Galois representation associated to x satisfies ().
(2) x lies on a one dimensional generically principal series (at 1) irreducible component
but w(pg1, Nz) is one dimensional.

Then x lies on a one dimensional generically special (at 1) irreducible component.

Proof. The assumption on Vﬂf’ ensures that £ = Xy,. The by theorem 5 we know that x
must lie on one dimensional irreducible component which is generically special. (|

These two theorems may be amalgamated into the following central result:

Theorem 7. Let p > 2. Let S be a finite set of places of Q such that {l,p,o00} C S and
S\ A{l,p,00} # 0. Let V& be a 2-dimensional, mod p, modular representation of Gg,s such
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that VF‘G@@) is absolutely irreducible. Furthermore, assume that Vi is p-distinguished and
not a twist of an extension of the cyclotomic by trivial characters. Let £ denote the cuspidal
eigencurve lying over Vp. Let x € £ with associated global Galois representation V,. We
assume that

(1) V. and V¥ are absolutely irreducible.
(2) The generalised Hodge-Tate weights of V¥ are 0 and k ¢ —NU {0}
(3) m(pzi, Ne) is one dimensional.

Then there exist one dimensional irreducible components Z, 2’ C €, generically special and
principal series respectively, such that v € Z N Z'.

Proof. By our assumptions we know that V, cannot be classical, hence by [19] cannot be
potentially semi-stable. Hence V,, satisfies (). « must lie on a one dimensional irreducible
component which is either generically special or principal series. The result follows by the
level raising and lowering theorems. O
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