
 

Galoisthenge An overview

Assume all Fields are subhields et E demng this lecture

Let F C E be a subfield and the E Fca

Assume thx a Cac a where a c F Li E E

Definition Ff FK n c Q is called

the splitting Field of 1 x minimal subfield of E
containing F and K an

Example F Q f x is 2

tix x Tz se Te se Tze
Qf C'TE TEE Tze Life e

More general FCK at a a C Q

Qf Fa Fa c Cl is a singleut root at a

Deh n Let Elf be a field extension We say

Elf is GIsis if I thx E FCx3 s t E Ff
ie Ff E is the splitting field of some polynomial
in FCM

if e is Galois
Exampies

Reenacts y For dip Field extensions there

is an extra condition required We're dealing only
with subfields d so we don't need toworry

about

it

z Elp Galois given guy c Fca irreducible

either gCx has no roots in E or it splits into
linear factors in Ecac



Qtr is not Galois g ca x 2

is irreducible in Cx has a root in Fz but

cannot split into linear factors as Qife C R

Z Elk Klf Field extensions E

Gale f
Galois

TF Galois Elk Galois Not necessarily
F Galois

Example Q Pe e

Certify
Galois

D Am Let Elp be a Galois extension

G al Eye o E E I t is a field automorphism

T a Cas a Hae F

Galois greysat Elf

Remark If is a group under composition4 Gal E

y 1 Gal Elf I LE FT c not obvious

How can we
concretely think about Gal Elt

Eye Galois E Ff for some flat c Fca

Let 4 x aot a x aux anti Ck xi

Aj c F c E Q E F x Lu

It 0 C Gal Eff b Ca a f a e F

is completely determined by what it does to

I n

Thai O as a 9 t tan T
b o 5 a ta di t auxin

ao t a Cotai t t an ki O

4 Loki o b Cx Lj for some j



Gal Eye acts Faithfully on Kii u

This induces an injective homomorphism G al Elp Symu

Example E Q1 T2 F Q E Qq where

4 Cx at 2 x Tz sett

Note that I C Life Tz C Gk

Qtr Q 2 24 2 is minimal polynomial at Tz
wer

There es an injective hour Gal 1k Sym

and Gat Q1 all Z Gal C try F Symz

Eady Let E Ff and fix 7 ex Fmla C Fca

Fi x C Ffa irreducible Assume L E E is a root

of 7 x orb x All roots at ti ca in E
T

under action A Gal Elp

This means that in general G al Elp Symu
In Fact even if 7cal irreducible its still possible

that G d Elp Symu

E E tf i F

E Qf when FCx x 2 irreducible in QCx3

E Q T2 Tz if if Non trivial polynomial
Observe tf 2 if 12 o relationship between

roots
E Eal Eto e tf a if 11 Eco O

Fe t C Tz t O T must be
preserved

Joe Ed Eca such that 1 72 a it Va



God Elia Syme

m

Gal Elp Permutations at roots at splitting polynomial

which preserve all polynomialrelationships

between them

t TUmAGdT6ny
Elp Galois There is a bijection of sets

Intermediate
subfields FCK CE subgroups HcGalcEq

K LEE Gallet 044 1
Fleek

11
G at Elk

Klf Galois Gal Elk 0 Gal Elp
and G al Ket Gah

EffyGULIK
Solving an Equation by Radicals

Q Does there exist a version of quadratic Formula For

polynomials at degree 3 2

Examples

Kxtx a l Quadratic formula zI Sb

Qf Qtr
3g

Hi



Ttx sis 2 Qf Tz e

Q C QC c Ets Te
u

QC't E I
Notice in both cases we can get to splitting fieldradicals
by sacessively adjeing nth roots at elements

im If there is a version at the quadratic formula

for any 7
x E Qca all roots can can be constructed

by doing basic algebraic operations and sucessively taking radicals

A tower d radical extensions of Ql is a nestedDefinition
chain at field extensions i

Q C K C K C C Kun
11

Set to a radical
say Kit

k extension
c

Y Kit Ki Li where Li is a root at

a polynomial at the form achi bi C Ki Ca

Y E K where u y.tn
This is a

non standard
condition 1 am

and km Galois imposing to simplify
the exposition

a Kit Galois and Gal Kil i Agnki 1

Definition we say 744 is soluble by radicals Ft

f C k m For some tower of radical extensions



Succession at radical
extensions as above

Fundamental Theorem
c

Kur J Rm Kz K D Q to

e NG dlkuf.gg Galfkmkddfdfkmk.IS Gal mla
when Gal Km

k

k iftd Kiki
11

Abelian

Simple components at G at Kiyo are cyclic
ie Kpk
p prime

We call such groups EE

Abelian Solvable Solvable Abelian
A

structure theorem for
e
g Ee G Alt G Sym

finite Abeliangrops

Fact G solvable
All subgroups are solvable and
G1H solvable tf HOG

Hence Q C Qf C Kun
Gal e ya fall km

Gal Otta solvable hate Fpdp A
Conclusion 4 soluble

by radicalsF Version at f contained
madratic Formula in a tower at Gal Qtl
m 764 E Cx radical extensions solvable



Said another
way 17 version at the

G at Qty not solvable quadratic Formula
For FGC C lack

Fact IF Flac C Cx dg tea S inednain

has exactly 3 real roots then G at Hq
Syms

For example Fla as txt 14
Recall e s Alts a Syms and

Syms Zzz Alls are simple

Alts
Simple components of God Ktla are

Izz At
non abelian

Gal keto not solvable

f a xs sa 114 It solvable by radicals

There is no version of quadratic formula For

degree S polynomials c same For all degrees S

Conjecture Given any Finite group G 3 Ela
a Galois extension s t G Gal El
ie all finite symmetries can be realized by
by considering zeroes at polynomials with rational

coefficients


