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Math 54 Final Exam (Practice 3)

This exam consists of 10 questions. Answer the questions in the
spaces provided.

1
1. (25 points) Find all possible values of a,b,c such that [ —1 | is a solution to linear
2
system
a+1 b 0 |c
0 c a |2
a+b —1 —c|0
Solution:
F(a+1)) = b + 2.0
( ) =C & — b - c - -
o - + Ca = 2 => Za - C = 2
Lla+L) + | Z ¢ = O a +b-2c = -]
-_ 1 =) -1
| 1= =l - | I T -1
& ° z [ ¢ z | 4 || o =z 1 1,
{ ( -2 ~) o 2 - o o o -1 =Q
1 o o < ] —1 © \
o | o ] < o 2 o 2
o o I < o (o] I <
a = 2, b = \, < = 2
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2. (25 points) Let T : R® — R* be a one-to-one linear transformation such that

1 0 2
2 —1 2
-1 -1 —4

Is it possible for the vectors {x,y,z} to be linearly independent? Is it possible for T" to
be onto? Justify your answers.

Solution:

( o 2
Obs‘a/w. “H. A Z(zs' J—L(.q‘ \ = (,Z’_l )

-1 -1 -

! o o
+ 2 [=! + (-1) = ( /

ey 3,
(/2}_ +21-(—(_()§) = ( )
C

e (o

=)
2% 4Tyt Yz =¢ T owe-bo meus ot T (o) =0 )

=> [é'bla—} C.D.
T= 7;: For Low A a & <3 mesye

= NMurb+e o4 pivat /oosd'iolm =2

=) Nn doe oA lp)y.,(—

prties < [ = Npwbee 4 pores =D T,  ak owhs.
Jiniidetid
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3. (25 points) (a) Let V be a vector space. Carefully define what it means for a subset
U C V to be a subspace.
Solution:

Ue v i o cbspaa 7
5 cowkaud Uu

U £lan U v Y

fB, e An b= U

(b) Let V be the vector space of continuous real-valued functions on the closed interval
[0,1]. Let U be the subset of V' consisting of those functions f such that f(0) < f(1).

Is U a subspace? Carefully justify your answer.

Solution:
fé 5 nA a Sukspact .
-g".d . [ D% 3 '} P ,{- .
Conolibrors )/ ol Z/ av« Sl ﬁ‘ /e / 0

E.J. 4(x) = x s a U becaw Tlo)=0 < 1 = %C1)

) (x) = ~-= anel (-1) #¢) =0 = -1 = (E)F)

PLEASE TURN OVER



Math 54 Final Exam (Practice 3), Page 4 of 12

4. (25 points) Let M; be the vector space of 2 x 2 matrices with real entries. Let T" be the
following linear transformation:

T:MQ — M2
A — A-AT

Find a basis for Ker(T). What is Rank(T)?

Solution:

K (—r)— (A‘M M?_ SuoLMT(A)=(:g)$

=) KWC"T) = {(tbc_) ,,,,l.w.g q,b,c /ca/‘}
[q( )-l-b | + C ( ),wLwe a,k,c Vcd}
- s,w(((;:J,cez,), (%))
\_/B:Mtr-;m,{(w?}
Diw (M) = & Raule Medlky

/\/\-/_\

- duis (Kew = ot (M,
Powlie Moldty ol (Zw;t{‘f'/) + (Kew (1)) )

=) ﬁawlv. (77 = l
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5. (25 points) Let T be the following linear transformation:

T:Py(R) — Ps(R)

p(x) = p'(z)+plz)

Find bases B and C, for Py(R) and P3(R) respectively, such that

1 0
0 1
Aze =19 o
0 0
Solution:
Lok B= (1, x,2") , the dadasd
() =
T () = 1+
T () —_'Z.x-t-xz
N’*‘( W Cl ' -+ C..._(l-\-))'(' C~ (2;:-\-9(1)
=) {l l-t-oc,'Zz-»z} L.T.
. . 3
Cxtend b0 a bors by yadbmdy 2

3
z’/,*x/z*'*,?-’x

C:
(ren) . (:) (i), -
=) /4'/2(= ;?3

B LY

o = O O

bave Fo

=0

0) , (T(z‘/)

I
(~]
o
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6. (25 points) Let W be the span of the vectors in R*. Find two orthogonal

1

0 ..
vectors, u,v, such u+v = 1 and u is in W?
-1

Solution:

]

v, = 0
- o
)

o ( Ny
_z) '[ 2) e
t 0

'/z_

| <
~
i
VS
- |
ONQ
\’-
(
—
-0
~
SN—_
\

O,@A:;oml bovis

-1 )/
-z
0 ¢ -
13 ) 0
. L
' /9 /4
v = ° - 4 = -494
- ""
/ /c, --3/q
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7. (25 points) Give a singular-value decomposition of the matrix

1.0 0
A‘(o 0 —2)'

Solution:
T - o ~1 0 © ' o °
A A’ = o G (0 o -z) = o o °
o -2 © o4
=) UJMW 4 ATA arce 4. 1.0
=) S;ﬁdw—vm owe z ,1,°
Se&  vi= &3 , Yo = & , Yy =2,
( -] 0 © _ ¢
n, = —;’A-\_/_,-- —_Z<6f°__,_).‘_3 = —I)

(72)e = ()

[

s
~n
U
P
N<
u
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Solution (continued) :

PLEASE TURN OVER
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8. (25 points) Find a solution to the following initial value problem

Y + 2y + 2y = e cos(t), y(0)=0,y'(0)=1

Solution:

—2xg-8

f".(."L/-g-‘Z = 0 =) r= = —\ £
2

- -t .
= Eenecd  Solution & = c e kcvslf) + <&  wulE)

” '4
j + Z'J -I-'ZJ
bPM’) = Ao efcos () + gge*—siu (€)
=) /(1.—) A°e{-:fm “t—) - A‘°e‘£ St t't—] -+ 3° e+$7“ ‘*) - Bge{- cos (‘t’]
Jp =
t ey (+)

- i tr) - Agetsinlt) - AoeFem

=) jp"(.t., = A.°g+cul‘l’) Age. Sik e

+ Toebsintt) + By et e lk) 4 Boeteonl) — BoaFsimte)

= 2Beetoemlb) - 24 _etsut)

-) jf’,(‘&) + ijllf) '!’23'(”

= 2Bgetemst) - 24_etsu)

+? ( A et e () - A-oe%sfv(‘f") + B etsinle) + Boetca Ct’))

+ 2 (A'e et s (£) + Boelsin lk))
=( 4 A, + L{?u)e-ecml.{') + (—L(A-e.-(- LeE.)-C"’?ihH’)
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Solution (continued) :

-) L{A‘o "’L{Bo =-’

—((kg+cl&° = 0

=) Genend Soltion b

- —%—Q'L-c.‘illf" -+ %ctsﬁ- (¢)
3”4?‘7’4.?\7 = etemlt)

+ Ce Tem (4) + (e TsiulE)
3(0) = + C,

o |-

= O
Yy i) = geteole) - —'ge*'sauwj - %
(&)

e siu (€) + L:¢-‘-C¢o(+}
c,e

— c'e"

+ -t -€
Siult) - Cp e siule) + Cie  alE)

-.12— et lt) + %cfsru (€)

+ (Igl)e"ecm (+) -+ (—;—) e Tsiv (+)
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9. (25 points) Find a solution to the initial value problem

N 14U) T, ) = A (Jf —z.)

—_— - '_'

(T3] [L70) - (T3 L)
= Spa (1)

(i) = (e)+icd)

5 Gowed Solikin = c,[efemten () -ebf‘"‘zﬂl%))

+ <, (Q.+Siu l?’e)(O’) 4 e'l’ co)lt‘t’)(k})

e = aq9) e fd]) - (9) = (e
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1 2<x<
10. (25 points) Calculate the Fourier series of the function f(z) T2swsm

, on
0 —7m<z<m/2
the interval |7, 7]. What doe the Fourier series converge to at x = 77 /27
Solution:
w7 ! 1 T -r
Q, = — { can ( | = L Siulnx)
W = ?C") co) (u‘x) Ax - -1?- V\x) x*x = =
T,
-7 ar <3
% = =L s (ntC
o =)
w>o - o
¢ L L
' - o
Qs = ?J4(=)Jz_ 'ﬂ’Jl Ax = - = -
B ol -
lm., = _ﬂ_—‘ jq'(-a) Sin(nx) At = _-r'r— S Stulux) ode = .;'_'_'% cnluz) |1—
—Tt % =
= =L “ Wt

F.s. 2

2.+

M3

h

\

(5 e Cum) + Ly siucinnt)

S (&

ul\jd

Siw (_%) Cmlun) + “_”,l(') -C-s( )) shaLnu.))

Couveory s é‘o 0 oA = = Zr

END OF EXAM



