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Math 54 Final Exam (Practice 2)

This exam consists of 10 questions. Answer the questions in the
spaces provided.

1. (25 points) (a) Are the following matrices row equivalent?

⎛

⎝
2 0 4 0
0 1 3 0
1 −1 −1 1

⎞

⎠ ,

⎛

⎝
1 0 2 1
0 2 −2 2
2 0 4 3

⎞

⎠

Solution:

(b) What are the dimensions of the null and column spaces of the above matrices?

Solution:

PLEASE TURN OVER
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2. (25 points) Do the following vectors span R3?

⎛

⎝
1
2
0

⎞

⎠ ,

⎛

⎝
1
0
−1

⎞

⎠ ,

⎛

⎝
2
2
−1

⎞

⎠ ,

⎛

⎝
3
2
−2

⎞

⎠

If a matrix has three of these vectors as columns, can it be invertible? Carefully justify
your answers.

Solution:

PLEASE TURN OVER
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3. (25 points) (a) Let T : V → W be a linear transformation between two vector spaces.
Define the kernel of T , Ker(T ). Show that Ker(T ) is a subspace of V . You may
assume that T (0V ) = 0W
Solution:

(b) Does there exist a linear transformation T : R2 → R2, such that

Ker(T ) = {
!

x
x+ 1

"
} where x is any real number?

Solution:

PLEASE TURN OVER
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4. (25 points) Let T be the following linear transformation:

T : P2(R) → P2(R)
p(x) "→ p′(x) + p(x)

Does there exist a basis B ⊂ P2(R) such that AB,B is diagonal? Justify your answer.
Hint: Think about the possible degrees of the polynomials in B.

Solution:

PLEASE TURN OVER
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5. (25 points) Let C[−1, 1] be the inner product space of real-valued functions on the closed
interval [−1, 1], such that

< f, g >=

! 1

−1

f(x)g(x)dx.

Find an orthogonal basis for W = Span(1, x2, x4).

Solution:

PLEASE TURN OVER
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6. (25 points) Determine all least-squares solutions to the following linear system:

⎛

⎜⎜⎝

1 1 0
1 1 0
1 0 1
1 0 1

⎞

⎟⎟⎠x =

⎛

⎜⎜⎝

1
3
8
2

⎞

⎟⎟⎠

Solution:

PLEASE TURN OVER
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7. (25 points) Find orthonormal bases of R2, B and C, such that if

A =

!
2 −1
−4 2

"

then AB,C is diagonal with non-negative entries.

Solution:

PLEASE TURN OVER
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Solution (continued) :

PLEASE TURN OVER
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8. (25 points) Find a general solution to the following differential equation

y′′ − y = t cos(t) + sin(t)

Solution:

PLEASE TURN OVER
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Solution (continued) :

PLEASE TURN OVER
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9. (25 points) Find a general solution to

x′(t) =

⎛

⎝
1 0 0
0 1 1
0 −1 1

⎞

⎠x(t).

Solution:

PLEASE TURN OVER
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Solution (continued) :

PLEASE TURN OVER
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10. (25 points) Calculate the cosine Fourier series of the function f(x) = ex, on the interval
[0, π].

Solution:

END OF EXAM


