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Jump Upper Semilattices.

Definition: A partial jump upper semilattice
(PJUSL) is a structure

J = <J7 §j7U7j>

e (J,<,) is a partial ordering.

e x Uy is the least upper bound of x and y.
o x <, j(x).

ez <,y = j(z) <,i(y).

A jump upper semilattice (JUSL) is a PJUSL
where j and U are total operations.
A jump partial ordering (JPO) is a PJUSL
where j is total but U is undefined.

Example: The structure of Turing Degrees.

D = <D, <7, \/,,>.



Known Results.

Question: Which PJUSLs can be embedded
in D7

Theorem|[Kleene-Post, 54]: Every finite upper
semilattice can be embedded in D.

Theorem[Sacks, 61]: Every partial ordering,
of size N1 with the countable predecessor prop-
erty can be embedded in D.

Theorem|[Abraham-Shore, 86]: Every upper
semilattice of size N1, with the countable pre-
decessor property, can be embedded in D as
an initial segment.

Theorem[Hinman-Slaman, 91]: Every count-
able JPO, (P, <,j), can be embedded in D.



Known Results.

Question: Which fragments of Th(D, <p,V,")
are decidable?

» [Kleene-Post, 54]

3 — Th(D, <) is decidable.
» [Lachlan, 68]

Th(D, <p) is undecidable.

» [Jockusch-Slaman, 93]

vd — Th(D,<p,V) is decidable.
» [Shmerl]

3v3 — Th(D, <) is undecidable.

» [Hinman-Slaman, 91]
3— Th(D,<7,) is decidable.



Theorem: Every countable PJUSL, (J,<,,V,j),
can be embedded into D.

Corollary: 3 — Th(D, <p,V,") is decidable.

Proof:. Essentially, for an 3-formula ¢,

(D,<7,V,)) = ¢ <= ¢ is not obviously false.

i.e. It does not contradict the axioms of PJUSL.
[]

Theorem[Shore-Slaman, to appear]:
vd — Th(D,<p,V,") is undecidable.



Every countable PJUSL, J = (J,<,,V,j), is embeddable in D.

Outline of the proof:

Definition: A Jump Hierarchy (JH) over J is
amap H: J — w¥ s.t., for all x,y € P,

o J <r H(x),

o if v <,y then H(z) <p H(y).

e P H(zx) <r H(y);
< 7Y

Theorem: Every countable PJUSL which sup-
ports a JH can be embedded in D.

Proof. Forcing Construction. []



Every countable PJUSL, J = (J,<,,V,j), is embeddable in D.
Qutline of the proof:

Example: [Harrison, 68]
There is a recursive linear ordering
which supports a JH, Hp: £ — w¥.

Observation: If there is a strictly monotone
map lev: J — L, s.t. the pair (J,lev) is HYP,
then J supports a JH.

(Essentially, compose lev: J — £ with Hp: £ — w®.)

Definition: A partial jump upper semilattice
with levels in L is a pair (J,lev) where

e 7 is a PJUSL, and
e lev is a map, lev: 7 — L, s.t.

r <,y = lev(z) < lev(y).



Every countable PJUSL, J = (J,<,,V,j), is embeddable in D.
Outline of the proof:

Suppose that J is recursive.

Lemma: Thereis a level map lev: J — L, an
ordinal a < w{X, and a sequence, {(Jn,ln)}n,
of finitely generated PJUSL w/ levels in L, s.t.

(J1,11) € (J2,l2) C (J3,l3) C---C (TJ,lev),

<~77 leV> — Un<'~7n7 ln>v
and each (Jn, ln) is arithmetic in 0(a).

Definition: Let

Ko = {(.7—",1) ;

Let Po = (Qa, la), be the Fraissé limit of ICq.

(F,1) is a fin. generated PJUSL w/
levels in £, which is arithmetic in 0()

Properties: e 7 can be embedded in Q.

e P, has a presentation recursive in o(atw),
Therefore, Q, supports a JH, and hence it can be em-
bedded in D.



Other results.

Definition: A partial jump upper semilattice
with 0 (PJUSL w/0) is a structure

J =(J,<,,U,},0)

such that e (J,<,,U,j) is a PJUSL, and
e 0 is the least element of (J, < ).

Question: Which PJUSL w/0 can be embed-
ded into D7

Question: Which quantifier free types of PJUSL
w/0 are realized in D7

Note that realizing an q.f. n-type of PJUSL w/0 is
equivalent to embedding an n-generated PJUSL w/0.



Other results.

A negative answer: Not every quantifier free
1-type of JUSL w/O0 is realizable in D.

Proof: There are 2% q.f. 1-types, p(z), con-
taining the formula x < 0”. O]

Corollary: Not every countable JUSL w/0 can
be embedded in D.

A positive answer: Every quantifier free 1-
type of JPO w/0 is realized in D.

Note: Hinman and Slaman proved this result for types

containing a formula of the form z < 0.



Other results.

Let k be a cardinal, Rg < k < 2%0.

Question: Is every PJUSL with the c.p.p. and
Size kK embeddable in D7

Proposition:
If x = 280, then the answer is NO.

Proposition:
If MA(x) holds, the answer is YES.

Corollary: For « = Nq, it is independent of
ZFC.

Proof: It is FALSE under CH,
but TRUE under MA(Xq). ]



