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Boolean Algebras

Definition A Boolean algebra, BA, is a structure
B=(B,<,0,1,V,A, ), where

(B, <) is a partial ordering,

0 is the least element and 1 the greatest,

XV y is the least upper bound of x and y,

x Ay is the greatest lower bound of x and y,

e 6 6 o o

—xVx=1land xAx=0
Example: (P(X)ﬁ gv (bv Xa U7 mv X \ )
We will only consider countable BAs and assume B C w.

A BA B is X-computable if
X can compute B and all the operations in B.
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Low Boolean Algebras

Theorem: [Downey, Jockusch 94]

Every low Boolean Algebra has a computable copy.
i.e. If X is low and B is X-computable, then

there is a computable BA isomorphic to B.

Theorem: [Thurber 95]
Every low; Boolean Algebra has a computable copy.

Theorem: [Knight, Stob 00]
Every low; Boolean Algebra has a computable copy.

Open Question:
Does every low, Boolean Algebra have a computable copy?
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Boolean Algebra Predicates

e 1-predicates
@ atom(x)
e 2-predicates

@ atomless(x)
@ infinite(x)
e 3-predicates

@ atomic(x)

@ l-atom(x)

@ atominf(x)
e 4-predicates
~-inf(x)
I(w +n)(x)
infatomicless(x)

1-atomless(x)
nomaxatomless(x)

n-predicates have n alternations of quantifiers
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Definition

For n=0,1,2,3,4, a BA B is n-approximable if
0(" can compute B and all its m-predicates for m < n.

Note: B is 0-approximable <= B is computable.
Note: B is low, = B is n-approximable.

Lemma:[Downey, Jockusch 94; Thurber 95; Knight, Stob 00]
Forn=0,1,2,3,
every (n+ 1)-approximable BA has an n-approximable copy.

So:
B lows = 4-approx = 3-approx copy = 2-approx copy
— l-approx copy — 0-approx copy = computable copy.
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General Idea

A and B are n-equivalent iff 0(") cannot distinguish them.

Def:
Let A <, B <= given C that's isomorphic to either A or B,
deciding whether C =2 A is % hard.

We will write A =, B iff both A <, Band B<, A.
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Back-and-Forth relations

Notation: as, ..., ax is a partition of a BA B if
aV..Var=1andVi#j (ajNaj=0).
We write B | a for the BA whose domain is {x € B: x < a}.

Theorem|[Ash, Knight] TFAE
Q AL, B

@ All the infinitary X, sentences true in 3 are true in A.

© for every partition (b;)j<k of B,
there is a partition (a;)j<x of A such that Vi < k
B|b<p1Ala.
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The bf-types

Obs: =, is an equivalence relation on the class of BAs.
We call the equivalence classes n-bf-types.

We study the following family of ordered monoids

(BAs/ =, <n, ®)

where A @ B is the product BA with coordinatewise operations,
together with the projections (-),—1 : BAs/ =,— BAs/ =,_1.
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For each n we define a set INV,, of finite objects, and
an invariant map T,: BAs — INV,, such that

A=, B = T,(A)=T.(B)

Moreover, on INV,, we define <,, and + so that

(BAS/ =n ,Sn,@) = (INVFH Sn; +)7
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Indecomposable Boolean Algebras

A BA A is n-indecomposable if for every partition ay, ..., ax of A,
there is an i < k such that A=, A a;.

Theorem

| \

@ Every BA is a finite product of n-indecomposable BAs.

@ There are finitely many =,-equivalence classes among the
n-indecomposable BAs.

Let BF, = {T,(B) : B is n-indecomposable} C INV,,.
BF, is a finite generator of (INV,,, <, +).

n |1[2[3[4][5] 6
IBF,| [ 235|927 1578
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Boolean Algebra Predicates

Definition

For each o € BF, we define a relation R,(-) on B:
Ro(x) <= Ta(B|x)>,a.

Observation For n = 0,1,2,3, 4, the (< n)-predicates are boolean
combinations of the R,, for o € BF<,, and vice versa.

The relations R, for a € BF,, can be defined
by computable infinitary I, formulas of BAs.
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Picture - Levels 1, 2 and 3

bf-relations for 1- and 2-indecomposable bf-types

projection ao by by
bO Co Co

| |
b1 C1

bf-relations for 3-indecomposable bf-types

projection (=)} (=} (e}
do di ds

.

.
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Picture - Level 4

bf-relations for 4-indecomposable bf-types

projection do di dy d3 ds
[=0) €1 e er €g

€2 6‘4

:

.
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Picture - Level 5

bf-relations for 5-indecomposable bf-types

projection & & & & &4 & &
fo fi f‘2 fs fl‘ﬁ f2‘1 fs

73 fo fz‘o

fa f1‘5

projection & o
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Quantifier Elimination.

Every infinitary ¥ ,1+1 formula is equivalent to
an infinitary ¥1 formula over the predicates R, for o € BF,.
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Quantifier Elimination.

Notation: Given @ = (o, ...,am) and 3 = (B, ..., Bx) € BFS¥ let
Raﬁ(x) <~ V... 9Ym =X (Ral(yl) &..& Ram(ym)) &
3z19...vzik = ~x (Rg, (1) &...& Rg,(2«))

where Jy;v...vy, = x is short for
“there is a partition yi, ..., y¥m of x such that..."

Theorem
Let B be a BA, and R C B. TFAE
Q IfA=Band (A, Q)= (B,R) then Q is Zn+1
© R can be defined in B by a comp infinitary ¥, | formula.
@ There is a 00" -comp seq {(&;, ;) }ico € BFS¥ such that
x€R = V., a,,B,-(X)

The equivalence between (1) and (2) is due to Ash, Knight, Manasse,
Slaman; Chisholm.
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n-approximable Boolean Algebras

Let B be a presentation of a Boolean algebra. TFAE.
Q The X¢. -diagram of B is ¥9,;
@ The relations R, (B) for o € BF,, are computable in 0(n),

Definition

If a BA satisfies these conditions, we say it's n-approximable.

Question: Does every n + l-approximable BA have an
n-approximable copy?
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Difficulties at level 5

Definition

« € BF,, is a isomorphism type if
whenever Tp(A) = Tp(B) = o, A= B.
a € BF, is an exclusive type if whenever T,(A) =a and a€ A
either AJa=, A or A[(—a) =, A, but not both.

Observation: For n < 4, and o € BF,,
« is an exclusive type = « is an isomorphism type.

This is not true for n = 5.
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Picture - Levels 1 and 2
bf-relations for 1- and 2-indecomposable bf-types

projection ao bo by
bo Co 2
| |
b1 C1
1-indecomposable bf-types
Name Ry Example
bo atom atom
by non-zero infinite
2-indecomposable bf-types
Name | (‘)1 R. Example
Co bo atom atom
c1 b1 infinite inf-atoms
o) b1 atomless | atomless
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Picture - Level 3

bf-relations for 3-indecomposable bf-types

projection [=i} c [}
do di da
|
do
\
d3
Name | (-)2 R. Example
do co atom atom
di c1 1-atom 1l-atom
d> c1 atomic & infinite | 2-atom, 1l-atomless
ds ci atominf Int(w + n)
da C atomless atomless
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