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Computable Sets

Definition: A set A C N is computable if there is a computer
program that, on input n, decides whether n € A.

Church-Turing thesis: This definition is independent of the
programing language chosen.

Examples: The following sets are computable:
@ The set of even numbers.
@ The set of prime numbers.

@ The set of stings that correspond to well-formed programs.

Recall that any finite object can be encoded by a natural number.
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Examples of non-computable sets

The word problem: Consider the groups that can be constructed
with a finite set of generators and a finite set of relations between
the generators. The set of pairs (set-of-generators, relations), of
non-trivial groups is not computable.

Simply connected manifolds: The set of finite triangulations of
simply connected manifolds is not computable.

The Halting problem: The set of programs that halt, and don't
run for ever, is not computable.
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Basic definitions

Given sets A, B C N we say that A is computable in B, and we
write A <7 B, if there is a computable procedure that can tell
whether an element is in A or not using B as an oracle.

We say that A is Turing equivalent to B, and we write A =1 B if
A<7—Band BgTA.

Example: The following sets are Turing equivalent.
@ The set of pairs (set-of-generators, relations), of non-trivial
groups;
@ The set of finite triangulations of simply connected manifolds;
@ The set of programs that halt.

The set of true arithmetic formulas is > 7 than the previous sets.
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Basic definitions

Given sets A, B C N we say that A is computable in B, and we
write A <7 B, if there is a computable procedure that can tell
whether an element is in A or not using B as an oracle.

This defines a quasi-ordering on P(N).

We let D = (P(D)/ =7), and D = (D, <71).

Question: How does D look like?
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Some simple observations about D

@ There is a least degree 0.
The degree of the computable sets.

@ D has the countable predecessor property,
i.e., every element has at countably many elements below it.
Because there are countably many programs one can write.

@ Each Turing degree contains countably many sets.

@ So, D has size 2%0.
Because P(N) has size 2™, and each equivalence class is countable.
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Operations on D

Turing Join

Every pair of elements a,b of D has a least upper bound (or join),
that we denote by aUb. So, D is an upper semilattice.

Given ABCN,welet A®B={2n:ne A}U{2n+1:n¢€ B}.
Clearly AKr A@Band BLr A B,

and if both A<+ Cand B<+ Cthen A® B <+ C.

Turing Jump
Given A C N, we let A’ be the Turing jump of A, that is,
A" ={programs, with oracle A, thatHALT}.
For a € D, let @’ be the degree of the Turing jump of any set in a

ea<ra
o Ifa<s bthena <sVb.
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Operations on D.

A jump upper semilattice (JUSL) is structure (A, <, V,j) such that
o (A,X) is a partial ordering.
@ For every x,y € A, xV y is the l.u.b. of x and y,
@ x < j(x), and
e if x <y, then j(x) <j(y).

D=(D,<7,V,)isa JUSL.
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The Picture

Sets below 0’ are classified from Low to High.

Even thought there are no computable completions C of PA
there are Low ones, that is C' =7 0.

We have 0 <70’ <7 0" <7 ... <7 0).

A set is arithmetic if it is <7 0(") for some n € w.

0) is the set of true arithmetic formulas.

We can continue along computable ordinals «

0(w+1) <7 ..<T1 O(L‘H—w) <7r..<T71 0(0‘) <7 ...

A set is hyperarithmetic if it is <7 0(%) for some computable
ordinal a.

Kleene's O, the set of Halting Non-deterministic programs
(where one is allows to choose natural numbers
non-deterministically) computes all the hyperarithmetic sets.
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Questions one may ask

@ Are there incomparable degrees? YES

@ Are there infinitely many degrees such that non of them can
be computed from all the other ones toghether? YES

@ What about N3 many? YES

@ Is there a descending sequence of degrees ap, >7 a1 >71 ....7
YES

A more general question:
Which structures can be embedded into D?
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Embedding structures into D

Theorem: The following structures can be embedded into the
Turing degrees.
@ Every countable upper semilattice. [Kleene, Post '54]
@ Every partial ordering of size R; with the countable
predecessor property (c.p.p.). [Sacks '61]
(It's open whether this is true for size 2%0.)
@ Every upper semilattice of size N1 with the c.p.p. Moreover, the

embedding can be onto an initial segment. [Abraham, Shore '86]
(For size X3 it's independent of ZFC) [Groszek, Slaman 83]

@ Every ctble. jump partial ordering (A, <,”).[Hinman, Slaman '91]
(For size Ry it's independent of ZFC) [M. 03]

o Every ctble. jump upper semilattice (A, <,V,") [M. '03]
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History of Decidability Results.

° Th(D, <71) is undecidable. [Lachlan '68]
e J—Th(D,<r7) is decidable. [Kleene, Post '54]
Question: Which fragments of Th(D, <1, V,’) are decidable?
e V3 — Th(D, <7) is undecidable. [Shmerl]
e V3 —Th(D,<7,V) is decidable. [Jockusch, Slaman '93]
e J—Th(D,<7,) is decidable. [Hinman, Slaman '91]
e 1— Th(D,<7,V,") is decidable. [M. 03]
e V3—Th(D,<7,V,) is undecidable. [Slaman, Shore '05].

Question: Is 3 — Th(D, <7, V,",0) decidable?
Question: Is V3 — Th(D, <7,”) decidable?
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Two famous open question

Conjecture: [Sacks] There is no computable enumerable operator
® such that for every A,B Cw

e A=r B = A =1 B,
] A<T¢A<TA/.

Conjecture: [Slaman, Woodin] The structure of the Turing Degrees
is rigid. That is, there are no automorphisms of D other than id.
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Computable Mathematics

Study
@ how effective are constructions in mathematics;

@ how complex is to represent certain structures;

Various areas have been studied,
@ Combinatorics,
Q Algebra,
© Analysis,
©Q Model Theory

In many cases one needs to develop a better understanding of the
mathematical structures to be able to get the computable analysis.
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Computable Mathematics

Example: effectiveness of constructions.

Theorem: Every Abelian ring has a maximal ideal.

Note: A countable ring A = (A,0,1,44, Xa) can be encoded by
three sets AC N, +4 C N3 and x4 C N3,
We say that A is computable if A, +4 and x 4 are.

Theorem: Not every computable Abelian ring has a computable
maximal ideal.

However, maximal ideals can be found computable in 0'.
Moreover, there are computable rings, all whose maximal ideals
compute 0.
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Computable Mathematics

Example: Represent Strucutres

Def: A linear ordering £ = (L, <) is computable
if both L € N and <,C N x N are computable.

Def: The degree of the presentation (L, <) is deg(L) V deg(<y).

Does every linear ordering have a computable presentation?
No. There are 2% isomorphism types of countable |.o.s.

Def: An isomorphism type of a structure £ has Turing Degree X
if X is the least degree of a presentation of £

This doesn't work for any type of sructure.
Theorem: Every linear ordering has two isomorphic presentations
L1 and L5 such that if X <7+ £7 and X <+ £5 then X =7 0.
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Computable Mathematics

Degree Spectrum

Def: The degree spectrum of a structure L is
DegSp(L) = {deg(A) : A= L}.

Q: What are the possible spectrums of different structures.

Thm: For every Turing degree x there is a graph G such that
DegSp(G) = {a: x <7 a}.

Thm:[R. Miller] There is a linear ordering £ such that every
a <7 0" isin DegSp(L) exept for 0.

Thm: [Knight] If £ is a non-trivial structure, then DegSp(L) is
closed uppwards.

Antonio Montalban. University of Chicago Aspects of Computability Theory



Computable Mathematics

Example: Represent Strucutres

Theorem: [Spector 55| Every hyperarithmetic well-ordering was a
computable copy.

After a sequence of results of Feiner, Lerman, Jockusch, Soare, Downey,

Seetapun:

Theorem: [Knight '00] For every non-computable set A, there is a

linear ordering, Turing equivalent to A, without computable copies.

Theorem: [M.] For every hyperarithmetic linear ordering L, there
is a computable linear ordering A that is equimorphic to £
thatis, A< L and L < A.
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Reverse Mathematics

What axioms are necessary to do mathematics?

@ Is the fifth postulate necessary for Euclidean geometry?

@ Is Peano Arithmetic enough to prove all the true statements
about the natural numbers?

@ Which large cardinals can be proved to exists in ZFC?
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Second Order Arithmetic

Simpson and Friedman'’s program of Reverse Mathematic deals
with Second Order Arithmetic (Z5).

In Z> we can talk about finite and countable objects.

Z5 is much weaker than ZFC,

and its much stronger than PA.

e 6 o6 o

In Z5 one can talk about

Countable algebra,

(non-set theoretic) combinatorics,

Real numbers,

Manifolds, continuous functions, differential equations...
Complete separable metric spaces.

Logic, computability theory,...
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Main question revisted

© Fix a base theory.
(We use RCA( that essentially says that the computable sets exists)

@ Pick a theorem T.
© What axioms do we need to add to RCAq to prove T.

@ Suppose we found axioms Ag, ..., Ax of Z5 such that
RCAq proves Ag & ... & A = T.
How do we know these are necessary?

@ It's often the case that RCAq also proves T = Ag & ... & Ag

@ Then, we know that RCAg+Ao, ..., Ak is the least system
(extending RCAg) where T can be proved.
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Axioms of Z,

Semi-ring Axioms: N is a ordered semi-ring.

Induction Axioms: For every formula ¢(n),

IND() ((0) & Vn(p(n) = ¢(n +1))) = Ynp(n)
Comprehension Axioms: For every formula ¢(n)

CA(p) dXVn (ne X & ¢(n))

RCAo consists of: Semi-ring Axioms + Z9-IND+ A-CA.

AY-CA is equivalent to: for every comp. program p any oracle Y,
there is a set X such that

ne X e p¥(n)=yes

(where p can use information from sets that we know exist)
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The big five

Ni-CAo

ATRo

ACAq
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Reverse Mathematics

Def: ML-CAq
A formula is arithmetic if it has no quantifiers over sets. |
ATRg
ACAp is RCAg+ Arithmetic comprehension. ‘
ACAq
where Arithmetic comprehension is the scheme of axioms ‘
WKLg

CA(y) IXVn (n € X & ¢(n)) |
where ¢ is any arithmetic formula. RCAg

The following are equivalent over RCAy:
e ACAy
@ For every set X, its jump X' exists.

@ Every ab. ring has a maximal ideal.
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Reverse Mathematics

ni-CAq
!
WKLy is RCAg+ Weak Konig's lemma. ATR,
!
. _ o ACAy
Weak Kénig's lemma says: Every infinite subtree of the full ‘
binary tree has an infinite path. WKLg
!
RCA,

The following are equivalent over RCAyp:
o WKLy

e Every continuous function on [0,1] is uniformly continuous.
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M}-separation

Mi-CA

Def: A formula is M} if it has the form VX1, where ¢ is ! F 0
an arithmetic formula. ATRg

!

Ni-CAg is RCA+ ﬂ% comprehension. ACA,

where ﬂ% comprehension is the scheme of axioms WKL,
CA(p) 3XVn (n € X & ¢(n)) where ¢ is any M} formula. RC‘A
0

Theorem (The following are equivalent over RCA:)

e Ni-CAy
o For every set X, Kleene's O relative to X, OX, exists.

e Every com. group is a sum of a divisible and a reduced group.

Def: A group G is divisible Va € GVn e NElb(nb = a).
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Reverse Mathematics

Ni-CAg
: . . . . !
ATRy is RCAg+ Arithmetic Transfinite Recursion. ATR,
!
[Simposon] ATRg is the least system where one can develop AC‘AO
a reasonable theory of ordinals. WKLy
!
RCAg

The following are equivalent over RCAy:
o ATRy

@ For every set X and every X-computable ordinal o, the ath
jump of X, X(®) exists.

e Given two ordinals, one is an initial segment of the other one.
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Effective Randomness

Motivating question

Consider an infinite sequence X of Os and 1s. We call such
sequences reals.

What does it mean to say that X is random?

Given two reals, which one is more random?

How does the level of randomness relate to the usual measures of
computational complexity?
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Effective Randomness

The measure-theoretic paradigm

Let i be the usual coin-toasing measure on 2%,
So, if ¢ €2<¥ and [0] = {X € 2¥ : 0 C X}, then, u([o]) = 271l

Note: If ¢/ C 2¥ is open, there is a sequence {0} }jecw s.t. U = ;e [0l
and if the o; are incomparable, then p(U) =3, 2= lail,

Def: When {0}}jc., is computable, U is a computable open set.

Def: A set of reals A C 2% has effective measure 0 if there is a
uniformly computable sequence {U;};c,, of computable open sets
such that p(U;) < 27" and A C ;e Ui

A real X € 2¥ is Martin-Lof random, if it does not belong to any
effective measure 0 set.
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Effective Randomness

The unpredictability paradigm

Def: A Martin Gale is a function d: 2<% — R such that
Vo €2 d(o)=d(c™0)+d(c"1). A
Martin Gale d succeeds on X € 2“ if limsup,_., d(X [ n) = occ.

Def: A c.e. Martin Gale is a function d: 2<* — R™T such that the
reals d(o) are uniformly computable enumerable, and
Vo €2 d(o) >d(c™0)+d(c"1).

Thm(Schnorr 71] X € 2¥ is Martin Lof random <
it doesn’t succeed on any c.e. Martin Gale.
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Effective Randomness

The incompressibility paradigm

Roughly, given 7 € 2<% let the Kolmogorov complexity of T,
K(7), be the length of the shortest program that outputs 7
(on a universal prefix-free Turing Machine).

Def: X € 2% is Kolmogorov-Levin-Chatin random if there is a
constant ¢ such that
Vn K(XTn)>=n-—c.

Thm:[Shnorr] X € 2“ is Kolmogorov-Levin-Chatin random
& it is Martin Lof random
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