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(n)
A9 (X) question, uniformly in n. A set X is low for A-Feiner if every set S
that is A?n)(X) is also A?n)((b). It is easy to see that every low,, set is low
for A-Feiner, but we show that the converse is not true by constructing an
intermediate c.e. set that is low for A-Feiner. We also study variations on this

notion, such as the sets that are A?bn+a)(X)’ E?bn+a)(X)7 or H?bn+a)(X)7
and the sets that are low, intermediate, and high for these classes. In doing so,
we obtain a result on the computability of Boolean algebras, namely that there

is a Boolean algebra of intermediate c.e. degree with no computable copy.

ABSTRACT. We say that a set S is A? \(X) if membership of n in S is a

1. INTRODUCTION

In [2], Feiner introduced a hierarchy of complexities that we term the Feiner
A-hierarchy, for sets computable in §“). His original motivation was to build a
computably enumerable Boolean algebra that has no computable copy. We can
relativize this hierarchy to an arbitrary set X, and define the analogous Feiner
Y-hierarchy and Feiner I1-hierarchy, as follows.

Definition 1.1. Fix a set X Cw and a,b € w with b > 1.

Aset SCuwis A?lm+a)(X) in the Feiner A-hierarchy, denoted S € A?bn+a) (X),

if there is a Turing functional ®. such that

1 ifnesS

X oy
: M=o itngs,
where X (™) is the mth Turing jump of X (and X(-V = X(©) = X),

Aset SCuwis Z(()Zera) (X) in the Feiner X-hierarchy, denoted S € E?anra) (X),

if there is a computably enumerable operator W, such that

(bn+a—1)
nes <= neWwx .

Aset SCuwis H?MH_G)(X) in the Feiner I1-hierarchy, denoted S € H?bn+a) (X),

if its complement is Z?anra) (X).

In other words, a set S is A, . (X) (vespectively, X0, . (X) or IT}, ) (X))
if membership of n in S is a A (X) (respectively, ¥ | (X) or I}, . (X))

question, uniformly in n. It is easy to see that every A?bn+a)(X) set is E?bn+a)(X)
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and H?bn ta)

X () (see Proposition 2.6).

We study the classes of sets that are low, intermediate, and high with respect to
these complexity classes. Given a relativizable complexity class I' (for example, AJ
or A(()bn+a)), we say that a set X C w is low for T if every set S belonging to T'(X)
belongs to TI'(0); that a set X C w is high for T if every set S belonging to T'(()
belongs to I'(X); and that a set S is intermediate for T" if it is neither low nor high
for T'. Thus, for example, a set X is low for AJ if and only if it is low in the usual
sense. More generally, the low,, sets are the sets that are low for A% ;. It is not

hard to see that every low,, set is low for A((),m +a) for all @ and b, for example (see

(X), and that every X? (X) and I}

(bn+a) bnta) (X) set is computable in

Proposition 3.1).

Since S € Z(()aner())

(an+b)>
explicitly, and similarly for being high or intermediate for IT

if and only if S € H(()an%), ?an+b)

so from now on we do not consider the latter notion

0
(an+b)"

In Section 2, we show that for all a,b,a’,b’ € w with b,0' > 1, a set is low for

being low for ¥ is equivalent

to being low for II

A?bn 1q) if and only if it is low for A?b,n +ary- Consequently, when a set is low for
A(&m +q) for some (and hence all) a,b, we say it is low for A-Feiner. Similar results

in that section justify analogous definitions of high for A-Feiner, low for %-Feiner,
and high for X-Feiner. We also show that being low for X-Feiner implies being low
for A-Feiner, and similarly for highness.

Our Results. In Section 3, we prove that there exists a computably enumerable
set of intermediate Turing degree (in the usual sense of being neither low,, nor high,,
for any n) that is low for X-Feiner, and hence low for A-Feiner. We therefore find
that (in general and for c.e. sets),

lowy C lowy C -+ C low,, C --- C low for X-Feiner C low for A-Feiner.

We conjecture that the last containment is also proper.

We also examine the classes of sets that are high for A-Feiner and high for -
Feiner. We obtain similar results, and in particular find that (in general and for
c.e. sets),

high, C high, C --- C high,, C --- C high for ¥-Feiner C high for A-Feiner.

Again we conjecture that the last containment is proper.

Finally, we show that there is a c.e. set that is intermediate for A-Feiner, and
hence intermediate for X-Feiner. Thus, assuming our conjectures above hold, the
intermediate (c.e.) degrees can be split into five nonempty classes: low for X-Feiner,
low for A-Feiner but not for Y-Feiner, intermediate for A-Feiner, high for A-Feiner
but not for ¥-Feiner, and high for 3-Feiner.

An Application to Computable Structures. By extending the ideas in [2],
Thurber obtained the following result.

Theorem 1.2 (Thurber [0]; see also [1, § 18.3]). There is a sequence of infinitary
sentences g, Y1,... in the language of Boolean algebras such that for every set
S C w, the following are equivalent.

(1) There exists a computable Boolean algebra B such that S = {n: BE ¢, }.
(2) The set S is H?2n+4)(®).
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Corollary 1.3. If X is not low for X-Feiner, then there is an X-computable
Boolean algebra B that has no computable copy.

Proof. Let S € 19 (2nta)(X) \H(2n+4)((2)). Relativizing Theorem 1.2 to X, there is
an X-computable Boolean algebra B such that S satisfies (1) of Theorem 1.2. But

then this Boolean algebra cannot be computable, or else we would have that S is

H?2n+4)(@) by Theorem 1.2. O

The same result follows from the work of Kach in [3], where he studied the
complexity of the Ketonen invariants on a certain class of Boolean algebras: the
class of depth zero Boolean algebras. He proved that a depth zero, rank w Boolean
algebra has a computable copy if and only if its Ketonen invariant is E(Qn +3)(®)
As this result relativizes, it follows that if a depth zero, rank w Boolean algebra
has a presentation in a low for ¥-Feiner set, then it has a computable copy. We
similarly obtain Corollary 1.3 from Kach’s result.

Our results below (Theorem 3.5 or Theorem 3.6) show that there exists an inter-
mediate c.e. degree that is not low for Y-Feiner, so we obtain the following corollary,
which contrasts with Knight and Stob’s result in [4] that every lows Boolean algebra
has a computable copy. (Whether every lows Boolean algebra has a computable
copy remains a well-known open question.)

Corollary 1.4. There is a Boolean algebra of intermediate c.e. degree that has no
computable copy.

Notation. Though our notation for the most part follows [5], we review certain
aspects of it briefly. We use upper case Greek letters (e.g., ®, ¥, =, O, etc.) to
denote Turing functionals and lower case Greek letters (e.g., o, ¥, &, 6, etc.) to
denote the corresponding use functions. We use W, to denote the domain of the
eth functional ®, and (W) to denote the subset {(z,y) € W, : y = i}. We write
X =*Y to denote that the symmetric difference (X \ Y)U (Y \ X) is finite.

2. PARAMETER INDEPENDENCE AND OTHER BASIC RESULTS

Before studying which sets are low/intermediate /high for A-Feiner and X-Feiner,
we eliminate the need for working with A?bn +a) and E?bn +a) SetS for varying a and b,
through a sequence of quick lemmas. Though we state and prove these lemmas only

for being low for A all still work (with obvious modifications to their proofs)

and high for E?bn +a)- Throughout this

(bn+a)’

for being hlgh for A(b 4q)» low for E?bn+a),

section, b >

Lemma 2.1. If X is low for A? then X is low for A

(bn+a)’ (bn+a’)"

Proof. Suppose that X is low for A(b ta) Let S € A(b +a,)( ). Then 7(S) :=
{rew:z+a—-d €8} € A(bn+a)(X), so m(S) € A(bn+a (0). It follows that
S € Al ian (). a

Lemma 2.2. If X is low for AY then X is low for A?n)

(bn)’
Proof. Suppose that X is low for AO . Let S € AO (X) Define sets S; for i < b
by S;:={r €w:bx+i€ S} Then S € A(lm-m)( ) By Lemma 2.1, X is low for
Alpniiy» 50 Si € Ay, (0). Tt follows that S € AP, (D). O
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Lemma 2.3. If X is low for A? ., then X is low for A?bn).

(n)’
Proof. Suppose that X is low for AP, ). Let S € A{,,\(X). Then 7(S) := {bz: z €
S} e A(n)( ), and hence 7(S) € A?n)((l)) It follows that S € A(b ) (0). O

Combining Lemmas 2.1, 2.2, and 2.3, we obtain the desired invariance.

Proposition 2.4. If X is low (respectively, intermediate or high) for A(()lm+a) for
nta’) for all
a' . If X is low (respectively, intermediate or high) for Z(()bn+a) for some a,b,
1y Jor all a,b.

some a,b, then X is low (respectively, intermediate or high) for A(()b,

then X is low (respectively, intermediate or high) for Z?b’n+a

This proposition justifies our use of terms like low for A-Feiner. We also have
the following relationship.

Proposition 2.5. If X is low (respectively, high) for %-Feiner, then X is low
(respectively, high) for A-Feiner.

Proof. Suppose X is low for 3-Feiner. Let S € A(n)( ). Then S € E(n)( ) and
S e H(n)( ), as A?n)( ) C Z(n)(X) H(()n)( ). Since X is low for Z(n) and hence

low for IT{,,,, we have S € X0, /() and S € I1{,,, (). It follows that S € Al (0).
The proof for highness is analogous.

As noted above, we conjecture that the converse to this proposition does not
hold.

We finish by noting the relationships between the classes of sets that are A(bn ta)

E(bn +a) and H(bn +a) for varying a,b. These relationships essentially follow from
Feiner’s work in [2]; see [1] or [6], for example.
Proposition 2.6. The classes of sets that are A(bn+a E(bn+a and H(bn+a satisfy
the inclusions
) Zt1)
¢ Ve G IS G
A0 A0 A0 e
n+1 n+2
(n) S o (n+1) S ¢ (n+2) S
0 0
) o)
%, %
n n+1
o (2n) S o ( ) S o
AY, AY, A9
7 n+1 2n+2
(L)\(\ (//(l)\(\ (//(l)\(\
0 0
I, o1

In particular, a set cannot be both low for A-Feiner and high for A-Feiner, and
similarly for ¥-Feiner.

3. THE INTERMEDIATE TURING DEGREES

We now turn our attention to studying which Turing degrees can be low, in-
termediate, or high for A-Feiner and which can be low, intermediate, or high for
Y-Feiner. The following proposition was essentially noted in [3].
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Proposition 3.1. Every low, Turing degree is low for A-Feiner and low for -
Feiner. Every highy Turing degree is high for A-Feiner and high for ¥-Feiner.

Proof. Let X be a lowy set. Provided n > k, we have
X — <X<k>)("‘k’ . (@(k))m_k) _ g,

and the Turing reductions are uniform in n. It follows that X is low for A?n) and
low for E?n), and thus low for A-Feiner and low for X-Feiner.

If instead X is a highy, set, the equivalence becomes X () =1 §(»*+1) for n > k.
It follows that X is high for A?n) and high for Z?n), and thus high for A-Feiner and
high for X-Feiner. O

The intermediate degrees have greater complexity: some are low for A-Feiner
and Y-Feiner, some are intermediate for A-Feiner and Y-Feiner, some are high for
A-Feiner and X-Feiner, and we conjecture that some behave differently for A-Feiner
and for Y-Feiner. In order to construct examples, we will modify the construction
of an intermediate c.e. degree. We note the following properties of this construction
as given in [5].

Remark 3.2. Let g(x) be a total computable function as in the proof of Corollary
VIIL.3.5 in [5], i.e., a total computable function satisfying

(3.1) Y <o W),y <e Y and  (W),) = (W) )eY
for all z and Y. We can ensure that (W;Ex))[o] is equal to Y x {0} for all z and Y.
As noted in that proof, if we take a fixed point m such that Wq’?m) = WY for all

Y, which exists by the relativized form of the Recursion Theorem, then the degree
of W2 is intermediate. This fact relies only on the properties in (3.1), so we will
be able to produce intermediate degrees with additional properties by modifying ¢
while preserving these properties.

It is easy to check from the proof of the Jump Theorem in [5] (Theorem VIII.3.1)
that the second equivalence in (3.1) is uniform in Y; i.e., for each x there are

functionals ¥ and Z such that (W;ZI))’ = geY’ and WYYeyv = =Waw)'
for all Y. It also follows from that proof that we can define = so that for all Y and

X =" W;Ez)’ we have (WY )@Y’ = 2%,

We will also need the following lemma.

Lemma 3.3. There is a partial computable function f : 2 — w such that f()) =
n for all n > 0.

Proof. Let {e;};cw be a computable sequence of integers such that @‘;g(eo)i for all
X and @iiﬂ (e;41)) if and only if e; € X. Then e; € 0™ if and only if i < n, so we

can define f(X) to be the least i, if any, such that e; ¢ X. O

We begin by showing the existence of an intermediate c.e. degree that is low for
Y-Feiner, and hence for A-Feiner.

Theorem 3.4. There is a computably enumerable set A of intermediate Turing
degree such that A is low for X-Feiner.
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Proof. Let q be as in Remark 3.2, and let f be as in Lemma 3.3. We will define a

total computable function r such that Wg? 5) = =* Wq}zx) whenever f(Y) is defined,

which suffices to ensure that if m is a fixed point of 7, then the degree of Wg’l
is intermediate. We will also have (Wgzx))[o] = (W;{m))[ol (which recall is equal to

WY
Y x {0}). It thus makes sense to establish the convention that ®. "“* (k)[t]] means
that this computation converges and

[0] Y Y
(W) e ™ (k) = (Y or "W(k)) « {0},

Define r so that on oracle Y:
(a) (W) =W, >)[°]

r(x
(b) If f(Y)1 and i ¢ wl°] thenzgéW(I)
(c) If f(Y)| =n and i ¢ wl enters Wq(m) at stage ¢, then i € WT)EI) unless

wY WY
& (m)[t]) and i < gl "™ (n) for some e < n.

(d) No other numbers are in WT’E$).

The point of item (c ) is that (given our convention above) it ensures that if
e <n = f(Y) and o, ”’")( )1, then o, T(’)( ) = @yﬁm)"(n)[t} for the least ¢
such that ®. oo, “(n)[t]{. Thus @, Wre “(n){ if and only if there is a ¢ such that

Wete, *(n)[t]{, which is a Y-c.e. condition.

e
We have WT}EI) =* qu?z) whenever f(Y") is defined, so r satisfies (3.1) for all such

Y. Thus, if we let m be a fixed point of  and let A = W2 then A has intermediate
degree as in Corollary VIIL.3.5 of [5]. We are left with showing that A is low for
3-Feiner. We do so by showing that there is a uniform procedure for computing
A™M from W@(n) and then applying the previous paragraph.

If f(YV)is deﬁned then the difference between Wr( 2 and W;Ew) can be computed
uniformly from Y’ so for each x there is a functional © (defined using the functional

¥ in Remark 3.2) for which (WY, ) = W)Y for all Y such that f(¥) is
defined. Since Y” is encoded into the Oth column of Wfrz/ =WwY

r(m), taking x = m
we actually have a functional © such that (WY) = O for all Y such that
f(Y) is defined.

Thus A’ = (W2) = ©Wa). Similarly, A7 = (W2)" = (@Wa)), which is
computable from (W2 = OWR') via a reduction that can be found uniformly
from an index for ©. Continuing in this manner, we obtain a uniform procedure
for computing A™ from ngn).

Now let S € E?n)(A). Then, by the above, there is a functional ®. such that
(n)

(Z)
n € S if and only if opm (n)l. For n > e, we can use the oracle ("™ to search for
qj(")

a t such that p ™" (n)[t], enumerating n into a set S when such a t is found. By
m(n) N /\

construction, ®¢ ™ (n){ if and only if there is such a ¢, so S =* S. Since S is in

30, (0), so is S. Thus A is low for X-Feiner. O

We now show the existence of an intermediate c.e. degree that is high for -
Feiner, and hence for A-Feiner.
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Theorem 3.5. There is a computably enumerable set A of intermediate Turing
degree such that A is high for X-Feiner.

Proof. Again let ¢ be as in Remark 3.2 and let f be as in Lemma 3.3.
It is not difficult to see that there is a c.e. operator V' so that on oracle Y:
(a) If f(Y)T, then VY = 0.
(b) If f(Y)] =n, then:
— If e > n, then the eth column of VY is empty.
— If e < n and @Y (n)?, then the eth column of VY is w x {e}.
— Otherwise, the eth column of VY is [0,] x {e}, where ¢ is minimal

such that @ ( Nt and Y/ | @ ( =Yl (n)

Here we are thinking of a standard Y-enumeration of Y.
Let s: w — w be a total computable function such that, on oracle Y,

WY 0 if f(Y)1
s = Y wY ) © VY otherwise.

The definition of s ensures that if f(Y) is defined, then W( ) =t I/Vq(w)7 so (3.1)
holds for s in place of q. Moreover, for each x there is a single functional © (defined
using the functional Z in Remark 3.2) such that W) = eWiw)', Furthermore, for
any z and e, we can compute ®Y (n) (in the sense of computing a partial function)
uniformly from W;Zm) for Y such that f(Y)) =n.

Let m be a fixed point of s, let A = W2 and let © be as above with z = m.
Then A is intermediate as in Corollary VIIL.3.5 of [5]. It follows from the definition
of m, A, and © that W? = OWn) = ©A". Similarly, (WYY can be obtained from
A" = (W2)" via a reduction that can be found from an index for O, and hence so
can W‘B =0l W) ". Continuing in this manner, we obtain a uniform procedure for
computing W,Q,)l from A(™).

Now suppose that W, = dom ®, witnesses that S € Z(()n)(@’ ). Then there is
a uniform procedure for computing @g(nﬂ) (n) from Wgn), and hence from A(™.
Thus S € E(n)(A), and so A is high for ¥-Feiner. O

We next show the existence of a c.e. degree that is intermediate for A-Feiner,
and hence for 3-Feiner (and hence is also intermediate in the usual sense).

Theorem 3.6. There is a computably enumerable set that is intermediate for A-
Feiner.

Proof. We will define sets Ag and A; such that A )(Ao) € A(n) 1) and A?n)(Al) ¢
A(()n)(AO). Then both Ay and A; must be intermedlate for A-Feiner.
Let ¢ be as in Remark 3.2, let f be as in Lemma 3.3, and let r be as in the proof
of Theorem 3.4. Let V be a c.e. operator so that on oracle Y:
(a) If f(Y)T, then VY = 0.

Y Y
(b) If f(Y)) = n, then if ®p " (n)[t — 1]t and v " (n)[t]} (under the
same convention as in the proof of Theorem 3.4) for some e < n, then all
numbers less than t are enumerated into VY.
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Note that if f(Y)] = n then VY is finite (by item ( ) in the definition of r), and

for the least ¢t ¢ V¥ and every e < n, we have @, Wrw (n) = @ZVT(I) “(n)[t]. Let
$:w — w be a total computable function such that WS(I) = W;Ew) VY forall Y.
For i € {0,1}, let p; : w — w be a total computable function such that

0 itfY)
Wy =4 Weey if f(Y)) =1imod 2
Wg{m) otherwise.

The definition of the p; ensures that if f(Y) is defined, then W) @ = W (o) the
set Y is effectively coded in W L (2)7 and the difference between WY i () and Wq( z)

uniformly computable i in Y’ Thus for each x and i, there is a functlonal (C] such
that (WY( ) = ews ‘@Y for all Y such that f(Y) is defined. Furthermore, if
fd #1 mod 2, then WY i(2) = *WY | and if f(Y)] =i mod 2, then W () Codes

q(z)’
Wq( 2) in its even bits. So for each z and i, there are functionals I and A such that

wY' = T Woi)" if f(Y)=4imod 2 and WY = AWri@)’ otherwise, for all Y such
that f(Y) is defined.

Let m; be a fixed point of p; and let A; = Wfl By the previous paragraph, and
arguing as in the previous two proofs, there are uniform procedures for computing
Ag") from ng(;) and vice-versa. As mentioned above, it suffices to show that

Towards a contradiction, assume that A?n)(Ao) C A(()n)(Al). Define a total
function h : w — 2 as follows. If n is odd, then h(n) = 0. Otherwise, let ¢ be least
such that 2t + 1 ¢ Wg;o) (which must exist by the definition of the operator V),

——
let e = n/2, and compute ®. """ (n)[t]. If this value is defined, then let h(n) be
different from it; otherwise let h(n) = 0.

The value h(n) can be computed uniformly from WSLO), and hence from A(

so h € A(n)(A0)~ Thus, by assumption, h € A(()n)(Al). Consequently, there is a
— —
functional ®, such that ®. """ (n) = &, ™ (n) = h(n) for all n. Let n = 2e.
Then, by the definition of r and p, for the least ¢ such that 2t +1 ¢ W, m(on),
W@(n) W@(W) W@(W) W@(W)

have @, """ (n) = &, """V (n) = & " (n)[t], so h(n) # @ """ (n), yielding
a contradiction.

The symmetric argument shows that A?n) (A1) € A(()n)(Ao). It follows that both

Ag and A, are intermediate for A-Feiner. O

we

We finish with the following conjectures.

Conjecture 3.7. There is a computably enumerable set that is intermediate for
3-Feiner but low for A-Feiner.

Conjecture 3.8. There is a computably enumerable set that is intermediate for
Y-Feiner but high for A-Feiner.
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