
SYNTACTIC IMPLICATION

Basic Proofs:

• Γ ` ϕ if ϕ ∈ Γ (AssumeL)
• Γ ` t = t for all t ∈ TermL (EqRefl)

Proof Rules:
Γ ` ϕ ∧ ψ

Γ ` ϕ
(∧EL)

Γ ` ϕ ∧ ψ
Γ ` ψ

(∧ER)
Γ ` ϕ Γ ` ψ

Γ ` ϕ ∧ ψ
(∧I)

Γ ` ϕ
Γ ` ϕ ∨ ψ

(∨IL)
Γ ` ψ

Γ ` ϕ ∨ ψ
(∨IR)

Γ ` ϕ→ ψ

Γ ∪ {ϕ} ` ψ
(→ E)

Γ ∪ {ϕ} ` ψ
Γ ` ϕ→ ψ

(→ I)

Γ ∪ {ϕ} ` θ Γ ∪ {ψ} ` θ
Γ ∪ {ϕ ∨ ψ} ` θ

(∨PC)
Γ ∪ {ψ} ` ϕ Γ ∪ {¬ψ} ` ϕ

Γ ` ϕ
(¬PC)

Γ ∪ {¬ϕ} ` ψ Γ ∪ {¬ϕ} ` ¬ψ
Γ ` ϕ

(Contr)

Equality Rules:
Γ ` ϕt

x Γ ` t = u

Γ ` ϕu
x

(= Sub)

Existential Rules:

Γ ` ϕt
x

Γ ` ∃xϕ
(∃I)

Γ ∪ {ϕy
x} ` ψ

Γ ∪ {∃xϕ} ` ψ
if y /∈ FreeV ar(Γ ∪ {∃xϕ,ψ}) (∃P )

Universal Rules:
Γ ` ∀xϕ
Γ ` ϕt

x

(∀E)
Γ ` ϕy

x

Γ ` ∀xϕ
if y /∈ FreeV ar(Γ ∪ {∀xϕ}) (∀I)

Superset Rule:
Γ ` ϕ
Γ′ ` ϕ

if Γ′ ⊇ Γ (Super)
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